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Preface

Inequalities have proven to be one of the most important and far-reaching tools
for the development of many branches of mathematics. There are many types
of inequalities of importance. Integral and finite difference inequalities with
explicit estimates are powerful mathematical appartus which aid the study of
the qualitative behavior of solutions of various types of differential, integral
and finite difference equations. Because of its usefulness and importance, such
inequalities have attracted much attention and a great number of papers, surveys
and monographs have appeared in the literature. The extensive surveys of
such inequalities which are adequate in many applications may be found in the
monographs [34] and [42] up to the years of their publications.

Inequalities with explicit estimates are particularly fascinating and have nu-
merous applications. The variety of nonlinear problems is evergrowing, and new
methods have to be found to study them. By the desire to widen the scope of
such inequalities, recently many papers have appeared which deal with the large
number of inequalities applicable in situations in which the earlier inequalities
do not apply directly. I believe that these inequalities will strongly influence
further research into the topic for a long time to come.

The present monograph is an attempt to present some of the more recent
developments related to integral and finite difference inequalities with explicit
estimates. The literature in this field is extensive and as yet scattered in the
original papers in the journals. The rapid development of this area and the
variety of applications force us to be quite selective. We only concentrate on
recent advances not covered in the earlier monographs [34] and [42] by the
author. Our choices reflect our interests and what we know, as well as those
results we consider potentially applicable in a wider range of applications. We
do not claim to include all the recent results about such inequalities, but at
least to cover those results that have a considerable variety of applications.

This monograph will be of interest to mathematicians whose work involves
differential, integral and finite difference equations and numerical analysis. For
researchers working in these areas, it will be a valuable source of reference and
inspiration. All the material included is presented in an elementary way and
the book can be used as a text for advanced graduate cources. It will also be
of interest to researchers in mathematical analysis, statistics, computer science
and other areas of applied science and engineering.

It is my pleasure to acknowledge the fine cooperation and assistance provided
by Jan van Mill, Arjen Sevenster, (Mrs.) Andy Deelen and the editorial and

vii



viii Preface

production staff of Elsevier Science. Finally, I wish to express my greatful ap-

preciation to my family members for their understanding, patience and constant
encourgement during the writing of the book.

B.G. Pachpatte
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Introduction

It is a well known truth that the inequalities have always been of great im-
portance for the development of many branches of mathematics. Indeed, this
importance seems to have increased considerably during the last century and
the theory of inequalities nowadays may be regarded as an independent branch
of mathematics. This field is dynamic and experiencing an explosive growth in
both theory and applications. A particular feature that makes the study of this
interesting topic so fascinating arises from the numerous fields of applications.
As a response to the needs of diverse applications, a large variety of inequalities
have been proposed and studied in the literature, see [1-85] and the references
given therein. This theory did not just add new objects of study, but also
brought with it some new insights and new techniques which are instrumental
in solving many important problems.

The integral inequalities of various types have been widely studied in most
subjects involving mathematical analysis. They are particulary useful for ap-
proximation theory and numerical analysis in which estimates of approximation
errors are involved. In recent years, the application of integral inequalities has
greatly expanded and they are now used not only in mathematics but also in the
areas of physics, technology and biological sciences. The theory of differential
and integral inequalities has gained increasing significance in the last century
as is apparent from the large number of publications on the subject. With
the growing range of applications, the theory of integral inequalities enjoy a
rapid increase of interest and widespread recognition as an important area of
mathematical analysis.

Many nonlinear dynamical systems are too complicated to be effectively anal-
ized. In many situations, we are interested in knowing qualitative properties of
solutions without explicit knowledge of the solution process. Having knowledge
of the existence of solutions of the system, the integral inequalities with explicit
estimates serve as an important tool in their analysis. In fact, the integral in-
equalities with explicit estimates and fixed point theorems are powerful tools in
nonlinear analysis. The theory of integral inequalities with explicit estimates
has emerged as an interesting and fascinating topic of applicable analysis with
a wide range of applications. One can hardly imagine the development of the
theory of differential and integral equations without such inequalities. As the
literature is extensive and spans more than a century, it will be helpful to sum-
marize some fundamental known inequalities.

An early significant result in this area and certainly a keystone in the devel-
opment of the theory of differential equations can be stated as follows:

1
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If w is a continuous function defined on [a,a + h| and

t

0<u(t) §/(c+du(s))ds,

a

for t € [a,a + h] where ¢, d are nonnegative constants, then for the function u(t)
one has the estimate

u(t) < cexp (dh),

for t in the same interval.

The above inequality was discovered by Gronwall [16] in 1919 while investigat-
ing the dependence of a system of differential equations with respect to a param-
eter and now known in general as Gronwall’s inequality. However, it seems that
the idea of such an inequality was grounded in the work of Peano [80] in 1885-86.
Gronwall might not have thought that this discovery would be an object for such
great interest in the future. Gronwall’s inequality, like the fundamental inequal-
ities as, the arithmetic mean and geometric mean inequality, the Holder’s (in
particular, Cauchy-Schwarz) inequality and the Minkowoski inequality caught
the fancy of a number of research workers and a large number of papers which
deal with various generalizations, extensions and numerious variants have ap-
peared in the literature, see [1-9,11,12,14,15,17,19,20-28,33-79,84,85] and the
references cited therein.

In 1956, Bihari [8] gave a nonlinear generalization of Gronwall’s inequality,
of fundamental importance in the study of nonlinear problems and is known as
Bihari’s inequality. Another important development that also started almost
simultaneously, when Wendroff has given some important extensions of Gron-
wall’s inequality in two independent variables, see [4, p. 154]. The main result
due to Wendroff can be stated as follows.

Let u(z,y), c(x, y) be nonnegative continuous functions defined for z,y € R.
If

z Yy

u(z,y) §a(m)—|—b(y)+//c(s,t)u(s,t)dtds,
0

0

for x,y € R, where a(x),b(y) are positive continuous functions for =,y € Ry
having derivatives such that o’ (x) > 0,V (y) > 0 for x,y € R, then

x Y
u(z,y) < E (z,y) exp //c(s,t)dtds ,
0 0
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for z,y € R4 ,where

[a () +6(0)][a (0) + b ()]

E(z,y) =
for x,y € Ry.

The above inequality has its orgin in the field of partial differential equa-
tions and provides a very useful and inspiring integral inequality of fundamen-
tal importance. Indeed, the well known book 'Inequalities’ by Beckenbach and
Bellman [4] is certainly to be credited for bringing to the notice a fundamental
unpublished work of Wendroff. Since the publication of the book [4] in 1961,
a great interest in such kinds of inequalities has certainly contributed to the
development of the theory of certain partial differential and integral equations,
see [3,34] and the references given therein.

The well known Gronwall’s inequality and its nonlinear version due to Bihari
[8] are not directly applicable to studing integral equations with weakly singular
kernels. In the theory of such problems, Henry [17] proposes a method to
estimate solutions of linear integral inequality with weakly singular kernel. In
1997, Medved [24] proposed a new approach for obtaining explicit estimates on
the inequalities of the form

t

u(t) < a(t)+/(t—s)ﬁ—1f(s)w<u (s)) ds,

0

and its variants and generalizations, where 0 < 8 < 1. The case § =1, a, f,u
continuous, nonnegative, w linear is covered by the Gronwall’s inequality and
the case 8 = 1, w continuous, nonnegative, nonlinear is covered by the Bihari
result [8]. The resulting estimates obtained in [17,24-28] play the same role in
the theory of parabolic partial differential equations; see [25,27,28].

In the study of qualitative behavior of solutions of certain nonlinear differ-
ential and integral equations some specific types of inequalities are needed in
various situations. To name a few, the following inequality which provides an
explicit bound on unknown function has played a very important role in the
study of various classes of differential and integral equations; see [33,34].

If u, f are nonnegative continuous functions on Ry, ¢ > 0 is a constant, and

u? (1) Sc—l—Z/f(s)u(s)ds,
0
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for t € Ry then

u) < Vet [ £(5)ds
0

forte R,.

The striking feature of this inequality is that it is applicable in situations for
which the well known Gronwall and Bihari inequalities do not apply directly.
For a detailed account on such inequalities and some applications, see [34]. The
explicit bounds on the integral inequalities of the form

t

B
u (t) gc+/a(s)u(s)der/b(s)u(s)ds,

(e [e3

for t € [, ], under some suitable conditions on the functions involved, are
also equally important in the study of certain classes of differential and integral
equations. It appears that Gamidov [15] first initiated the study of obtaining
explicit upper bounds on such inequalities while studying the boundary value
problems for higher order differential equations.

The theory of retarded differential equations is the object of many works for
more than a century. There are many ideas and techniques that have been out-
lined to study such equations, see [7,13,18,19] and the references cited therein.
Inspired by the important role played by the integral inequalities with explicit es-
timates in the theory of differential and integral equations, some researchers have
obtained analogues of such inequalities, which can be used as tools in the study
of retarded differential and integral equations, see [21,22,43,47,58,61,64,69,77]
and [3, pp. 142-145]. There is no doubt that the retarded integral inequalities
with explicit estimates will continue to play an important role in the study of
various types of retarded differential and integral equations.

During the past few decades some researchers have shown interest in devel-
oping the theory of the advanced type of differential equations. If we compare
some fundamental aspects on the advanced type of equations with retarded
type including ordinary differential equations, it seems, however, to be difficult
to apply the fixed point theorems to the advanced types. If the uniqueness of
the solutions is not guaranteed, it is convenient to consider the maximal and
minimal solutions. As for the advanced types, however, the same methods as
in the theory of retarded types may not be possible. In the study of retarded
types of differential and integral equations, some retarded integral inequalities
with explicit estimates play an important role. It seems, however, not to be
easy to obtain such inequalities for advanced types. See [82]. We would like to
mention here that another interesting but challenging problem associated with
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the study of differential equations in which the derivatives depend not only on
constant values of unknown function from the past, but also on those from the
future. The main advantage of such equations is that it enables the formulation
of initial value problems that can be extended to the past as well as to the
future, that is for all real time ¢. Numerous models related to such equations
remain to be studied for which the above noted basic problems remain open.

Many physical problems, arising in a wide variety of applications are gov-
erned by both ordinary and partial finite difference equations. The theory of
finite difference equations, the methods used in their solutions and their wide
applications has drawn much attention in recent years.Through the widespread
use of computers in recent years and renewed interest in numerical techniques,
it seems that the theory of difference equations will quite likely be a fruitful
source for future research. We hope that the tools developed in this theory may
shed some light in the development of various fields of applied sciences as well.

As can be anticipated, since the integral inequalities with explicit estimates
are so important in the study of properties of solutions of differential and in-
tegral equations, their finite difference (or discrete) analogues should also be
useful in the study of properties of solutions of finite difference equations. The
finite difference version of the well known Gronwall inequality seems to have ap-
peared first in the work of Mikeladze [29] in 1935. Tt is well recognized that the
discrete version of Gronwall’s inequality provides a very useful and important
tool in proving convergence of the discrete variable methods. In view of wider
applications, finite difference inequalities with explicit estimates have been gen-
eralized, extended and used considerably in the development of the theory of
finite difference equations. A large number of related results can be found in
the references [1,3,5,12,42].

The lasting influence of integral and finite difference inequalities with explicit
estimates, in the development of the theory of differential, integral and finite
difference equations is enormous. Since about 1980, the subject has undergone
explosive growth and attracted many researchers by its usefulness and basic
character. Indeed, a particular feature that makes such inequalities so fascinat-
ing arises from the numerous fields of applications. The variety of nonlinear
problems is evergrowing, and new methods have to be found for each of them.
During nearly one hundred year history, the subject has been reflected in a
great number of books and papers dedicated to such inequalities and applica-
tions. See [1,3,12,14,23,34,42] and the references given therein. The theory of
such inequalities is basic and important and will no doubt continue to serve as
an indispensable tool in future investidations.

In 1998 and 2002, the author wrote the monographs [34] and [42], which
are devoted to the integral and finite difference inequalities with explicit es-
timates. Dictated by the need of various types of inequalities while studying
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many systems arising from diverse applications, such inequalities have received
considerable attention during the past few years and a number of papers have
appeared in the literature. This monograph is an outgrowth of the author’s
recent work, among many others in this area, tracing back to his earlier books
mentioned above. As the literature is extensive, our focus in this monograph is
mainly the results which have quite recently appeared and which are adequate
in new applications in the development of the theory of differential, integral and
finite difference equations. In fact it brings readers to the forefront of current
research in this prosperous field and complement the results in monographs [34]
and [42] in various ways. The selection of the material is largely influenced by
my interests and the content consists predominantly of my own work.

This monograph is written with a view to provide basic tools for researchers
working in mathematical analysis and applications, and those concentrating on
differential, integral and finite difference equations. Of course, many gener-
alizations, extensions, variants and applications of the results presented here
are also possible. Naturally, these considerations will make the analysis more
complicated, and leave it to the reader to fill in where needed. The book is
self-contained and thus should be useful for those who are interested in learning
or applying the inequalities with explicit estimates in their studies. In addition,
it can be used as a text for advanced graduate cources and will serve as a refer-
ence in the field of system theory. I hope that, it will convince the reader that
the integral, and finite difference inequalities with explicit estimates constitute
a very useful tool in the study of various types of differential, integral and finite
difference equations and will be a valuable source for a long time to come.

The present monograph consists of five chapters and references. Chapters 1
and 2 present a large number of basic linear and nonlinear integral inequalities
involving functions of one and two independent variables, which in turn can be
used as powerful tools in the study of various classes of differential and integral
equations. Chapter 3 contains many new linear and nonlinear retarded integral
inequalities involving functions of one and two independent variables which are
useful in the study of various types of retarded differential and integral equa-
tions. Chapters 4 and 5 deals with the new linear and nonlinear finite difference
inequalities involving functions of one and two independent variables, which
find important applications in the study of different types of finite difference
equations. Each chapter contains a section on basic applications of some of the
inequalities therein. Regarding the list of references, I would like to mention
that a large number of references on the topics discussed here are provided in
the books [34] and [42] by the present author; see also [1,3,4,12,14,23,32,84] and
the references given there. Without any intention of being complete, here only
those references from the recent journal literature which are used in the text
are given.

Throughout, we shall use the following notations and definitions.
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Let R denotes the set of real numbers and Ry = [0,00), Z = {0, £1,£2, ...},
N ={1,2,..}, Np = {0,1,2,..}, Nog = {o,a+1,..,a+n=0} for n €
N, € Ny, € N such that a < 8. The derivative of a function u(t) for ¢t € R
is denoted by w’ (t) or %u (t) . The partial derivatives of a function z(z,y) for
x,y € R with respect to z,y and xy are denoted by Dz (z,y) or z, (x,y) or

2 2(z,y) , Doz (2,y) or 2, (z,y) or a%z (z,y) and D1 Doz (z,y) = DaD1z (x,y)

Or zgy (z,y) or %z (z,y). For the functions w(m) , z(m,n) for m,n € Z, we
define the operators A, Ay, Ag by Aw(m) =w(m+1) —w(m), Ayz(m,n) =
z(m+1,n) —z(m,n), Asz(m,n) = z(m,n+1) — z(m,n) respectively and
AsArz (myn) = Ay (A1z (m,n)). Let C (A, B),C' (A, B), D (A, B) denote the
class of continuous functions, the class of continuous and differentiable functions,
the class of functions from the set A to the set B respectively. We use the
usual conventions that the empty sums and products are taken to be 0 and
1 respectively. Furthermore, throughout the work, we shall assume that all
the integrals, sums and products involved exist on the respective domains of
their definitions and are finite, and hence converge, so we shall omit such types
of conditions. The notations, definitions, and symbols used in the work are
standard and are explained, if necessary,at appropriate places.
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Chapter 1

Integral inequalities in one variable

1.1 Introduction

During the past few decades abundance of applications is stimulating a rapid
development of the theory of differential and integral equations. A variety of
new methods and tools are developed by different investigators to study various
types of differential and integral equations. The method of integral inequalities
with explicit estimates is a very powerful tool in studying various properties of
solutions of differential and integral equations. Motivated by the desire to apply
such inequalities to numerious applications, in the past few years, a number of
new inequalities have been investigated in [24-28,44,45,50-55]. In this chapter
we present some fundamental integral inequalities recently established in the
literature, which can be used as handy tools in the analysis of certain classes of
differential and integral equations. Some immediate applications are also given.

1.2 Basic nonlinear integral inequalities

The explicit bounds given by the well known Gronwall-Bellman [16,6] inequal-
ity and its nonlinear generalization due to Bihari [8] (see also, LaSalle [20]) are
used to a considerable extent in the study of differential and integral equations.
In this section we present some useful generalizations and variants of the above
mentioned inequalities.

We shall start with the following generalization of Bihar’s inequality (see [34,
p. 107)).



10 Integral inequalities in one variable

t
,Ry) where D = {(t,0) e R2:0<o<t<oo}. Let g € C(Ry,R,
nondecreasing function, g(u) > 0 on (0, 00) . If

Theorem 1.2.1. Let u(t),a(t), a’ (t) € C(Ry,Ry), k(t,0), 5k(t,0) € C(D
be a

~—

t

u(t) <a(t)+ /k(t, o)g (u(0))do, (1.2.1)

0

for t € Ry, then for 0 <t <t;; t,t; € Ry,

w(t) < GL G(a(t))+/A(s)ds , (1.2.2)
0
where
Alt) = k:(t,t)—i—/%k:(t,a)da, (1.2.3)
0
G(r)= /Cf(ss),r >0, (1.2.4)

To

ro > 0 is arbitrary and G~! is the inverse of G and t; € R, is chosen so that
t
G(a(t))+ /A (s)ds € Dom (G™'),
0

for all t € R, lying in the interval 0 <t < ;.

Proof. We note that, since a’ (t) > 0, the function a(t) is monotonically in-
creasing. Let a(t) > 0 for ¢ € R} and define a function z(¢) by the right
hand side of (1.2.1). Then z(0) = a(0), u(t) < z(t), 2(t) is positive and by
hypotheses, it is nondecreasing and

| @

k(t,o)g(u(o))do

o))

t

Z(t)=a (t)+k(tt)g(u(t)) +/

<d(t)+A{)g(z(t). (1.2.5)

From (1.2.4), (1.2.5) the fact that a () < z (¢) and the nondecreasing character
of g we have

Z(t) _d )+ A[M)g(2(1)

d
a O =T S T k)

dt
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d
= ZG ) +A(). (1.2.6)

By setting ¢t = s in (1.2.6) and integrating it from 0 to ¢ , ¢t € R4 and using the
fact that z(0) = a(0) we have

t

G (=) < G(a(t)) +/A(s) ds. (1.2.7)

0

From (1.2.7) and the hypotheses on G we observe that
t
2(t) <GV G (a(t)) + /A(S) ds| . (1.2.8)
0

Using (1.2.8) in u (t) < z (t) we get the required inequality in (1.2.2).

If a(t) is nonnegative, we carry out the above procedure with a (t) + ¢ instead
of a(t) ,where ¢ > 0 is an arbitrary small constant, and subsequently pass to
the limit € — 0 to obtain (1.2.2). The subinterval 0 < ¢ < ¢; is obvious.

Remark 1.2.1. We note that the inequality established in Theorem 1.2.1 is
a slight variant of the inequality given by Pachpatte in [68]. In the special case
when a(t) = ¢ ( a nonnegative constant), k (t,0) = f (o) and hence %k (t,o) =
0, the inequality in Theorem 1.2.1 reduces to the Bihari’s inequality, see [8]. If
we take g(u) = u in Theorem 1.1, then the bound obtained in (1.2.2) reduces to

t

u(t) < al(t)exp /A(s)ds ,

0

for t € Ry In this case Theorem 1.2.1 is a generalization of the well known
Gronwall-Bellman inequality, see [16,6].

The inequalities in the following theorem are established by Pachpatte in [55].

Theorem 1.2.2. Let u(t),k(t,0), %k (t,0) be as in Theorem 1.2.1 and ¢ > 0
is a constant.

(al) If

u? (t) < c+ / k(t,0)u (o) do, (1.2.9)
0
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for t € Ry, then
. ¢
u(t) <+Ve+ 3 /A(s) ds, (1.2.10)
0

for t € Ry, where A(t) is given by (1.2.3).

(a2) Let g(u) be as in Theorem 1.2.1. If

< c—l—/k(t,a)u(a)g(u (0)) do, (1.2.11)

for t € Ry, then for 0 <t <ty; t,to € Ry,

/tA (1.2.12)

where G, G71, A are as in Theorem 1.2.1, and t, € R, is chosen so that

u(t) <G™1 )+

DN | =

t
—|—%/A dseDom(G 1),
0

for all ¢ € R4 lying in the interval 0 <t < t,.
Proof. (a;) Let ¢ > 0 and define a function z(t) by the right hand side of

(1.2.9). Then 2(0) = ¢, u(t) < y/z(t), 2(t) is positive and nondecreasing for
t € Ry and

2 (t) :k(t,t)u(t)Jr/%k(t,o—)u(a) do
0

tt\/i—i—/—k:ta\/ida

< A(t)/z (D), (1.2.13)

which implies

Vz () <ye+ % /A(s) ds. (1.2.14)
0

Using (1.2.14) in u (t) < /2 (¢), we get the desired inequality in (1.2.10. The
proof of the case when ¢ > 0 can be completed as mentioned in the proof of
Theorem 1.2.1.
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(a2) Let ¢ > 0 and define a function w(t) by the right hand side of (1.2.11).
Then w(0) = ¢, u(t) < Jw(t), w(t) is positive, nondecreasing for ¢t € R and
as in the proof of (1.2.13) we get

W' (t) < A(t) Vo (B)g (\/w (t)) , (1.2.15)

which implies

Vw (t) < Vet /A(s)g (\/m)ds. (1.2.16)
0

Now an application of Bihari’s inequality given in Theorem 1.3.1 in [34] yields

Vuw (t) <G G (Ve) —|—%/A(s) ds| . (1.2.17)

Using (1.2.17) in u (t) < \/w (1), we get the required inequality in (1.2.12). The
proof of the case when ¢ > 0 follows as mentioned in the proof of Theorem 1.2.1.
The subinterval 0 <t < t5 is obvious.

Remark 1.2.2. If we take k (t,0) = f (o) and hence 3k (¢,0) = 0 in Theorem
1.2.2, then the bounds obtained in (1.2.10), (1.2.12) reduces to

1 t
U(t) S \/E+ “ f (U)dga
:/

t
1
W) <676 WA+ [ Fo)ds].
0
respectively. We note that, by following the proof of Theorem 1.2.1 one can

very easily obtain the bounds on inequalities (1.2.9), (1.2.11) when the constant
¢ is replaced by the function a(t), where a(t) is as in Theorem 1.2.1.

In [24] Medved defined a special class of nonlinear functions and developed
a method to estimate solutions for nonlinear integral inequalities with singular
kernels and the nonlinearity of that class. The class of functions defined in [24]
is as follows.

Let ¢ > 0 be a real number and 0 < 7" < co. We say that a function w :
R, — R satisfies a condition (g), if

e w (u)]? < R(t)w (e "u?), (a)

for all w € Ry,t € [0,T), where R(t) is continuous, nonnegative function.
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Remark 1.2.3. If w(u) = 4™, m > 0, then
e™1 [w (u)]? = e(mTDaby (e~ hy1)
for any ¢ > 1, i.e., the condition ¢ is satisfied with R (t) = e(™ =1, For w (u) =

u—+au™, where 0 < a < 1,m > 1 the function w satisfies the condition (q) with
g>1and R(t) =27 1ed™ see [24].

The following theorems are proved in Medved [24].

Theorem 1.2.3. Let 0 < T < oo, u(t),b(t),a(t),d (t) € C([0,T),Ry);
w € C (R4, R) be a nondecreasing function, w(0) = 0,w(u) > 0 on (0,7) and

t

w(t) ga(t)+/(t—s)5—1b(s)w(u (s)) ds, (1.2.18)

0

for t € [0,T) where 8 > 0 is a constant. Then the following assertions hold:

(i) Suppose 8 > % and w satisfies the condition (g) with ¢ = 2. Then

u(t) < e {0710 (20°) + g1 ()] }% : (1.2.19)
for t € [0,T1], where

(26-1)
o) = 202D /R 3
0

I is the gamma function, Q (v) = [ -4 w(sy2 o > 0,277 is the inverse of 2, and

Vo

t, € R, is such that Q (Qa (t)2) + g1 (1) € Dom (1) for all t € [0,T4] .

11) Let B € (0 ] and w satisfies the condition (g) with ¢ = z + 2 , where
z= % ie., 3= —=. Let Q,Q7! be as in part (7). Then
1
t)<ef {Q‘1 [ a®)) +g2(B)]} (1.2.20)
for ¢ € [0,T1], where
¢
2 (0) =2 K2 [ R(5)b(5)"ds,
0
1
NG » 2
KZ:[ (1 ap)]”ﬂ_ oo ite (1.2.21)
pep z+1

+ 1
and Ty € Ry is such that Q (297 a (¢)?) + g2 (t) € Dom (Q71) for all t € [0,T1].
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Proof. First we shall prove the assertion (¢). Using the Cauchy-Schwarz in-
equality we obtain from (1.2.18)

t
u(t) <a(t)+ / (t—s5)""teb(s) e w (u(s))ds
0
t 3t >
t) + /(t — 5)? 2 255 /b (s)>e 2w (u(s))ds| . (1.2.22)
0 0
For the first integral in (1.2.22) we have the estimate
¢ t
= /(t — 3)2’872 e*ds = /726_262“_7)(17
0 0

2t

p 262t
= th/725726727d7’ =2 [ o229,
48
0 0
2t

2
<ZSTEA-1).

Therefore we obtain from (1.2.22)

2

2€2t 2

u(t)ga<t>+[45 <25—1>] / b(s)” e > w (u(s)) ds

0

Using the well known consequence of the Jensen inequality:
(Z a,-) <n"'Y i, (1.2.23)
i=1 i=1
(where a; > 0,7 > 0 are real numbers, see [30,65]), with n = 2,r = 2 we obtain
2 2 2tF 25 —1) )2 =25y 2
u'(t) <2a(t) "+ ————— [ b(s (u(s))” ds, (1.2.24)

0

and applying the condition (¢) with ¢ = 2 we have

v (t) < alt) +K/b(s)2R(s)w(v (s))ds,
0

(1.2.25)
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Now proceeding as in the proof of Theorem 1.2.1 we obtain
v(t) <QHQ(a @) + a1 ()] (1.2.26)
From (1.2.25) and (1.2.26) we get (1.2.19).

z

Next, we prove the assertion (ii). Obviously, 8 —1= —a = —_%;. Let p,q be
as in the statement of theorem. Then % + % = 1 and using the Holder’s integral

inequality we obtain from (1.2.18)

w(®) ga(t)+/(t—s>ﬂ—1b(s)w(u(s))ds

=a(t)+ [ (t—s5)"“eb(s)e*w(u(s))ds
/

1

q

D=

t

¢
<a(t)+ /(t —5) P ePids /b (s)Te Pw(u(s)?ds| . (1.2.27)

0 0
For the first integral in (1.2.27) we have the estimate

t t

/(t —5) P ePids = e /T_“pe_pTdT
0 0
eP? " eP?
= [0 e %do < —=T(1-ap).
P —ap plfap

Obviously, 1 — ap = ﬁ > 0 and so I' (1 — ap) € R. Thus (1.2.27) and the

condition (g) yield
u(t) <a(t)+e'K, /b (s)"R(s)w (e ®u(s)?)ds| (1.2.28)
0

where K, is defined by (1.2.21). Now using the inequality (1.2.23) with n =
2,7 = q we obtain

¢
u(t)? <297 (1) + 297 et K4 / b(s)"R(s)w (e u(s)?)ds, (1.2.29)
0
and this yields

v(t) < ¢(t)+ 29 KY / b(s)IR (s)w (v (s))ds, (1.2.30)
0
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v(t) = (e7tu(t)®, ¢ (t) =2"""a (). (1.2.31)
Now by proceeding as in the proof of Theorem 1.2.1 we obtain
v(t) <QTHQ( (1) + g2 (1)] - (1.2.32)

The required inequality in (1.2.20) follows from (1.2.31) and (1.2.32).
As a consequence of Theorem 1.2.3 we have

Theorem 1.2.4. Let 0 < T < oo, u(t),b(t),a(t),a’ (t) be as in Theorem
1.2.3 and

u(t) < al(t) +/(t75)5_1b(s)u(s) ds, (1.2.33)
0

where 3 > 0. Then the following assertions hold:

(i) If 3> 1, then

w(t) < V2 a(t)exp Zﬂ’l /b Yds+t|, (1.2.34)
0

fort €10,T).
(i) I B = Z—il for some z > 1, then

2¢-1

w(t) < (29717 a(t)exp . Kg/b(s)qu+t , (1.2.35)

for t € [0,T), where K, is defined by (1.2.11), ¢ = z + 2.

Theorem 1.2.5. Let 0 < T < oo, u(t),b(t),a(t),ad (t) and w(u) be as in
Theorem 1.2.3 and

t

u? () < al(t)+ / (t— s)ﬁf1 b(s)w (u(s))ds, (1.2.36)
0

where 3 > 0 is a constant. Then the following assertions hold:
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(i) Suppose 3 > % and w satisfies the condition (¢) with ¢ = 2. Then

u(t) < et S A7 | A (2a(0)7) + K/b(s)zR(s) ds| b (1.2.37)
0
for t € [0,T1], where
T(28-1) [ do
K== A ) = /M,vo >0, (1.2.38)

Vo

t
Ty € R, is such that A (2a (t)2) + K [b(s)>R(s)ds € Dom (A™1) for all
0

t € [0,71], T is the gamma function.

(44) I;et B € (0,3] and w satisfies the condition (¢) with ¢ = z + 2, where

z = 17 ie, = Zil. Let A, A~! be as in part (7). Then

1
t 2q
ut) <e! AT A (27 a (1)) +2fJ*1Kg/b(s)qR(s) ds , (1.2.39)
0
for t € [0,T1], where
T(1-pp)]» 1 242
K,=|——_" - =ZT< 1.2.4
=SR] e et (1.2.40)

¢

Ty € Ry is such that A (277 a ()?) + 2971 K? [ b(s)? R(s)ds € Dom (A™') for
0

all t € [0, T1).

Proof. First we prove the assertion (). Following the proof of Theorem 1.2.3
one can show that

v () <alt)+ K / b(s)> R (s)w (v (s))ds, (1.2.41)
0
where
o) = (' (®) () = 2007 & = "D, (1.2.42)

Define by e(t) the right hand side of (1.2.41). Then v (¢t) < y/e(t). Now by
following the proof of Theorem 1.2.1 with suitable modifications we obtain

e(t) < A~ A(a(t))+K/b(s)2R(s)ds ,
0
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and thus we have

o+
ol

() < e < A A(a(t))+K/b(s)2R(s)ds L (1.2.43)

From (1.2.42) and (1.2.43) we get (1.2.37).

Now we shall prove the assertion (ii). Following the proof of assertion (ii) of
Theorem 1.2.3 one can show that

v (1) < (1) + 291K / b(s)!R(s)w(v(s))ds, (1.2.44)

0

v(t)=(eu(t)? ¢ (t)=2"ra(t)", (1.2.45)

and K, is given as in (1.2.40). Following the procedure from the proof of
assertion (i) we obtain

2

() < A A(d)(t))+2‘1‘1K§/b(s)qR(s)ds . (1.2.46)

From (1.2.45) and (1.2.46) we obtain (1.2.39).

Remark 1.2.4. We note that in the book [17] Henry obtained by an iterative
argument an estimate on the inequality of the form (1.2.33). The analysis used
in the proof of Theorems 1.2.3 and 1.2.5 is based on the method developed
by Medved in [24]. For the application to global existence of solutions and
a stability theorem for a class of parabolic partial differential equations, see
[25,28].

1.3 More nonlinear integral inequalities

This section deals with some more nonlinear integral inequalities established
by Pachpatte in [35,45] which claims their orgins in the inequalities given by
Ou-Tang [33] and Dafermos [10], see also [34].

In [35] Pachpatte proved the inequalities in the following two theorems.

Theorem 1.3.1. Let u(t),a(t),b(t),g9(t),h(t) € C(R+,Ry) and p > 1 be
a real constant.
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(al) If

uP (t) < a(t)+b(t) / [g(s)uP (s)+ h(s)u(s)]ds, (1.3.1)
0

for t € Ry, then

u(t) < {a(t)+b(0/t [9<8>a(8)+h(5> <p_1+ a(S)ﬂ
b

P

X exp (S/tb(o) (g (o) + hgf)) da) ds} , (1.3.2)

fort e Ry.

(a2) Let ¢(t) be a real-valued positive continuous and nondecreasing function
defined on Ry. If

t

uP (t) < P (t) +b(¢) / [g(s)uP (s)+ h(s)u(s)]ds, (1.3.3)
0

for t € Ry, then

w(t) < () {1+b(t)/ [g(s) + 1 (s) AP (3)]
0

X exp (/tb(a) (g (o) + %CH’ (0)) da) ds}p , (1.3.4)

S

for ¢ S R+.

(a3) Let k(t, s) and its partial derivative %k (t,s) be real-valued nonnegative
continuous functions for 0 < s <t < oo. If

t

uP (t) <a(t)+0b(t) / k(t,s)[g(s)uP (s)+ h(s)u(s)]ds, (1.3.5)

0

for t € Ry, then

u(t) < {a(t) + b(t)/B (o) exp (/A(T)d’l’) da} , (1.3.6)
0

g
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for t € Ry, where

- h(®)
A0 =k 050 (o) + )
/ 0 h(s)
—I—O/atk(t,s)b(s) (g (s) + ) )ds, (1.3.7)
B0 =kit.0(s0a@+ne (20 20))
/ 0 p—1 al(s)
+ | =k(t,s)g(s)a(s)+h(s)| — + ds, (1.3.8)
0/ ot ( ( p P ))
for t € R+.
Proof. (ap) Define a function z(t) by
z(t) = / [g(s)uP (s)+h(s)u(s)ds]. (1.3.9)

0

Then z(0) =0 and (1.3.1) can be written as
uP () <a(t)+b(t)z(t). (1.3.10)

From (1.3.10) and using the elementary inequality, see [30, p. 30]

Q=

wryr <24+ Y (1.3.11)
q

IR

where z > 0,y > 0 and % + % =1, we observe that

/(tp-1)

w(t) < (a(t)+b(t)z(1)7 (1)

<Pl e 0Oy (1.3.12)
p P p

Differentiating (1.3.9) and using (1.3.10) and (1.3.12) we get

, a0
20 <b0) (90+ ) 20

+ {g (t)a(t)+h(t) (I)pl + )] : (1.3.13)
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The inequality (1.3.13) implies the estimate

Z(t)</t{g(s)a(8)+h(s) <H+a(5))]
0

p p

X exp (/tb(a) <g (o) + h;{j)> da) ds. (1.3.14)

The required inequality (1.3.2) follows from (1.3.14) and (1.3.10).

(a2) Since c(t) is a positive, continuous and nondecreasing function for ¢ € Ry,
from (1.3.3) we observe that

(L0 <1 a0 / o6 () oyt 0 (1)

Now an application of the inequality given in (a;) yields the desired result in
(1.3.4).

(a3) Define a function z(t) by

(1) = / k(2 ) [g (5) P () + B (5) u (s)] ds. (1.3.15)

Then as in the proof of part (a1), from (1.3.15) we see that the inequalities
(1.3.10) and (1.3.12) hold. Differentiating (1.3.15) and using (1.3.10), (1.3.12)
and the fact that z(¢) is monotonic nondecreasing in ¢ we get

Z(t) = k(t,t)[g () u? () +h(t)u ()]

< k(t,t) [g(t) (a(t) +b(t)z(8) +h (1) (79: I b](;)z(t)ﬂ

p
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< [k(t,wb(t) (904 2) +O/t§tk<t7s>b<s> (969 + h“))] 0

+h (£,1) <g (t)a(t)+h (1) (79; + a(t)))

p
+/%k(t,s) <g(s)a(s)+h(s) (p;l_kaz(;S))) s
0
“ammmr e (1.3.16)

The inequality (1.3.16) implies the estimate

z(t) < /B(o) exp (/A(T)dT) do. (1.3.17)

0 o

Using (1.3.17) in w? (t) < a(t) + b(t) z (t), we get the required inequality in
(1.3.6).

Theorem 1.3.2. Let u(t),a(t),b(t),g(t) € C(R4+,Ry) and p > 1 be a real
constant.

(b1) Let f: R3 — Ry be a continuous function such that

0< fta)—fty) <m(ty)(z—y), (1.3.18)

fort € Ry and z > y > 0,where m : Rf_ — R, is a continuous function. If

o (1) ga(t)+b(t)/f(s,u(s))ds, (1.3.19)

for t € Ry, then

X exp (/tm<a,p;1+a;")) bgj)do) ds};, (1.3.20)



24 Integral inequalities in one variable

(b2) Let f : R — R, be a continuous function and ¢ : Ry — Ry be a
continuous and strictly increasing function with ¢ (0) = 0 such that

0< f(t,x)— fty) <m(ty) o' (x—y), (1.3.21)

for t € Ry and x > y > 0, where m : Ri — R, is a continuous function and
¢! is the inverse function of ¢ and

¢~ (ay) < o7 (@) o7 (y), (1.3.22)
for z,y € Ry. If

t

W (1) <alt)+b(t)o /f(s,u(s))ds , (1.3.23)

0

for t € Ry, then

u(t) < a(t)+b(t)¢(o/f<87p;1+a2(j)>)
oa(Jn(et o) (o)

S

fort e Ry.

(bs) Let W(r) be a real-valued, continuous, nondecreasing, subadditive and
submultiplative function defined on Ry and W(r) > 0 on (0,00). If

t

uP (t) < a(t)+b(t) /g (s) W (u(s))ds, (1.3.25)
0

for t € Ry, then for 0 <t < ty,

S

t

w={a®ro06 |aoo)+ [aw (") a| b s
where for t € R,
o (2L a6
D(t)—o/g( )W( prani )d, (1.3.27)
Gr=[ L >0 (1.3.28)
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ro > 0 is arbitrary, G~!

that

is the inverse function of G and t; € Ry is chosen so

G (D (1)) + /tg (s)W (b}(:)) ds € Dom (G™'),

0

for all t € R, lying in the interval 0 < ¢ < t;.

Proof. (b1) Define a function z(t) by

z(t) = /f(s,u(s)) ds. (1.3.29)
0

Then as in the proof of Theorem 1.3.1, part (a1), from (1.3.19) we see that the
inequalities (1.3.10) and (1.3.12) hold. From (1.3.29), (1.3.12) and the condition
(1.3.18) it follows that

2 (t) = f(tu(t)

f(t’]?+6?+l? (t)>—f<t,p;1+a(t)>

(5528)

<m (t, p—1 + a(t)> b](f)z(t) +f (t, ]% + M) . (1.3.30)

p p p
The inequality (1.3.30) implies the estimate

s 1558
0

X eXp S/tm (a,p;1 n a(a)) 5 45 | as. (1.3.31)

IN

+

p p

From (1.3.31) and (1.3.10) the desired inequality in (1.3.20) follows.

(b2) Defining a function z(t) by (1.3.29) and following the arguments as in the
proof of Theorem 1.3.1, part (a1) we see that corresponding to the inequalities
(1.3.10) and (1.3.12) we get

uP (t) < a(t) +b(t) o (2 (1)), (1.3.32)

and

wt) ST == S0 (1), (1.3.33)
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From (1.3.29), (1.3.33) and the conditions (1.3.21), (1.3.22) it follows that

p p
The inequality (1.3.34) implies the estimate

z(t>s/tf<s,p;1+a]<j))
0

X exp jm <0, p; L “;")) o1 (z;g:)) do | ds. (1.3.35)

P
<m (t, p% + a(t)> ¢! (b(t)> Z(t)+ f <t, -1, a(t)) . (1.3.34)

The required inequality (1.3.24) follows from (1.3.32) and (1.3.35).

(b3) Define a function z(t) by

(1) = /g () W (u(s)) ds. (1.3.36)
0

Then as in the proof of Theorem 1.3.1, part (a1), from (1.3.25) we see that the
inequalities (1.3.10) and (1.3.12) hold. From (1.3.36), (1.3.12) and the conditions
on W it follows that

b(s)

z<t>SD<t>+jg<s>W( -
0

> W (z(s)) ds, (1.3.37)

where D(t) is defined by (1.3.27). The rest of the proof can be completed by
closely looking at the proof of Theorem 2.4.2 given in [34, p.121]. We omit the
further details.

Remark 1.3.1. We note that in the special cases when (i) g = 0, (ii) g = 0,p =
2 in Theorem 1.3.1, and (iii) p = 2 in Theorem 1.3.2, we get new inequalities
which may be convenient in certain applications.
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The following Bihari type inequality is proved by Pachpatte in [45].

Theorem 1.3.3. Let u(t),f(t) € C(Ry,Ry), h(t,s) € C(R3,Ry), for
0<s<t<ooandc>0,p>1are real constants. Let g € C (R4, R+) be a
nondecreasing function, g(u) > 0 for v > 0 and

t

W (t) gc+/ f(s)g(u(s))+/h(s,a)g(u (o)) dor | ds, (1.3.38)
0

0

for t € Ry, then for 0 <t < ty,

w(t) < {HV[H () + E®)]}7, (1.3.39)
where
E(t):/ f(s)+/h(s,a)da ds, (1.3.40)
0 0
[ ds
H(r)= [ —c,m >0, (1.3.41)
he

ro > 0 is arbitrary, H~! is the inverse function of H and t; € R, is chosen so
that

H(c)+ E(t) € Dom (H™"),

for all t € R, lying in the interval 0 <t < t;.

Proof. We first assume that ¢ > 0 and define a function z(¢) by the right
hand side of (1.3.38). Then z(0) = ¢, u(t) < (z (t))%, z(t) is positive and
nondecreasing for ¢t € Ry and

Z(t)=f(t)g(u (t))+/h(t70)9(u (o)) do
0

<fWg(Ew)r)+ / h(t,o)g ((2(0))7) do
0

S

<g((z0)7)

f(t)+/h(t, o) dO’] . (1.3.42)
0
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From (1.3.41) and (1.3.42) we have

d A0
SH (2 (1) = — s

< f(t)—&—/h(ta)da . (1.3.43)

0

By setting t = s in (1.3.43) and integrating it from 0 to ¢ we have

H(z(t) <H(c)+E(1). (1.3.44)
Since H~! is increasing, from (1.3.44) we have

z(t) <H '[H(c)+ E(b)]. (1.3.45)
Using (1.3.45) in u (t) < (z (t))% we have the required inequality in (1.3.39). If
¢ is nonngative, we carry out the above procedure with ¢+ ¢ instead of ¢, where

€ > 0 is an arbitrary small constant, and by letting ¢ — 0, we obtain (1.3.39).
The subinterval 0 < ¢t < t; is obvious.

As an immediate consequence of Theorem 1.3.3 we have the following

Theorem 1.3.4. Let u(t), f(t),h(t,s),c,p be as in Theorem 1.3.3. If

uP (t) < c+/t f(s)u(s)+ /Sh(s,a)u(o*) do| ds, (1.3.46)
0 0
for t € Ry, then
u(t) < [cppl + (T) H (t)] ﬁ , (1.3.47)

for t € Ry, where E(t) is given by (1.3.40).

Proof. Let g(u) = u in Theorem 1.3.3.Then (1.3.38) reduces to (1.3.46) and

p [ 1 2o
H(r):pl[rp — Ty },

p
—1 p=1|p—1
Pl 5 ] )

H™ ' (r)= {

and consequently the bound obtained in (1.3.39) reduces to the bound in (1.3.47).
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Remark 1.3.2. We note that the definition of the function H in (1.3.41)
. o
is motivated from Medved [26]. If [ —9%< = oo, then H (00) = oo and the

ro 9| sP
inequality in (1.3.39) is true for ¢ € Ry. In the special case when p = 2, the
inequality given in Theorem 1.3.4 reduces to a variant of the inequality given
in [34, p. 233]. We also note that by following the proof of Theorem 1.2.1, one
can very easily obtain the bounds on the inequalities (1.3.38) and (1.3.46) by
replacing the constant ¢ by a function a(t) as in Theorem 1.2.1.

1.4 Inequalities with iterated integrals

Integral inequalities with iterated integrals play a very important role in the
qualitative theory of differential and integral equations. In this section we of-
fer some fundamental iterated integral inequalities established by Bykov and
Salpagarov in [9] and Pachpatte in [53,78].

Our first theorem deals with the inequalities established by Pachpatte in [53].

Theorem 1.4.1. Let u(t), f(t),a(t) € C(R4+,Ry), k(t,s), %k (t,s),C (D,
R}) and ¢ > 0 is a constant, where D = {(t,s) € R1 : 0 <s<t<oo}.

(ay) It
u(t)gc+jf(s) u(s)Jr/sk(s,o)u(a)do ds, (14.1)
for t € R, then 0 0
w(t) < e 1+0/f(3)exp 0/[f(a)+g(a)]do ds| | (1.4.2)
for ¢ € Ry, where
At) :k(t,t)—i—/tgtk(tm) dr. (1.4.3)
:
(a) 1t
w(t) ga(t)+jf(s) u(s)Jr/sk(s,a)u(a) do | ds, (1.4.4)

0 0
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for t € Ry, then

u(t) <a(t)+e(t) [1 + /f(s)exp (/ [f (o) +A(U)]d0) ds] , (1.4.5)
0

for t € R, where

(1) = / £ (s) [a(s)+ / k (s, 0)a (o) do] ds, (1.4.6)
0 0

and A(t) is defined by (1.4.3).

Proof. (a;) Define a function z(¢) by the right hand side of (1.4.1). Then
2(0) = ¢, u(t) < z(t) and

t

2 (t) = f(t) [u (t) +/k(t,a)u(0) da]

0

t) [z (t) —I—/k(t,a)z (o) do] . (1.4.7)
0

Define a function v(t) by

=z({t)+ [ k(t,0)z(0)do. (1.4.8)
/

Then v(0) = 2(0) =¢, 2z (¢t) < v (t),z (¢t) < f(t)v(t) and v(¢) is nondecreasing
for t € Ry and

() = 2 () + k(6 0) 2 () + /%k(t o)z (o) do

0

t
0

<FOVE R0+ [ Shio)o)ds
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implying
exp /[f(o)—i—A(a)}da . (1.4.9)

Using (1.4.9) in (1.4.7) and integrating the resulting inequality from 0 to ¢,
te Ry, we get

S

z(t)<c |1+ [ f(s)exp [f (o) + A(o)]do |ds]| . (1.4.10)
rom(]

0

The desired inequality in (1.4.2) follows by using (1.4.10) in u (¢) < z (¢) .

(a2) Define a function z(t) by

S

(t):/f(s) u(s)+/k(s,a)u(a)da ds. (1.4.11)
0

0

Then from (1.4.4), u () < a(t) + 2z (t) and using this in (1.4.11) we get
. -

z(t)g/f(s) a(s)—l—z(s)+/k(s,o)(a(o)+z(0))da ds

t)+/tf(s) /k; s,0)z(0)do|ds, (1.4.12)
0

where e(t) is defined by (1.4.6). Clearly e(t) is nonnegative, continuous and
nondecreasing for t € R,. First we assume that e(t) > 0 for ¢ € R;. From
(1.4.12) it is easy to observe that

2O o 126 [ 2@

0 <1+ O/f(s) e (s) + O/k(s,o) mdo ds. (1.4.13)
Now, an application of the inequality in (a1) to (1.4.13) we have

7? < /f 5)exp /[f (0) + A (0)]do | ds| . (1.4.14)

0

The desired inequality in (1.4.5) follows from (1.4.14) and the fact that u (¢) <
a(t)+z(t). If e(t) > 0, we carry out the above procedure with e (t) + ¢ instead
of e (t), where ¢ > 0 is an arbitrary small constant, and subsequently pass to
the limit as € — 0 to obtain (1.4.5).
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Remark 1.4.1. We note that in the special case when k(t, s) = k(s), the in-
equality given in (a1) reduces to the inequality established earlier by Pachpatte,
see [34, p. 33]. For a number of inequalities involving iterated integrals and
their applications, see [3,34].

In [9] Bykov and Salpagarov proved the inequalities in the following theorem.

Theorem 1.4.2. Let u(t) € C(Ry,Ry), k(t,s) € C’(DR+) h(t,s,o) €
C (E,R+) and ¢ > 0 be a constant, where D = {t,s GR 0§s§t<oo},
E = {tso)€R3 0§J§5§t<oo}

(b1) Let b(t) € C (Ry, Ry). If

t

()<c+/ ds—i—/ /k:ST T)dr |ds
0 \0

0

t s

+/ / /Th(s,T,a)u(J)da dr | ds, (1.4.15)
0

0 \o
for t € Ry, then

/B(s)ds , (1.4.16)
0

for t € Ry, where

—l—/k’ t,7T) dT+/ / (t,7,0)do |dr. (1.4.17)
0 0

(bs) Let Sk (t,s) € C(D,Ry), Zh(t,s,0) € C(E,Ry). If

t

u(t) §c+/k( / /h t,s,0)u(o)do |ds, (1.4.18)
0 \0

0
for t € Ry, then

exp [R(s)+Q(s)]ds |, (1.4.19)
/

for t € Ry, where
t
R(t) = k(t,tH/h(t,t,o) do, (1.4.20)
0
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S

t t
:/g (t a)d0+/ / h(t,s,o)do |ds. (1.4.21)
0 0

The proof of this theorem follows as a consequence of the following more
general theorem proved by Pachpatte in [78].

Theorem 1.4.3. Let u(t),k (¢, s),h(t,s,0) beasin Theorem 1.4.2 and a (t),
a' (t) € C(R4,R4). Let g € C' (R4, Ry) be a nondecreasing function, g(u) > 0
n (0, c0).

(Cl) Let b(t) S C(R+,R+) CIf

t
y<alt +/b ds—l—/ /ksr 7)) dr |ds
0

t s T
+/ / /h(s,T,a)g(u(J))do dr | ds, (1.4.22)
0 \0 \o
for t € Ry then for t € R,
¢
w(t) <G G(a(t))+/B(s)ds , (1.4.23)
0
where
f ds
G(r :/—,r>07 1.4.24
m= 5 (1429

T0

ro > 0 is arbitrary, G~! is the inverse of G, B(t) is given by (1.4.17) and t; € R
is chosen so that

G (a(t)) +/B (s)ds € Dom (G™'),
0

for all t € R4 lying in the interval 0 <t < ;.

(c2) Let %k (t,s), gth (t,s,0) be as in Theorem 1.4.2, part (by). If

u(t) < a(t)Jr/k(t,s)g(u (9)) ds+/ (/h(t,s,o)g(u (0))d0) ds, (1.4.25)

0 0 0
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for t € Ry, then for 0 <t <t9;t,t2 € Ry,
t

u(t) <G™! G@@»+/Uﬂ@+Q@ﬂ@ : (1.4.26)

0

where G, G~1 are as defined in part (c3), R(t), Q(t) are given by (1.4.20), (1.4.21)
and to € R, is chosen so that

G(a(t)) + / [R(s)+ Q(s)]ds € Dom (Gil) ,
0

for all t € R, lying in the interval 0 < ¢ < ts.

Proof. First we note that, since a’ (t) > 0, the function a(¢) is monotonically
increasing.

(c1) Let a(t) > 0 for t € Ry and define a function z(¢) by the right hand
side of (1.4.22). Then z(¢) > 0,2(0) = a(0), u(t) < z(t), a(t) < z(t), 2(¢) is
nondecreasing for ¢t € R and

S0 =a O+ 5@ gw(®) + [ k(g (u(r)dr

T

+/ /h(t,r, o) g(z(o))do |dr

0 0
<d(t)+B(t)g(z(t)).

Now by following the same arguments as in the proof of Theorem 1.2.1 below
the inequality (1.2.5) we get the required inequality in (1.4.23).

(c2) Let a(t) > 0 for t € Ry and define a function z(¢) by the right hand side
of (1.4.25). Then z(t) > 0,2(0) = a(0), u(t) < z(t), a(t) < z(t). In view of
the hypotheses, it is easy to observe that z(t) is nondecreasing and

t

20 = (04 b0 9w+ [ Sh(es)gu(s)ds

0
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< O+ k(09O + [ Zh(05)9(:(9)ds
0

¢ t o/t 5
—|—O/h(t,t,a)g(z (U))d0+0/ O/mh(t,s,a)g(z(cr))da ds

<d )+ [RO+QM]g(2(1)).
The remaining proof can be completed by following the proof of Theorem 1.2.1.
Remark 1.4.2. As a consequence of Theorem 1.4.3, if we take g(u) = u, then

G(r) = log %,G_l (r) = roexp (r) and the bounds obtained in (1.4.23) and
(1.4.26) reduces respectively to

t

u(t) < a(t)exp B(s)ds |, (1.4.27)
/
and
w(t) < a(t)exp / (R(s)+Q ()] ds | , (1.4.28)
0

for t € Ry. Furthermore, if we take a(t) = ¢, a nonnegative constant, then we
get the inequalities in Theorem 1.4.2 established by Bykov and Salpagarov in
[9].

Before giving the next result, we introduce some notations to simplify the
details of presentation. Let I = [0,a) be the given subset of R and for ¢ =
1,...,mn, let I; = {(tl,...,ti) Dty ti) € Ii}. For i = 1,...,n and any func-
tions w (t) ,a (t) ,b (t) e C (I, R+) y Ll (tl, ...,ti, w (tz)) ,Mi (tl, ...,ti, a (tz)) €
C(I; x Ry,Ry) and t € T we set

Fi[w](t):/t /t ti/lLi(th...,ti,w(ti))dti | dt,
0 0 0

t

E (t) = L1 (t, a (t)) + /L2 (t, tQ, a (tg)) dtg + ...
0
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t to tn—1
+/ / /Ln(t,tg,...,tn,a(tn))dtn dtn 1. | dts,
0 0 0
t
H(t) = M (t,a(t))b(¢) +/M2 (t,t2,a (t2)) b (t2) dts + ...
0
t to tn—1
+/ / /Mn(t,tg,..‘,tn,a(tn))b(tn)dtn dt,_1... | dts.
0 0 0

The following theorem deals with the inequalities established by Pachpatte
in [78].

Theorem 1.4.4. Let u(t),a(t),b(t) € C(I,Ry).

(d1) For i = 1,...,m, let the functions L; € C (I; x R, Ry ) satisfy the condi-
tions

0 S L'L' (t17 ---7t’iax (tz)) - Li (tlv "'atia Yy (tz))

< M (ty, -ty y (8) (2 (8) — y (t:)) (1.4.29)
for (t1,...,t;) € I, and z (t;) > y (t;) > 0, where M; € C(I; x Ry, Ry). If

w(t) < a(t)+b(t) Z Rl (t), (1.4.30)

for t € I, then

t

u(t) < a(t)+b(t)/E(t1)exp /H(J) do | dty, (1.4.31)
0 t1

fort € I.

(d2) Let v € C (R4, R+) be a strictly increasing function with v (0) = 0. For
i =1,...,n let the functions L; € C (I; x Ry, Ry) satisfy the conditions

0 < L’L (tlv "'7tiax (tl)) - Ll (tlv "'7tia Yy (tl))

<M (tr, e ti,y ()07 (2 (8) —y (1)) (1.4.32)

for (t1,...,t;) € I; and z (t;) > y (t;) > O,where M; € C (I; x Ry, R;) and ¢p~*
is the inverse function of . If

w(t) <a(t)+ (b (t) Z F; [u] (t)) , (1.4.33)
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for ¢t € I, then

w(t) <alt)+v (b (t)/E(tl)exp (/H(a) da) dt1> : (1.4.34)

0
fort e 1.

(d3) Let L;, M;,%,9~! be as in part (dg)and the conditions in (1.4.32) hold.
Suppose in addition that

Y (ey) <97 (@)Y (), (1.4.35)
for all z,y € Ry. If

u(t) <a(t)+b(t)y ( Fi [u] (f)> : (1.4.36)
for t € I, then
u(t) <a(t)+b(t)y E (t1)exp H (o)do | dty |, (1.4.37)
[rerl]

for t € I, where H; (t) is obtained by replacing b by =1 (b) on the right hand
side of the definition of H (t).

(ds) For i =1,...,n, let L;, M; be as in part (d;) and the conditions (1.4.29)
hold. Let g € C (R4, Ry) be a nondecreasing function with g(u) > 0 for u > 0.
If

w(t)<at)+b(t)g (Z F; [u] (t)) , (1.4.38)
=1
for t € I, then for 0 <t < #t;t,t €1,
ut)<a(t)+b(t)g |G |G(E()+ /H (t1)dt1]| |, (1.4.39)
0
where
E@®t)= [ E(t))dt (1.4.40)
/

G,G~! are as defined in Theorem 1.4.3, part (¢;) and £ € I is chosen so that
t
G (E(t) +/H(t1)dt1 € Dom (G™1),
0

for all t € I lying in the interval 0 < ¢ < .
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Proof. (dy) Define a function z(t) by

Ly (tl u(tl) dtl +/ (/LQ (tl to, u(tg))dtg) dt1 + ...

0

|
(o))

0

(1.4.41)

Then z(0) = 0, 2(t) is nondecreasing for ¢ € I and (1.4.30) can be restated as

u(t) <a(t)+b(t)z(t).

From (1.4.41), (1.4.42) and the hypotheses we observe that

S ) = Lo (bu (1)) + /L2 (b, (t2))dts + ..
0

f(f |/

0
{L1(t,a(t) +b(t) 2 (1) = L1 (t,a ()} + L (£,a (1))

1

+

Ln t tz tn,u(tn)) dtn> dtn_l...) dtg.

IN

+ / {La (t 2,0 (t2) + b (82) = (2)) — Lo (6.2, a (£2))}
0

+Lo (t to,a( dtQ + ..

(t toy ety @ (tn))} + Lu (£, b2, ootn, a (t0))] dbn) din_1...

E(t)+ My (ta(t)b(t)z ()

+/M2 (1, (£2)) b (t2)= (t2) dts + ...
0

(1.4.42)

t(/ (/ My, (t,ta, oo itna (t0)) b (tn) 2 (tn)dt n) dtn_l...) dt
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<E@M)+H@)z(t). (1.4.43)
The inequality (1.4.43) yields

z(t) < /E(tl)exp /H(s) ds | dty. (1.4.44)
0

t1

The desired inequality in (1.4.31) follows from (1.4.42) and (1.4.44).

(d2) Define a function z(t) by (1.4.41).Then z(0) = 0, z(¢) is nondecreasing
for t € I and (1.4.33) can be restated as

u(t) <a(t)+9(b(t)z(t)). (1.4.45)
By following a similar argument as in the proof of part (di) with suitable

changes, see also [12,34] we obtain (1.4.44).Using (1.4.44) in (1.4.45) we get
the required inequality in (1.4.34).

(ds3) Define a function z(t) by (1.4.41). Then z(0) = 0, 2(¢) is nondecreasing
for t € I and (1.4.36) can be restated as

w(t) <a(t)+b(t) v (z(t). (1.4.46)

Now by following a similar argument as in the proof of part (d;) with suitable
modifications, we obtain

z(t) < | E(t1)exp Hy (s)ds | diy. (1.4.47)
[rem|)

Using (1.4.47) in (1.4.46) we get (1.4.37).

(dy4) Define a function z(t) by (1.4.41). Then z(0) = 0, z(¢) is nondecreasing
for t € I and (1.4.38) can be restated as

u(t) <a(t)+b(t)g(z(t)). (1.4.48)
From (1.4.41), (1.4.48), (1.4.29) and following the proof of part (d;) we get
() SE@)+H(t)g(z(t),

which yields

2(t) < E(t) +/H(t1)g(z (t1))dt;. (1.4.49)
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By following the same arguments as in the proof of Theorem 2.4.2 given in [34]
we get

2(t) <GV |G (E(t)) +/H(t1)dt1 . (1.4.50)
0

Using (1.4.50) in (1.4.48) we get (1.4.39). The subinterval 0 < ¢ < is obvious.

Remark 1.4.3. If we take Ly = L,L; = 0 for i« = 1,...,n and the interval
I = [a, ) in Theorem 1.4.4, then we recapture the inequalities in Lemma 74,
Theorem 81, Theorem 85, Theorem 91 given in [12] respectively. Here it is to be
noted that, one can very easily obtain from Theorem 1.4.4 the corollaries similar
to those of various corollaries of the corresponding results given in [12] which
can be used in certain applications.We also note that, in view of the results given
in Theorem 1.3.2, the inequalities in Theorem 1.4.4 can be extended when the
function u(t) on the left sides in (1.4.30), (1.4.33), (1.4.36), (1.4.38) is replaced
by uP (t), where p > 1 is a real constant.

1.5 Bounds on certain integral inequalities

The classical integral inequalities which give explicit bounds for an unknown
function have played a fundamental role in establishing the foundations of the
theory of differential and integral equations. In this section we shall give ex-
plicit bounds on certain integral inequalities which will be equally important
to achieve a diversity of desired goals in some applications. In what follows,
I =[a, ] is a given subset of R and D = {(t,s) e [*:a < s <t < }.

The following three theorems give the inequalities established by Pachpatte
in [52,54,70,75].

Theorem 1.5.1. Let u(t),a(t),b(t),f(t),g() € C(I,Ry).

(a1) Let a(t) be continuously differentiable on I, o’ (t) > 0 and

t

B
u(t) < a(t)+/b(5)u(s) ds+/c(s)u(s) ds, (1.5.1)

fortel. If

S

p1= ic(s) exp /b(a) do |ds <1, (1.5.2)

«
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then

u(t) < My exp (/tb(s) ds) +ja’ (s)exp (/tb(a) do’) ds,

[0 S

for t € I, where

M, = 1_1p1 |:a(a)+/ﬁc(s) (/sa'(r)exp (jb(a)da) dT) ds] .

[ [e3

(a2) Suppose that

t B
u(t)ga(t)+b(t)/f(s)u(s)ds+c(t)/g(s)u(s)ds.

[e3

fortel. If

B
Py = /g(s) Ko (s)ds < 1,

then
u(t) S Kl (t) + M2K2 (t),

for t € I, where

and

- 1
1—po

M, / 9(5) K1 (s) ds.

[e3%

41

(1.5.3)

(1.5.4)

(1.5.5)

(1.5.6)

(1.5.7)

(1.5.8)

(1.5.9)

(1.5.10)

Proof. (a;) Define a function z(¢) by the right hand side of (1.5.1). Then

u(t) <z(t),

B
z (a) :a(a)+/c(s)u(s)ds,

(1.5.11)
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and
Zt)=d (t)+bt)u(t) <d (t)+b(t)z(t),
which implies

u(t) < z(t) < z(a)exp (/b(a) da) —l—/a' (s) exp (/b(a) da) ds. (1.5.12)

S

From (1.5.11) and (1.5.12)we have

z(a) < a(oz)—i—/ﬁc(s) {z(a)exp (jb(a) do) —l—/sa’ (1) exp (/Sb(o)do) dT}dS,

T

2 (a) {1 —ic(s)exp (jb(a)do’) ds}

[

§a(a)+ic(s) (/Sa'(T)eXp (jb(o)da) dT)ds,

@ (e T

which implies
z () < M. (1.5.13)

Using (1.5.13) in (1.5.12) we get the desired inequality in (1.5.3).

(a2) Let
z(t) = /f(s)u(s) ds, (1.5.14)
B
A= /g(s)u(s)ds. (1.5.15)

Then z(0) =0, (1.5.5) can be restated as
u(t) <a(t)+b(t)z(t)+c(t)A, (1.5.16)
and

) =f)ult). (1.5.17)
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From (1.5.16) and (1.5.17) we have

() <{fBa®)+Af @) e®)}+f b)),

which implies

z(t) < /{f (T)a(r) + Af(T)c(T)}exp (/f(a)b(a) da) dr. (1.5.18)

[e3 T

Using (1.5.18) in (1.5.16) we get

t

u(®) < {a(®) + 2@} 450 [ {F(7)alr) + A (1)e(r)

[e3

X eXp (/f(a)b(o) da) dr

=K (t)+ K2 (). (1.5.19)
From (1.5.15) and (1.5.19) as in the proof of (a1) it is easy to observe that
A< M. (1.5.20)

Using (1.5.20) in (1.5.19) we get 1.5.7).

Remark 1.5.1. If we take a(t) = d (a constant) and hence o’ (t) = 0, then
the inequality given in (a1) reduces to the special version of inequality given by
Bainov and Simeonov in [3, p. 11] in case u(t) and d therein are nonnegative.
The inequality in (a3) is a variant of the inequality given by Gamidov in [15,
Lemma 1.2].

Theorem 1.5.2. Let u(t),a(t),c(t) e C(I,Ry)

(b1) Let Zh(t,s) € C(D,Ry) and

t B

w(t) Sa(t)—i—/h(t,s)u(s) ds—l—/c(s)u(s)ds, (1.5.21)

(03 [e3

fort e I. If

Jé3 s
p3 = /c(s)exp (/B(a) do> ds < 1, (1.5.22)

«
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then

u(t) < a(t)+Msexp (/B(o) da) —|—/A(s)exp (/B(O’) do) ds, (1.5.23)

for t € I, where

t

Al)=h(t,t)a(t)+ / %h (t,s)a(s)ds, (1.5.24)

[e3%

B() =h(tt)+ / %h(t,s) ds, (1.5.25)

[

8 s .
Ms = 7 jps /0(8) [a(S) +/A(T) exp (/B(a) da) dT] ds. (1.5.26)

«

and

(b2) Let h(t,s),g(t,s) € C(D,R4) and be nondecreasing in ¢t € I, for each
s€ I and

t B
u(t) < k‘—l—/h(t, s)u(s) ds+/g(t,s)u(s) ds, (1.5.27)

[

for t € I, where k > 0 is a constant. If

B s
p(t) = /g (t,s)exp (/h (s,0) da) ds <1, (1.5.28)

« [e%

for t € I, then

u(t) < | _I; @ exp (/h(t,s) ds) , (1.5.29)

fort e I.

Proof. Define a function z(t) by

t

B
z(t) = /h(t,s)u(s) ds+/c(s)u(s) ds. (1.5.30)

(03
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Then z(¢) is nondecreasing for ¢ € I, (1.5.21) can be restated as

w(t) <a(t)+z(t), (1.5.31)

B
z(a) = /c(s)u(s) ds, (1.5.32)

and

ot
0

<h(t,t){a(t)+2z(t)} + / gh(t, s){a(s)+ z(s)}ds

SA)+B(t)z (1),
which implies
t

z(t) < z(a)exp /B(U) do +/A(s)exp /B(U) do |ds. (1.5.33)

e

The rest of the proof can be completed by following the proof of Theorem 1.5.1.

(bo) Fix any T, « < T < (3, then for a <t < T we have

t B
u(t) < I<;—|—/h(T,s)u(s) ds—l—/g(T,s)u(s) ds. (1.5.34)

Define a function z(¢,T), o < t < T by the right hand side of (1.5.34). Then
uw(t) <z(tT),a<t<T,

B
z(a,T)=k+ /g (T, s)u(s)ds, (1.5.35)
and
Dyz(t,T)=h(T,t)u(t) < h(T,t)z(t), (1.5.36)

for « < T. By setting t = o in (1.5.36) and integrating it with respect to o from
a to T we get

T
z(T,T) < z(a,T)exp /h(T7 o)do | . (1.5.37)

«
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Since T is arbitrary,from (1.5.37) and (1.5.35) with T replaced by ¢ and u (¢) <
z (t,t) we have

t

u(t) < z(a,t)exp / h(t,o)do |, (1.5.38)
where
B
z(a,t) =k + /g (t,s)u(s)ds. (1.5.39)

@

Using (1.5.38) on the right hand side of (1.5.39) and in view of the condition
(1.5.28) it is easy to observe that

z(a,t) < o0

Using (1.5.40) in (1.5.38) we get the desired inequality in (1.5.29).

(1.5.40)

Remark 1.5.2. In the special case when c(t) = 0, the inequality in (by)
reduces to the inequality given in [3, Theorem 1.8, p. 11]. The inequality
in (by) is a useful variant of the inequality given in [3, Theorem 1.7, p.11].

Theorem 1.5.3. Let u(t) € C (I, R;+) and k > 0 be a real constant.

(c1) Let a(t,s),b(t,s),c(t,s) € C(D,R:); alt,s),b(t,s) are nondecreasing
in ¢ for each s € I and

t s B
u(t) < k+/a(t,s) u(s)Jr/c(s,cr)u(J) do d5+/b(t,s)u(s)ds (1.5.41)
fortel. If
B s
q(t) = /b(t,s) exp /E(s,&) dé |ds < 1, (1.5.42)
for t € I, where
3
E(t,§) =a(t,§) 1+/c(§,a)da : (1.5.43)
for (¢,€) € D, then
u(t) < . k;(t) exp /E(t,§) ¢ |, (1.5.44)

fortel.
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(ca) Let f(t),g(t),h(t) € C(I,R.) and

(03

t K] B
u(t) < k+/f(s) [u(s)—l—/g(a)u(a) da+/h(a)u(a)da] ds, (1.5.45)

fortel. If
B8 s
r= /h(a) exp (/ [f(r)+g (T)]dT) do < 1, (1.5.46)
then
u(t) < - fr exp (/ f (5) + 9 (5)] ds) , (1.5.47)
for t € I.

Proof. (c1) Let k> 0 and fix any T € I, then for « < ¢ < T, from (1.5.41) we
have

u (t) §k+/a(T,5) [u(s)Jr/c(s,a)u(a)da] ds

[e3 (e

B

+/b(T, s)u(s)ds. (1.5.48)

[e3%

Define a function z(t,T), t € [«, T] by the right hand side of (1.5.48). Then for
tefa,T],ut) <z(tT),=2tT)>0,

B
z(a,T) =k Jr/b(T, s)u(s)ds, (1.5.49)

and

Diz(t,T) =a(T,t) [u (t) + /c (t,0)u (o) d0:|

<a(T,t)

z (t) —|—/c(t,a)z(a,T) da] . (1.5.50)
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From (1.5.50) and using the fact that z(¢,T") is nondecreasing in ¢, it is easy to
observe that

<a(T,t) 1+/c(t,0) do| , (1.5.51)

«

Dlz (t, T)
z(t,T)

for t € [, T]. By setting ¢ = € in (1.5.51) and integrating it with respect to &
from a to T we get

T 3
2(T,T) < z(a,T)exp /a(T,&) 1—|—/c(§,a)do d¢ | . (1.5.52)

Since T is arbitrary, from (1.5.52), (1.5.49) with T replaced by ¢ we have for
tel,

z(t,t) < z(a,t)exp /E(t@) ¢ 1, (1.5.53)
B
z(a,t) =k + /b(t7 s)u(s)ds. (1.5.54)

Using (1.5.53) in u (t) < z(t) we get
t

u(t) < z(a,t)exp /E(t,f) ¢ |, (1.5.55)

e}

for t € I. Using (1.5.55) on the right hand side of (1.5.54) and in view of
(1.5.42), it is easy to observe that

k
z (a,t) < .
1—q(t)
The required inequality in (1.5.44) follows by using (1.5.56) in (1.5.55). If £ > 0,
we carry out the above procedure with k 4 ¢ instead of k where ¢ > 0 is an

arbitrary small constant, and subsequently pass to the limit as € — 0 to obtain
(1.5.44).

(1.5.56)

(c2) Define a function z(t) by the right hand side of (1.5.45). Then z(0) = 0,
u(t) < z(t) and
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t B
< f (¥ [z (t) + /g (0)z(o)do + / h(o)z (o) do] ) (1.5.57)
for ¢t € I. Define a function v(t) by
t B
v(t)=z(t) +/g(0)z(a) da+/h(a)z(0) do, (1.5.58)

v(a) = k—l—/h(a)z(a) do, . (1.5.59))

and

V()=2 ) +g®) ) < fEvE)+gt)z () <[f () +g®]v(),

which implies

v (t) <wv(a)exp (/ [f(s)+9g(s)] ds) ) (1.5.60)

«

for t € I. Using (1.5.60) in z () < v (t) we get

2 (t) <wv(a)exp (/ [f (s)+g(s)] ds) , (1.5.61)

«

for t € I. Using (1.5.61) on the right hand side of (1.5.59) and in view of (1.5.46)
it is easy to observe that

k

v(a) < T

(1.5.62)

Using (1.5.62) in (1.5.61) and the fact that u(t) < z(t) we get the desired
inequality in (1.5.47).

In the following theorem we present the inequalities established in [51] (see
also [44]).

Theorem 1.5.4. Let u(t),a(t),b(t) € C(Ry,Ry).
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(d1) Let a(t) be nonincreasing for t € Ry. If

u (t) §a(t)+/b(s)u(s)ds,

for t € Ry, then

fort € Ry.

(d2) Let L € C (R%,R4) and
0 S L(t7u) 7L(tav) S M(t,l}) (ufv)v
for u > v > 0, where M € C(Ri,RQ VI

(oo}

w(t) <al(t) +/b(s)u(s) ds+/L(s,u(s))ds,

t

for t € Ry, then

w(t) < F (1) [a(t)—l—G(t)eXp (/M(s,F(s)a(s))F(s)ds)] ,

for t € Ry, where

for ¢ S R+.

(ds) Let L and M be as in (dg). If

u (t) §a(t)+b(t)/L(s,u(s))ds,

(1.5.63)

(1.5.64)

(1.5.65)

(1.5.66)

(1.5.67)

(1.5.68)

(1.5.69)

(1.5.70)
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for t € Ry, then

u(t) <a(t)+b(t)e(t)exp /M(s,a(s))b(s) ds |, (1.5.71)
for t € Ry, where
e(t) = /L (s,a(s))ds, (1.5.72)

fort e R;.

Proof. (d) First we assume that a(t) > 0 for ¢t € R;. From (1.5.63) it is easy
to observe that

oo

a0 <1+ /b(s) )ds. (1.5.73)

t

Define a function z(¢) by the right hand side of (1.5.73), then z (c0) =1 ul) <
z (t) and

2 (1) = —b(2) “(ti > b(t) = (1). (1.5.74)

a(t
The inequality (1.5.74) implies the estimate
z(t) < exp /b(s) ds | . (1.5.75)
t

Using (1.5.75) in % < z(t), we get the desired inequality in (1.5.64).

If a(t) is nonnegative, we carry out the above procedure with a (t) + ¢ instead
of a(t), where € > 0 is an arbitrary small constant, and subsequently pass to
the limit as € — 0 to obtain (1.5.64).

(d2) Define a function z(t) by

oo

z(t) = /L(&u(s))ds7 (1.5.76)

t

then (1.5.66) can be restated as

o0

u(t) <a(t)+z(t)+ /b (s)u(s)ds. (1.5.77)

t
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Since a(t) + z(t) is nonnegative, continuous and nonincreasing for ¢ € R, by
applying the inequality in part (dy) to (1.5.77) we have

w(t) < (a(t)+2 () F ). (1.5.78)

From (1.5.76) and (1.5.78) and the hypotheses on L, we observe that

z(t) < /[L (s, F(s)a(s)+ F(s)z(s))—L(s,F(s)a(s))+L(s,F(s)a(s))]ds

<G+ /M(S,F (s)a(s)) F (s)z(s)ds. (1.5.79)

Clearly, G(t) is nonnegative, continuous and nonincreasing for ¢t € R;. Now an
application of the inequality in part (dy) to (1.5.79) yields

z(t) < G (t)exp /M(s,F(s)a(s))F(s) ds | . (1.5.80)

Using (1.5.80) in (1.5.78) we get the required inequality in (1.5.67).

(ds) Define a function z(t) by (1.5.76). Then from (1.5.70) we have
w(t)<alt)+b(t)z(t). (1.5.81)

From (1.5.76), (1.5.81) and the hypotheses on L, we observe that

oo

z(t) < / [L(s,a(s)+b(s)z(s)) — L(s,a(s))+ L(s,a(s))]ds

<e(t) +/M(s,a(s))b(s)z(s) ds, (1.5.82)

where e(t) is defined by (1.5.72). Clearly e(t) is real-valued, nonnegative, con-
tinuous and nonincreasing for t € R;. An application of the inequality in part
(d1) to (1.5.82) yields

2 () < e (t) exp /M(s,a(s))b(s)ds . (1.5.83)

The desired inequality in (1.5.71) follows from (1.5.81) and (1.5.83).
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1.6 Applications

The study of various types of differential and integral equations has led to the
investigation of a number of inequalities contained in earlier sections (see also
[51,55,75,78]). In this section we present applications of some of the inequalities
contained in sections 1.2-1.5 to study the qualitative properties of the solutions
of certain differential and integral equations.

1.6.1 Nonlinear differential and integral equa-
tions

First,consider the nonlinear integral equation of the form

22 (t) = f(t)+ /F (t,s,z(s))ds, (1.6.1)
0

where f € C(R1,R),F € C(D x R{,R); D is as in Theorem 1.2.1. Here we
assume that every solution x(¢) of (1.6.1) under discussion exists on R .

As an application of the inequality given in Theorem 1.2.2; part (a;), we
present the following theorem related to the solutions of equation (1.6.1) given
in [55].

We list the following hypotheses on the functions f, F' involved in (1.6.1):

lf @O <e, [F(ts,2) <k(ts) |z, (1.6.2)

If (1)) < ce™t, |F(t,s,2)| < k(t,s) e *(739) |z, (1.6.3)

Q) =+c+ % /A(s) ds < o0, (1.6.4)
0

where ¢, k(t, s), A(t) are as in Theorem 1.2.2 and a > 0 is a real constant.

Theorem 1.6.1. (i) Suppose that the hypotheses (1.6.2), (1.6.4) are satisfied.
Then all solutions of equation (1.6.1) are bounded for ¢ € R,..

(#4) Suppose that the hypotheses (1.6.3), (1.6.4) are satisfied. Then all solu-
tions of equation (1.6.1) approach zero as t — co.
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Proof. (i) Let x(t), t € Ry be a solution of equation (1.6.1). From (1.6.1)
and (1.6.2) we have

e (O < c+/k(t,s) 1 (s)] ds. (1.6.5)
0

An application of the inequality given in Theorem 1.2.2 to (1.6.5) yields

lz (1) <Q (1), (1.6.6)

for t € R,. From the hypothesis (1.6.4), the estimation in (1.6.6) implies the
boundedness of the solution z(t) of equation (1.6.1) on R..

(74) Let z(t), t € R+ be a solution of equation (1.6.1). Then from (1.6.1),
(1.6.3) we have

¢
|z ()2 < cet + /k(t,s) e=(t=39) |2 ()| ds. (1.6.7)
0
From (1.6.7) it is easy to observe that

t

(|x(t)|e%at)2 <c+ /k(t, s) (|x(s)| e%M) ds. (1.6.8)
0

Now applying the inequality given in Theorem 1.2.2,part (aq) to (1.6.8), and
then multiplying the resulting inequality by e*%at, we obtain

@ ()] < Q(t)e 2", (1.6.9)
for t € Ry. In view of the hypothesis (1.6.4), the inequality (1.6.9) yields the

desired result.

Next, we apply the inequality given in Theorem 1.3.3 (see [45]) to obtain a
bound on the solution of the differential equation of the form

P72 (t) = F (t,z (1)), z(0) = xo. (1.6.10)
where xg, p > 1 are constants and F' € C' (R4 x R4, R).
Theorem 1.6.2. Assume that

|F (&) < f (@) g (), (1.6.11)

for t € Ry, where f and g are as in Theorem 1.3.3. Let z(t) be a solution of
equation (1.6.10) on Ry. Then

o (8) < { HY | H (|wo]?) + p / f(s)ds| b . (16.12)
0

for 0 <t <ty; t,t; € Ry, where H, H~! are as in Theorem 1.3.3.
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Proof. It is easy to see that the solution z(¢) of equation (1.6.10) satisfies the
equivalent integral equation

¢
P (¢ P
(1) _ 2 = /F(s,a:(s)) ds. (1.6.13)
Py
From (1.6.13) and (1.6.11) we observe that

2 @) < Jzol” +p / £(5) g (| (s)]) ds. (1.6.14)
0

Now a suitable application of Theorem 1.3.3 (when i = 0) to (1.6.14) yields the
desired bound in (1.6.12).

1.6.2 Iterated Volterra integral equation

In this section, we present applications of the inequality given in Theorem
1.4.4, part (d;) which provide estimates for the solutions of Volterra integral
equation of the form

2(t) = f()+D_Gil:(), (1.6.15)

for t € I, where

t t1 ti—1
Gi [Z] (t) = / / / ]ﬂz (t7t17 ...,ti,Z (tl)) dtz dtl,
0 0 0

feC(,R),k; € C(IxI;xR,R). Here we note that, our discussion uses the

notations and definitions as used in Theorem 1.4.4.

Theorem 1.6.3. Suppose that the kernel functions k; for i = 1, ..., n satisfy
|k/’z (t, tl, ceey ti, z (tl))‘ < b (t) Li (tl, ceey ti, |Z (tl)|) s (1.6.16)

fort € I, (t1,...,t;) € I;,where b € C' (I, R;), L; be as in Theorem 1.4.4, part
(d1) and verify the conditions in (1.4.29), M; being the same as given therein.
If z (t) € C (I, R) is any solution of equation (1.6.15), then

|z(t)|glf(t)\+b(t)/E(t1)exp /ff(a)da dt, (1.6.17)
0 t1

for t € I, where E (t) and H (t) are respectively given by the right hand sides of
the definitions of E(t) and H (t) given in Section 1.4, by replacing a(t) by | f (¢)|.
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Proof. Let z(t) € C (I, R) be a solution of equation (1.6.15). Using the fact
that z(t) is a solution of (1.6.15) and (1.6.16) we observe that

lz (O] < 1f )]+ Z |G [2] (1)

<[f@OI+b(t ZF (1] (¢ (1.6.18)

Now a suitable application of the inequality given in Theorem 1.4.4, part (d)
to (1.6.18) yields (1.6.17).

Theorem 1.6.4. Suppose that the kernel functions k; for ¢ = 1, ..., n satisfy
|kl (tv tlv ooy tiﬂ z (tl)) - kz (tv tlv ey tia Yy (tl))|

for t € 1, (t1,...,t;) € I;, where b(t) € C(I,R+), L; be as in Theorem 1.4.4,
part (di) and verify the conditions in (1.4.29), M; being the same functions as
given therein. If z (t) € C (I, R) is any solution of equation (1.6.15), then

|z(t)—f(t)|ge(t)+b(t)/Eo(t1)exp /Ho(a)dcr dt, (1.6.20)
0 t1

for t € I, where

ti—1

¢
/ / 0/|ki(t’tl’-"atiaf(ti)”dti . | dtq,

i=1 0
Ey (t) and Hy (t) are respectively given by the right hand sides of the definitions
of E(t) and H(t) given in Section 1.4, by replacing a(t) by e(t).

Proof. Let z(t) € C (I, R) be a solution of equation (1.6.15). Using the fact
that z(¢) is a solution of (1.6.15) and (1.6.19) we observe that

so-sol<y [ / /|k oot 2 (1)

i:lo
—ki(t,ti,...,ti,f(ti))—I—ki(t,ti,...,ti,f(ti)”dti)...)dtl
<e()+b(t) ZF [z = f (). (1.6.21)

Now a suitable application of the inequality given in Theorem 1.4.4, part (d;)
to (1.6.21) yields (1.6.20).
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1.6.3 General Volterra-Fredholm integral equa-
tion

Consider the following general Volterra-Fredholm integral equation

t s

o) =f @)+ [F(tsa), [glsoaio)do | ds
B
—l—/h(t,s,ac(s)) ds, (1.6.22)

[0}

fort € I, were x(t) is an unknown function, f € C' (I, R"),g,h € C (D x R™,R")
,FeC(DxR"xR",R"),inwhichl =[a,], D= {(t,s) €I’ :a<s<t<p3}
and R™ the n dimensional Euclidean space with norm |.| . Here we apply the
inequality given in Theorem 1.5.3 to study certain properties of solutions of
equation (1.6.22).

The following results are proved by Pachpatte in [75].

Theorem 1.6.5. Suppose that the functions f,g,h, F in equation (1.6.22)
satisfy the conditions

If @) <k, (1.6.23)
lg (t,s,2)| < c(t,s) [z, (1.6.24)
W (t,s,2)| <b(ts) |2, (1.6.25)
|F(t,s,2,9)| < a(t,s) (|z] + [yl) , (1.6.26)

where a(t, s),b(t, s), c(t, s) and k are as given in Theorem 1.5.3. Let ¢(¢) be as
in (1.5.42). If x(t), t € I is a solution of equation (1.6.22), then

O < o

t
exp / Bt e | | (1.6.27)

for t € I, where E (t,£) is defined by (1.5.43).
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Proof. Using the fact that x(t), t € I is a solution of equation (1.6.22) and
the hypotheses (1.6.23)-(1.6.26) we have

p@l <kt [as) (o) + [cls.0)le@ldr |ds

[e3 [e3

B
+/b(t,s) |z ()| ds. (1.6.28)

Now an application of Theorem 1.5.3 to (1.6.28) yields the required estimate in
(1.6.27).

Theorem 1.6.6. Suppose that the functions f,g,h, F' in equation (1.6.22)
satisfy the conditions

lg(t,s,2) —g(t,s,y)| <c(t,s)|lz—yl, (1.6.29)
|h(t,s,2) —h(ts,y)| <b(ts)|z—1yl, (1.6.30)
IF (t,5,2,9) — F (6,5,2,9)| < at,s) (1 — 71 + |y — g1), (1.6.31)

where a(t,s),b(t,s),c(t,s) are as in Theorem 1.5.3. Let ¢(t) be as in (1.5.42).
Then the equation (1.6.22) has at most one solution on I.

Proof. Let u(t) and v(t) be two solutions of equation (1.6.22) on I. Using
these facts and hypotheses (1.6.29)-(1.6.31) we have

lu(t) — v (t)] < /a(t, )| |lu(s)—v(s)|+ /c(s,o) |u(c) —v(o)|do | ds
B
+/b(t, s)|u(s) —v(s)|ds. (1.6.32)

[e%

Now a suitable application of Theorem 1.5.3 to (1.6.32) yields u(t) = v(¢),t € I
i.e., there is at most one solution of equation (1.6.22) on I.

1.6.4 Terminal value problem

In this section, we apply the inequality given in Theorem 1.5.4, part (d;) to
study certain properties of solutions of the following terminal value problem

u'(t)=ftu)+p), (1.6.33)
u (00) = o, (1.6.34)

for t € Ry, where f € C(Ry xR,R), p € C(R4+,R) and uy € R. For the
exitence of solutions of problem (1.6.33)-(1.6.34) when p(t) = 0, see [3, p.80].
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In the following theorems we present some results on the behavior of solutions
of problem (1.6.33)-(1.6.34) given in [51].

Theorem 1.6.7. Suppose that
|t u)| < b(t)[ul, (1.6.35)
[uso — Q () < al(t), (1.6.36)

where a(t), b(t) are as in Theorem 1.5.4, part (d;) and Q (¢) =
t € R, is a solution of the problem (1.6.33)-(1.6.34), then

u%g

p(s)ds. If u(t),

o0

lu(t)] < a(t)exp /b(s) ds |, (1.6.37)

fort e Ry.

Proof. The solution u(t) of the problem (1.6.33)-(1.6.34) can be written as
(see [3, p. 80])

o0

w(t) = g — / 1 (5,0 (s)) +p (s)] ds, (1.6.38)

t

for t € Ry. From (1.6.38), (1.6.35), (1.6.36) we observe that

o0

()] < a(t) +/b(s) lu ()] ds. (1.6.39)

t
Now an application of Theorem 1.5.4, part (d1) to (1.6.39) yields the required
estimate in (1.6.37).

Theorem 1.6.8. (i) Suppose that the function f in (1.6.33) satisfies the con-
dition

|f (ta 'LL) - f (ta ’U)| < b(t) |U‘ - U| ) (1640)

where b(¢) is as defined in Theorem 1.5.4. Then the problem (1.6.33)-(1.6.34)
has at most one solution on R .

(79) Let uy (t) and ug (t), t € R4 be the solutions of (1.6.33) with the given
terminal conditions

Uy (00) = Uico, (1.6.41)
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and
uz (00) = Uz, (1.6.42)

respectively, where u10, U2oo € R. Suppose that the function f in (1.6.33) sat-
isfies the condition (1.6.40). Then the solutions of (1.6.33) depends on terminal
values and

oo

lug (t) — ug ()] < U100 — U20o| €XP /b(s) ds |, (1.6.43)

fort € R;.

Proof. (i) The problem (1.6.33)-(1.6.34) is equivalent to the integral equation
(1.6.38). Let u(t) and v(t) be two solutions of (1.6.33)-(1.6.34) on R . Using the
facts that u(¢) and v(¢) are the solutions of (1.6.38) and the condition (1.6.40)
we have

o0

lu(t) —v (t)| < /b (s) Ju(s) —v(s)|ds. (1.6.44)

t

Now an application of Theorem 1.5.4, part (d;) (when a(t) = 0) to (1.6.44) yields
u(t) = v(t) i.e., there is at most one solution to the problem (1.6.33)-(1.6.34)
on R;.

(74) By using the facts that uy (t) and we (t), ¢ € R4 are the solutions of
(1.6.33)-(1.6.41) and (1.6.33)-(1.6.42) respectively, we have

up () — uz (1) = Uloo — U200 — / [f (s,u1 (8)) — f(s,ua(s))]ds. (1.6.45)

From (1.6.45) and (1.6.40) we have

oo

[ug (8) — usz ()] < 100 — U200| + /b (s) Jug (s) —uz (s)| ds. (1.6.46)
¢
Now an application of Theorem 1.5.4, part (d1) to (1.6.46) yields the required

estimate in (1.6.43), which shows the dependency of solutions of (1.6.33) on
terminal values.
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1.7 Notes

The celebrated Gronwall’s inequality [16,6] and its nonlinear generalization
due to Bihari [8] have a profound and enduring influence on the development
of the theory of differential and integral equations. Section 1.2 deals with some
such basic nonlinear integral inequalities recently appeared in the literature.
Theorem 1.2.1 is due to Pachpatte [68], which is a useful generalization of the
well known Bihari’s inequality [8], see also [34, p. 107]. The inequalities in The-
orem 1.2.2 are taken from Pachpatte [55]. The results in Theorems 1.2.3-1.2.5
are recently established by Medved in [24], which gives estimates on integral
inequalities with weakly singular kernel. Indeed, the roots of such an inequality
can be found in the work of Henry [17] who proved some results concerning lin-
ear integral inequalities with weakly singular kernel. Section 1.3 deals with some
more nonlinear integral inequalities which claim their origin in the inequalities
given by Ou-Tang [33] and Deformos [10]. The inequalities in Theorems 1.3.1-
1.3.4 are due to Pachpatte and taken from [35,45]. Section 1.4 contains some
useful integral inequalities involving iterated integrals.The inequalities in The-
orem 1.4.1 are due to Pachpatte [53]. Theorem 1.4.2 is taken from Bykov and
Salpagarov [9]. The results in Theorems 1.4.3 and 1.4.4 are the further general-
izations of the inequalities in Theorem 1.4.2 and are due to Pachpatte [79,78].
The results given in Section 1.5 deals with some specific inequalities which are
more convenient in certain situations. Theorems 1.5.1-1.5.3 are due to Pach-
patte [52,54,70,75],while Theorem 1.5.4 is taken from Pachpatte and Pachpatte
[51]. The material in Section 1.6 is taken from [51,55,75,78] and devoted to the
applications of the inequalities given in earlier sections.
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Chapter 2

Integral inequalities in two variables

2.1 Introduction

Inequalities involving functions of two or more independent variables, their
partial derivatives and integrals play a fundamental role in the continuous de-
velopment of the theory, methods and applications of partial differential and
integral equations. In view of the wider applications, integral inequalities in-
volving functions of two independent variables which furnish explicit known
bounds have received considerable attention. Recently, different versions of
such inequalities have been established, which are useful in the study of differ-
ent classes of partial differential and integral equations. The main objective of
this chapter is to present some useful integral inequalities in two independent
variables recently appeared in the literature. These inequalities can be used
as ready tools in the study of certain classes of partial differential and integral
equations. We also give applications to convey the importance of some of these
inequalities.

2.2 Some nonlinear integral inequalities

Integral inequalities involving functions of two and more independent vari-
ables which provide explicit bounds on unknown functions have played a funda-
mental role in the study of certain partial differential and integral equations. In
this section we present some basic nonlinear integral inequalities in two variables
which can be used as convenient tools in some applications.

The following theorem deals with a fairly general version of the inequality
given by Pachpatte in [68].

63
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Theorem 2.2.1. Let u(x,y),a(z,y),Dia(z,y), D2a(z,y) € C (R, R;),
k (xaya Sat) 7D1k (waya Sat) ) DQk (xaya Sat) 7D2D1k (xaya 57t> eC (E> R—i—) ) where
E= {(a@y,s,t) ERY:0<s<2<00,0<t<y< oo}.Let g(u) be a continu-
ously differentiable function defined for v > 0, ¢ (u) > 0 for u > 0 and ¢’ (u) > 0
for u > 0. If

z oy
uwy) atn)+ [ [Eaonguon)dnd, (2.2.1)
00
for T,y € R+7 then for 0 <z < 1’1,0 < Yy < Y152, 21,Y, Y1 € R+7
Ty
u(z,y) <G |G (a (x,y))—i—//A(s,t) dtds| , (2.2.2)
00
where

A(z,y) =k (z,y,2,y) +/D1k(w7y,o,y)d0
0

y Ty
+/D2k(x,y,x,7) dT—i—//Dngk(x,y,a, 7) dodr, (2.2.3)
0 00
/ ds
G(r :/—,r>07 2.2.4
m= |5 (22.4)

7o
ro > 0 is arbitrary and G~! is the inverse of G and xy,y; € R, are chosen so
that

T Yy

G (a(z,y)) + //A(s,t) dtds € Dom (G™'),
0

0

for all z,y lying in 0 < x < 21,0 <y < y; respectively.

Proof. From the hypotheses, it is easy to observe that the function a(z,y) is
monotonically increasing in both the variables z and y. We also note that since
g’ (u) > 0 on R, the function g(u) is monotonically increasing on (0,00) . Let
a(z,y) > 0 for x,y € Ry and define a function z(x,y) by the right hand side
of (2.2.1). Then z(z,y) is positive and by hypotheses, it is nondecreasing in
z,y € Ry ,2(%,0) = a(x,0), 2(0,y) = a(0,y), u(z,y) < z (z,y) and

Dlz(x,y):Dla(x,y)Jr/k(a?,y,:c,T)g(U(x,T))dT
0
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T Y
+//D1k($7y70a T)g(u (U7T))de07
0 0

x

Daz (2,y) = Doa (2,) + / k(29,0,9) g (u(0,y)) do
0

//D2 (z,y,0,T) ,T))dTdo,

DyDhz (z,y) = DaDya(w,y) + k (2,y,2,y) g (u(,y))

/D1 (z,y,0,9) g (u(o,y) dJ+/D2 (z,y,2,7) g (u(z,7))dr

/ / DaDyk (2,9, 0,7) g (u (0, 7)) drdo

0 0

< DyDsa(z,y) +k(z,y,2,9) g (2 (z,9))

/D1 (z,y,0,y) g (z(0,y) do—|—/D2 (x,y,2,7) g (2 (z,7))dr

+//D2D1k (z,y,0,7) g (2 (0,7))drdo

0 0
< DyDsa(z,y) + A(z,y) 9 (2 (2,y)) - (2.2.5)

It is easy to observe that
D2D1G (2 (2,y)) = G" (2 (z,y)) D1z (2, y) D22 (2,y)

+G’ (2 (x,y)) DaD1 2 (z,y) . (2.2.6)
Since a(z,y) < z(x,y) and D1z (z,y) > 0,Dzz(z,y) > 0, G’ (2(z,y)) =

m and G (2 (z,y)) <0, we obtain from (2.2.5) and (2.2.6)

DyD1G (2 (2,y)) < G' (2 (x,y)) {D2D1a (z,y) + A(z,y) g (2 (2,9))}
_ DsyDa(x,y)
g9 (z(z,y))

DyDia(x,y)
= @)

+ A(z,y)

+ A(z,y). (2.2.7)
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On the other hand we observe that

a(z,y)

DyD,G (a(z,y)) = Dy | Dy /

To

ds
g(s)

-2 (Fateahy)

_ g(a(z,y)) DyDsra(z,y) — Dia(x,y) ¢’ (a(2,y)) Dra(z,y)
g (a(z, )"
_ DeDya(z,y) g (a(z,y)) Dia(z,y) Dya (2,y)
g(a(z,y)) lg (a (2, y))*

which implies

DyDa(x,y)
g(a(z,y))
From (2.2.7) and (2.2.8) we have

Dy DG (a(z,y)) > (2.2.8)

DyD\G (2 (x,y)) < D2 DG (a(z,y)) + A(x,y),

/Astdtds

z Y

u(y) < z(z,y) < G wawﬂ+//A@ﬁﬁ%
0 O

and this yields

G(z(2,y)) <G (a )+

\

which implies (see [34, Chapter 5])

If a(x,y) is nonnegative, we carry out the above procedure with a (z,y) + ¢
instead of a(x,y), where € > 0 is an arbitrary small constant, and subsequently
pass to the limit € — 0 to obtain (2.2.2). The subdomain 0 < z < z1,0 <y < y;
is obvious.

Remark 2.2.1. If we take g(u) = win Theorem 2.2.1, then the bound obtained
n (2.2.2) reduces to

x

y
u(z,y) <a(zx,y)exp //Astdtds ,
00

for z,y € R4. In this case the inequality given in Theorem 2.2.1 is a general-
ization of the Wendroff’s inequality given in [4, p. 154], see also [34].
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In [55] Pachpatte has established the inequalities in the following theorem.

Theorem 2.2.2. Letu(z,y), k(z,y,s,t), Dik (x,y,s,t), Dok (x,y,s,t), DaDy
k (x,y,s,t) be as in Theorem 2.2.1 and ¢ > 0 is a constant.

(al) If
z Y
u? (z,y) < c+//k(:c,y,o, T)u (o, 7)drdo, (2.2.9)
00
for z,y € Ry, then
17
u(z,y) < Ve + 5//14(5,15) dtds, (2.2.10)
00

for z,y € Ry, where A(x,y) is defined ny (2.2.3).

(a2) Let g(u) be as in Theorem 2.2.1. If

z Y

u? (z,y) < c+ k(z,y,0,7) g (u(o,7))drdo, (2.2.11)
[l

for z,y € Ry, then for 0 < x < 29,0 <y < yo;,22,y,y2 € Ry
1 I
u(z,y) <G! G(\/E)+§//A(s,t) dtds (2.2.12)
0 0

where A(z,y) is defined by (2.2.3), G, G~! are as defined in Theorem 2.2.1 and
Z9,y2 € R, are chosen so that

z Y

G (Vo) + %//A(s,t) dtds € Dom (G,
0

0
for all z,y € R4 lying in 0 < < 29,0 <y < ys.
Proof. (ap) It is sufficient to assume that c is positive, since the standard
limiting argument can be used to treat the remaining case. Let ¢ > 0 and define

a function z(x,y) by the right hand side of (2.2.9). Then z(0,y) = 2(z,0) = ¢,
u(z,y) < \/z(x,y), z(x,y) is positive and nondecreasing in z,y € Ry and

D2D12 (Jj,y) = k(x,y,x,y)u(z,y)+/D1k'(x,y,o,y)u(cf,y)drf
0
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x x

y
+/D2k(x,y,x,r)u(x,7')dr+//Dngk(x,y,a,T)u(o,T)decr
0 0 0

<k(z,y,z,y) Z(%y)+/D1k(x,y,a,y)vz(my)d0
0

T z Y
—l—/ng(x,y,xJ) \/Z({E,T)dT—‘r//Dngk({E7y,0', T)\/ 2z (0, 7)drdo
0 00

< A(z,y)Vz(z,y). (2.2.13)

Now by following the proof of Theorem 5.8.1 given in [34, p. 528], from (2.2.13)
we get

T Y

Vz(z,y) < ﬁ+%//A(s,t) dtds. (2.2.14)
0

0
Using (2.2.14) in u (z,y) < /2 (z,y), we get the required inequality in (2.2.10).

(a2) The proof follows by closely looking at the proof of Theorem 5.8.2 in
[34].

Remark 2.2.2. If we take k(z,y,s,t) = p(s,t) in Theorem 2.2.2; then the
estimates obtained in (2.2.10), (2.2.12) reduces respectively to

z oy
1
u($7y)§\/5+§//p(s,t)dtds7

00

z Y
//p(s,t) dtds
00

In this case the inequalities in (a1), (a2) reduces respectively to the variants of
the inequalities in Theorems 5.8.1, 5.8.2 given in [34]. We note that, by following
the proof of Theorem 2.2.1 one can obtain the estimates on the inequalities
(2.2.9), (2.2.11) when c is replaced by the function a(z,y), where a(z,y) is as
in Theorem 2.2.1.

N |

u(z,y) <G |G (Ve) +

The inequalities in the following theorems are proved by Medved in [26].



Chapter 2 69

Theorem 2.2.3. Let 0 < T <ocoand I =1[0,T). Let u(z,y), F(x,y),a(z,y),
Dia(x,y),Dea(x,y),DaDra(x,y) € C (I2,R+) . Let w(u) be a continuously
differentiable function defined for v > 0, w(u) > 0 for v > 0 and w’ (u) > 0 for
u>0.If

w(z,y) < a(x,y)-i—//(x — )y — )P F (s, )w (u (s, 1)) dids, (2.2.15)
0 0

for xz,y € I, then the following assertions hold:

(i) Suppose o > %, 8> % and w satisfies the condition (¢) as given in Section
1.2 with ¢ = 2. Then

u(z,y) <e"Ve (x,y), (2.2.16)

for x,y € [0,T1],T) € I, where

O (z,y) = [Qfl [Q <2a (z, y)2)

N

+2K | F(s,t)°R(s+t)dtds| | |, (2.2.17)
I
o TRa—DT(25-1) (2.2.18)

Jot+B-1 ’
' is the Gamma function, Q(r) = [ %,r >0 and 79 > 0 is arbitrary, Q!
To
is the inverse of Q and T} is chosen so that the argument of Q=1 in (2.2.17)
belongs to Dom (Q71) for all z,y € [0, T1].

.. _ 1 .
(i4) Suppose v = 8 = 15 for some real number z > 1 and w satisfies the

condition (q) in Section 1.2 with ¢ = z + 2. Let ©, Q! be as in part (i). Then

u(x,y) < eV (z,y) (2.2.19)
for z,y € [0,T5],T» € I, where
U(z,y) = [ [Q 27 a(z,y)7)

1

z Y
+2q_1M§//F(s,t)qR(s+t)dtds , (2.2.20)
0 0

I'(1—pd) z _z+2 (2.2.21)

2
Mz: N qa(s:]-* S ’
{ p=70) } P= P o

Ty is chosen so that the argument of Q! in (2.2.20) belongs to Dom (Qfl) for
all z,y € [0, T3]
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Proof. First we prove the assertion (7). Using the Cauchy-Schwarz inequality
for double integrals we obtain from (2.2.15)

u(z,y) <a(x,y)+ (z—s)"te (y— )" el e CTOF (s, 8)w (u (s, t))|dtds
[l

1
z Yy 2

<a(zy)+ //(x —5)%7 22 (y — 1) 2dtds
00

T Y 2

e 26 P (s )2 w (u (s, 1)) dtds| . 2.
x !}/ TE (s,0)° w (u (s, 1)) dtd (2.2.22)

For the first integral in (2.2.22) we have the estimate

T Yy

// (x — 5)2* 2 (y — )72 2 dtds
0

0

x

y
62(x+y)/J2a—2e—2a/n23—26—2ndnda
0 0

2(z+y) 2x 2y
— € Y 20—2 _—T 23—2 —¢
= aTh 2 /T e dT/§ e ~d¢
0 0
e2(z+y)
22(a+ﬂ)—2
Therefore we obtain from (2.2.22)

< F'(2a—-1)T(28-1).

x 2

u(z,y) <a(z,y)+e VK2 //6_2(5+t)F(5,t)2w(u(s,t))thds ,
0 0

where K is as in (2.2.18). Using the inequality (1.2.23) with n = 2,7 = 2 and
the condition (¢) in Section 1.2 we obtain

v(z,y) <b(z,y)+2K / / F(s,t)*R(s+t)w(v(s,t))dtds, (2.2.23)
00

where

v(z,y) = (e_(’”+y)u (z, y))2 ,b(x,y) = 2a (z, y)2 . (2.2.24)
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Now a suitable application of Theorem 2.2.1 to (2.2.23) yields
Ty
v(z,y) <Q Q0 (z,y)) + QK//F (s,t)° R(s+t)dtds| . (2.2.25)
00

Using (2.2.24) in (2.2.25) we get the required inequality in (2.2.16).

Now we shall prove the assertion (ii). Let p = zﬁ7

Holder’s integral inequality we obtain from (2.2.15)

q = z+ 2. Then using the

D=

xr Y
u(z,y) < alz,y) + / / (= 8)77 &P (y — 1) ePtatds
0 0

1

Yy
X //e—(I(S“)F(s,t)qw(u(s,t))thds . (2.2.26)
0 0

For the first integral in (2.2.26) we have the estimate

T Yy

//(x — )PP (y — t) PO ePldtds
00

x

y
= eP(!L’+y)/Ufpéefpa/nfpﬁefpndndg
0 0
px Py
ep(@+y) s o
0

0

eP(T+y) 5
< W{F(l —po)}-.

Thus (2.2.26) and the condition (q) yield

eP(z+y) P

wlon) < alen) + | S (T 1= p0))]

Q=

X /m/yF (s,t)?R(s+t)w (e_Q(s+t)u (s7t)q) dtds| . (2.2.27)
00

From (2.2.27) and using the inequality (1.2.23) with n = 2,r = ¢ we obtain

v(z,y) <b(z,y) +2q*1M§//F(s,t)qR(s +t)w (v (s,t))dtds, (2.2.28)
00
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where M, is defined as in (2.2.21) and

v (@,y) = (e‘(”y)U(w,y))q b(z,y) =27 a (2, y)". (2.2.29)

Now a suitable application of Theorem 2.2.1 to (2.2.28) yields
z Y
v(z,y) <O Q0 (z,y) + qulMg//F(s,t)qR(s +t)dtds| . (2.2.30)

Using (2.2.29) in (2.2.30) we get the desired inequality in (2.2.19).

Theorem 2.2.4. Let 0 < T < oo and I = [0,T). Let u(z,y), F(x,y) and
w(u) be as in Theorem 2.2.3. If

(z,y) §a+//(zfs)a_l (y— )" F (s,t)w (u(s,t)) dtds, (2.2.31)
0 0

for z,y € I, where a is a positive constant. Then the following assertions hold:
(#) Suppose « > %, 8> % and w satisfies the condition (¢) as given in Section
1.2 with ¢ = 2. Then
u(z,y) < e VL (x,y), (2.2.32)
for x,y € [0,T1],T) € I, where

N

Ty
L(z,y)= A7} )+ 2K / / F (s +t)dtds| | , (2.2.33)

0
K is defined as in (2.2.18) and A (r f ,7 >0 and r9 > 0 is arbitrary,

7"0
T is chosen so that the argument of A~! in (2.2.33) belongs to Dom (A™1) for
all z,y € [0,T4].

(#4) Suppose a = 3 = + for some real number z > 1 and let p = Z_H,q =
z + 2. Assume that w satisfies the condition (¢) as given in Section 1.2 with
qg=z+2. Let A, A=! be as in part (i). Then

u(z,y) < e"Q (,y), (2.2.34)
for z,y € [0, T3], T> € I, where
Q(z,y) = [A_l [A (2q_1aq)

8-

+2‘J*1Mg//F(s7t)‘IR(s+t) dtds , (2.2.35)

M., is defined as in (2.2.21) and 75 is chosen so that the argument of A~! in
(2.2.35) belongs to Dom (A7) for all z,y € [0,T3],T» € I.
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Proof. First we prove the assertion (z). Following the proof of Theorem 2.2.3,
part (i) one can show that

z Y
v? (z,y) < c+ 2K//F (s,1)° R (s + t)yw (v (s, 1)) dtds, (2.2.36)
00
where
2
v(z,y) = (e‘(‘”+y)u (x,y)) ,¢=2a%, (2.2.37)

Let z(z,y) be the right hand side of (2.2.36). Then z(z,y) is positive and
nondecreasing for x,y € I, v (z,y) < \/z (z,y), 2 (z,0) = 2 (0,y) = ¢,

D2Diz (w,y) = 2K F (2,y)" R (z +y) w (v (z,y))

<2KF (2,9)* R (z +y) w (\/W) , (2.2.38)
and as in the proof of Theorem 2.2.1 we observe that
DyDqz (z,y)
w(Vz @)

From (2.2.39) and (2.2.38) we have

DDA (z,y) < . (2.2.39)

D2D1A(x7y) SQKF(x,y)ZR($+y)7

and this yields

T Yy

A(z,y) < A(c) +2K//F(s,t)2R(s+t) dtds. (2.2.40)
0 0

Using (2.2.40), the fact that v? (z,y) < 2z (7,y) and (2.2.37) we get the desired
inequality in (2.2.32).

The proof of the case (i7) can be completed by following the proof of case (i)
given above and closely looking at the proof of Theorem 2.2.3 ,case (ii).

2.3 Further nonlinear integral inequalities

In view of the important applications of the integral inequalities which fur-
nish explicit bounds on unknown functions, in the past few years, some new
inequalities have been developed in the literature. In this section we give some
integral inequalities involving functions of two variables established by Pach-
patte in [46,40,45].
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The inequalities in the following theorems are given in [46].

Theorem 2.3.1. Let u(z,y),a(z,y),p(z,y),b(z,y) € C (R, Ry).Leta
(z,y) be nondecreasing for z,y € R} and L € C (RY, R.) satisfies the condition

0< L ($7 yv’U1> -L (37>y7U2) < M (177%7}2) (Ul - U2)7 (231)

for v1 > vy > 0, where M € C' (Ri,R+) .

(al) If

u(w,y) Sa(%y)+p(w,y)/b(87y)U(s7y)d8
0

+ L (s, t,u(s,t))dtds, (2.3.2)
/]
for z,y € R, then
u(z,y) < f(z,y)la(e,y) +e(@,y)
z oy
X exp M (s,t, f (s,t)a(s,t)) f (s, t)dtds | | , (2.3.3)
/]

for z,y € Ry, where

x

f (@) =1+p(zy) / b(s,y) exp / b(o.w)plo.y)do |ds,  (23.4)

0
Ty
e(x,y) = L(s,t, f (s,t)a(s,t))dtds, (2.3.5)
[l
for z,y € R,.
(ag) If

u(z,y) sa(w)+p<x,y>/b<x,t>u<x,t>dt
0

T Y

+0/O/L(s,t,u(s,t))dtds, (2.3.6)
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for z,y € Ry, then

u(z,y) < f(x,y)a(z,y)+e(z,y)

z oy
X exp M (s,t, f(s,t)a (s,t)) f(s,t)dtds | |, (2.3.7)
[

for z,y € Ry, where

f(z,y)=1+p(z,y) /b(x,t) exp /b(x,r)p(x,T) dr | dt, (2.3.8)
0 t

z oy
e(z,y) = L (s,t, f(s,t)a(s,t))dtds, (2.3.9)

[

for x,y € Ry.

Proof. (ap) It is sufficient to assume that a(z,y) > 0 for x,y € Ry, since the
standard limiting argument can be used to treat the remaining case,see [34, p.
226]. Let a(z,y) > 0 for x,y € R+ and define a function z(z,y) by

z Y
z(z,y) = a(x,y) + //L (s,t,u(s,t))dtds. (2.3.10)
00
Then (2.3.2) can be restated as
y
u(z,y) <z(x,y)+p (x,y)/b(s, y)u(s,y)ds. (2.3.11)
0

Clearly z(z,y) is nonnegative and nondecreasing function for z,y € R,. Treat-
ing (2.3.11) as one-dimensional integral inequality for any fixed y € Ry and a
suitable application of the inequality given in Theorem 1.3.3 in [34, p. 15] yields

u(z,y) < z(,y,) f(2,9), (2.3.12)

for x,y € R4, where f(z,y) is defined by (2.3.4). From (2.3.10) and (2.3.12) we
have

u(z,y) < f(2,y,)[a(zy) +r(zy)], (2.3.13)

where

z Y

r(z,y) = L (s,t,u(s,t))dtds. (2.3.14)
/]
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From (2.3.13), (2.3.14) and (2.3.1) we observe that
z oy

rew < [ [ILens s+ 6o)
0 0
- L (Sata f (Sat) a(sat)) + L(Sataf ($7t)a (S,t))} dtds
<el(z,y)+ M (s,t, f (s,t)a(s,t)) f(s,t)r(s,t)dtds, (2.3.15)
/]

where e(z,y) is defined by (2.3.5). Obviously, e(z,y) is nonnegative and non-
decreasing in each variable x,y € R,. A suitable application of Theorem 4.2.2
given in [34, p. 325] yields

z Y

r(z,y) <e(x,y)exp //M(s7t,f(s,t)a(s,t))f(s,t)dtds . (2.3.16)
0

0

Using (2.3.16) in (2.3.13) we get the required inequality in (2.3.3).

(a2) The proof follows by a similar argument to that employed in (a1) . We
omit the details.

Theorem 2.3.2. Letu(z,y),a(x,y),g9(z,y),h(xz,y) € C (Ri, R+) .
Let a(z,y), L and M be as in Theorem 2.3.1 and the condition (2.3.1) holds.

(br) If
u(x,y>Sa<x,y>+/g<s,y) u(s,y>+/h<a,y>u<a,y>da s
0 0
+ L (s, t,u(s,t))dtds, (2.3.17)
/]

for z,y € Ry, then

u(z,y) <k(z,y)la(z,y)+ E(z,y)

X exp //M(s,t,k(s,t)a(s,t))k(s,t)dtds , (2.3.18)
00

for z,y € Ry, where

k(o) =1+ / 9(5,y) exp / 9(0.9) + h(o,9)] do | ds, (2.3.19)
0 0
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Il
\

/L s,k (s,t)a(s,t))dtds, (2.3.20)

for z,y € R,.

(b2) If

Y

u(m,y)ga(x,y)—l—/g(x,t) u(x,t)+/h(x,r)u(m,r)dr dt
0

0

—l—O/O/L(s,t,u(s,t))dtds, (2.3.21)

for z,y € Ry, then

u(z,y) <k(z,y) la(z,y) +E(z,y)

X exp //M (s,t,k(s,t)a(s,t)) k(s t)dtds || , (2.3.22)

for z,y € Ry, where

k(x, )_1+

o —

¢
g(x,t)exp / x,7)+ h(z,7)]dr |dt, (2.3.23)
0

x

://L(S,t,l%(s,t)a(s,t)) dtds, (2.3.24)
00

for x,y € Ry.

Proof. Asin the proof of Theorem 2.3.1, part (a;1) let a(z,y) > 0 for z,y € Ry
and define a function z(z,y) by (2.3.10). Then (2.3.17) can be written as

u(z,y) SZ(:vvy)Jr/g(s,y) u(S,y)—I—/h(U,y)u(U,y) do |ds. (2.3.25)
0 0

Clearly z(x,y) is nonnegative and nondecreasing function for z,y € Ry. Treat-
ing (2.3.25) as an one-dimensional integral inequality for any fixed y € R4 and
a suitable application of Theorem 1.7.4 given in [34, p. 39] yields

u(w,y) < z(z,y)k(z,y), (2.3.26)

where k(x,y) is defined by (2.3.19). Now by following the proof of Theorem
2.3.1, part (aq) with suitable modifications, we get the desired inequality in
(2.3.18).
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(b2) The proof is similar to that of part (b;) given above. We omit the details.
Remark 2.3.1. We note that from Theorems 2.3.1 and 2.3.2 one can obtain
Corollaries similar to those of Corollaries of Lemma 74 discussed in [12, p. 43]
which can be used in some applications.

The inequalities established in [40] are embodied in the following theorems.

Theorem 2.3.3. Let u(z,y),a(z,y),b(z,y),9(z,y),h(zx,y) € C (Ri, R+)
and p > 1 be a real constant.

(Cl) If
uP (z,y) <a(z,y)+b(x,y) // s,t) + h(s,t)u(s,t)]dtds, (2.3.27)
0

for z,y € Ry, then

u(z,y) <{a(z,y) +b(z,y)e(z,y)

X exp ZZ[g(s,t)Jrh(‘;’t)]b(s,t)dtds : (2.3.28)

for z,y € Ry, where

e(z,y) //{ (s,t)a(s,t) +( . —I—a(;’t))h(s,t)}dtds, (2.3.29)

for z,y € Ry.

=

(c2) Let ¢(x, y) be a real-valued, continuous, positive and nondecreasing func-
tion defined for x,y € Ry .If

uf (z,y) < (z,y) +b(z,y)

X 0/ 0/ 9 (5, ) WP (5, ) + h (s, 8) u (s, 1)) dtds, (2.3.30)

for z,y € R, then

’u’(m?y) < C($,y) {1 +b($,y> €0 (m,y)

=

x Y

fo(5:1) 1p s 5 s
X exXp O/O/{Q(S,t)Jr ’ c P (s,t)| b(s,t)dtd , (2.3.31)
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for z,y € Ry, where
z y
eo (x,y) = // [9(s,t) + h(s,t)c' 7P (s,t)] dtds, (2.3.32)
00
for x,y € Ry.

Proof. (c;) Define a function z(z,y) by

z(z,y) = [g (s, t)uP (s,t) + h(s,t)u(s,t)] dtds, (2.3.33)
[l

then z(0,y) = z(x,0) = 0 and (2.3.27) can be written as
u” (z,y) < a(z,y)+b(z,y) 2 (2,y). (2.3.34)

From (2.3.34) and using the elementary inequality (1.3.11) (see [30, p. 30]) we
observe that
[N
u(@,y) < (a(a.y) +b @) = (@.y)7 (1) PP
-1 b
p p p
From (2.3.33)-(2.3.35) it is easy to observe that

[ h (s, )
z(x,y) <e(x,y) + g(s,t)+ —==1b(s,t)z(s,t)dtds, (2.3.36)
0/0/ { p :|

where e(z,y) is defined by (2.3.29). Clearly e(x,y) is nonnegative, continuous
and nondecreasing for x,y € Ry. A suitable application of Theorem 4.2.2 given
in [34, p. 325] to (2.3.36) yields

z(x,y) < e(x,y)exp Zj {g(s,t) + h(;’t)] b(s,t)dtds | , (2.3.37)

for z,y € Ry The required inequality (2.3.28) follows from (2.3.34) and (2.3.37).

(c2) Since c¢(z, y) is positive, continuous and nondecreasing function for z,y €
R, from (2.3.30) we observe that

() v oo 2
u(s,t)
c(s,t)

Now a suitable application of the inequality given in part (¢1) to (2.3.38) yields
the desired inequality in (2.3.31).

+h(s,t) 7P (s,1) ] dtds. (2.3.38)
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Theorem 2.3.4. Let u(x,y),a(x,y),b(z,y) € C (R?HRJF) and p > 1 be a
real constant.

(d1) Let f € C (RY, Ry) satisfies the condition

OSf(I’,y,’UJ)*f(J@y,’U) §m(x,y,v) (uiv)7 (2339)
for z,y € Ry,u>v >0, where m € C (Ri,RQ.If

z Y
uP (z,y) < a(x,y)+b(z,y) //f (s,t,u(s,t))dtds, (2.3.40)
00
for z,y € Ry, then

u(z,y) <{a(z,y)+b(z,y)eé(z,y)

x Y
-1
X exp //m (s,t, P41 (S’t)) bt pas |\ (2.3.41)
J J P P P

for x,y € Ry, where

=

)

é(x,y) //f( ti—l— (p )>dtd (2.3.42)

0

for z,y € Ry.

d} Let ? c C R ,RJ,_ and @ S C R+,R+ be SlI‘lClly lnCI‘eaSIIlg Wlth

0< f(z,y,u) = f(z,y,0) <m(z,y,0) 0" (u—0v), (2.3.43)

for z,y € Ry, u > v > 0, where m € C (R3,R;) and ®~! is the inverse
function of ® and

O (ww) <@ (w) @ (v), (2.3.44)

for u,v € Ry. If

Ty
uP (z,y) < a(zx,y)+b(z,y) @( f(s,t,u(s,t)) dtds), (2.3.45)
[

for z,y € Ry, then

u(z,y) <{a(z,y) +b(z,y)®(e(z,y)

X exp (/I/ym (s,t,p; Ly a(;’t))b(;’t)dtds)) } (2.4.46)

for x,y € Ry, where € (x,y) is defined by (2.3.42).
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(d1) Define a function z(z,y) by

(z,9) //f s,t,u(s,t)) dtds, (2.3.47)

then as in the proof of Theorem 2.3.3 part (c1),from (2.3.40) we see that the
inequalities (2.3.34), (2.3.35) hold. From (2.3.47), (2.3.35) and the assumptions
on f, it follows that

z Y

z(x,y)g//[f (s,t,ppl+a(;’t)+b(‘;’t)z(s,t))

0 0

a2

T Yy

<é(z,y)+ //m (s,t, p; Ly “(s’t)> b(‘;’ D, (st dtds,  (2.3.48)

p
0 0

where € (x,y) is defined by (2.3.42). Clearly € (x,y) is nonnegative, continuous
and nondecreasing function for x,y € R4. A suitable application of Theorem
4.2.2 given in [34, p. 325 to (2.3.48) yields

z(z,y) < é(x,y)exp // (s t, + a(]s; t)> b(;’ 2 dtds | . (2.3.49)

From (2.3.34) and (2.3.49) the desired inequality in (2.3.41) follows.

(d2) Defining a function z(x,y) by (2.3.47) and following the arguments as
in the proof of Theorem 2.3.3, part (¢;) we see that, corresponding to the
inequalities (2.3.34) and (2.3.35) we have the following inequalities

u” (z,y) < a(z,y) +b(2,y) (2 (z,y)), (2.3.50)
and

-1 b
p=1, a(z,y) n (z,y)
p p p

u(z,y) < D (2 (z,y)) - (2.3.51)

From (2.3.47), (2.3.51) and the assumptions on f and ® we observe that

z Y

z(x,wso/o/[f (56,257 + 200 1 2800 2 0y
) 52 )
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z Y B
—1 t t
< é(x,y)+//f (s,t, =y a(st) ))cbl ((5’ )> 2 (s,t) dtds, (2.3.52)
b p p
00
where € (x,y) is defined by (2.3.42). Clearly € (x,y) is nonnegative, continuous

and nondecreasing function for x,y € R;. A suitable application of Theorem
4.2.2 given in [34, p. 325] yields

z(z,y) <é(z,y)

r Yy
~1
X exp //m (s,t, P,z (S’t)) ! (b(”)) dtds | . (2.3.53)
/ P P P

The required inequality in (2.3.46) follows from (2.3.50) and (2.3.53).
In the following theorem we give the inequalities established in [45].

Theorem 2.3.5. Letu(z,y), f (z,y) € C (Ri, R+), h(z,y,s,t)eC (Ri, R+)
for0<s<z<o00,0<t<y<ooandc>0,p>1 are real constants.

(k1) Let g € C (R4, R4) be a nondecreasing function, g(u) > 0 for u > 0. If

T Y

up(x,wgc+//[f<s,t>g<u<s,t>>
0 0

s t
+//h(s,t,a,n)g (u(o,n))dndo | dtds, (2.3.54)
00
for z,y € Ry, then for 0 <z <21,0 <y <wy;2,21,y, 451 € Ry,
1
u(z,y) <{G7HG () + Az, )]} 7, (2.3.55)
where
x Y s t
A(x,y):// f(S,t)+//h(s,t,a,n) dndo | dtds, (2.3.56)
00 00
G(r) =/d7‘iﬂ“ >0, (2.3.57)
0 9(+)

ro > 0 is arbitrary, G~! is the inverse function of G and x,y; € R, are chosen
so that

G (c)+ A(z,y) € Dom (G™'),

for all z,y lying in the intervals 0 < z < 1,0 <y < y; of R;.
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(ko) If

Up(%y)SC‘F/x/y[f(S’t)u(Svt)
00

s i
+//h (s, t,o,n)u(o,n) dnda] dtds, (2.3.58)
00

for z,y € R4,, then

1

p—1 —1 P—1
u(z,y) < {CP + (pp) A(x,y)} , (2.3.59)
for x,y € Ry, where A(x,y) is defined by (2.3.56).

Proof. (k1) Let ¢ > 0 and define a function z(x,y) by the right hand side of
(2.3.54). Then z(0,y) = 2(z,0) = ¢, u(z,y) < (2 (z,y))? and

0

Diz(2,y) = / [f<x,t>g<u<x7t>>+ / / h(x,t,a,mg(u(a,n))dndcf] dt
0 0

</ [f(x,wg((z(x,t»i)+//h<x,t,a,n>g((z(a,m)é)dnda] dt
0 0 0

Y

z t

<g(@u?) [ |r@o+ [ [rtomddo|a. (2:3.60)
0 00

From (2.3.57) and (2.3.60) we observe that

Dz (z,y)
9 (= @w)?)

g/y [f(x,t)+/x/th(:ﬁ,t,a,77)d77da] dt. (2.3.61)
0 00

Keeping y fixed in (2.3.61), setting = s and integrating with respect to s from
0 to  and using the fact that 2z(0,y) = ¢, we have

G(z(z,y) <G(c)+ A(x,y). (2.3.62)

DG (2 (2,y)) =

Now substituting the bound on z(z,y) from (2.3.62) in u(z,y) < (z (m,y))%
we obtain the desired bound in (2.3.55). The proof of the case when ¢ > 0
can be completed as mentioned in the proof of Theorem 1.3.3. The subdomain
0<z<x,0<y<y; is obvious.
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(k2) The proof is similar to that of given in Theorem 1.3.4 and we omit it
here.

Remark 2.3.2. 'We note that the upper bound on the inequality (2.3.58) when
p =1 and h = 0 is first established by Wendroff, see [4, p. 154]. For various
useful generalizations and variants of Wendroff’s inequality, see [3,34,42].

2.4 Inequalities involving iterated integrals

During the past few years some useful integral inequalities in two independent
variables which provide explicit bounds on unknown functions have appeared
in the literature. In this section we shall deal with the inequalities involving
iterated integrals established by Pachpatte in [53,72,78] which can be used as
tools in certain applications.

First we introduce some notation to simplify the details of presentation. Let
I=[0,a),J =[0,0) are the given subsets of R and A =1 x J. Let

D:{(sc,y,s,t)€A2:0§s§x<a,0§t§y<ﬂ},
and
E:{(m,y,s,t,a,T)EA3:0§0§s§x<a,0§7‘§t§y<ﬁ}.

For any functions k(z,y, s,t), D1k (x,y, s,t), D2k (z,y, s,t), DaD1k (x,y,s,t) €
C(DaR-i-) and h(x7y757t70-a7—)7 Dlh(xaya 87t70-a7_) ) D2h (377?/7577570,7')’ D2D1
h(z,y,s,t,0,7) € C(E,Ry), we set

A(z,y) =k (z,y,2,y) +/D1k(w,y,€,y) d¢
0

] z Y

+/D2k(xayvxan) dn+//D2le(x7y7§an) dndga (241)
0 0 0

z Y
0 0

T s Yy

—|—/ //Dlh(a:,y,s,y,a,r)dea ds

0 0

r 1

0
y

+/ //Dgh(x,y,x,t,o,T)dea dt
0

0 0
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r Y s t

+// //Dngh(x,y,s,t,a,T)dea dtds. (2.4.2)
00 \0 0

Fori=1,..,n,let I; = {(t1,....t;) : (t1,....t;) € I'}, Jy = {(s1, .., 55) © (1, ..., 55)
€ J'} and A; = I; x J; and any functions w (s, t),a (s,t),b(s,t) € C (A, Ry),
and

Li (tl, ...,ti,Sl, ey S5, W (ti,si)) 7Mi (tl, ...,ti,Sl, ...,si,a(ti,si)) S C (Az X R+,R+)

, we set
Hi [w] (t, )
t 51 ti1 i1
// // / / i (E1y ey biy 81y eeny Siyw (L, 81)) dsidt; | ds;—1dti—q...
0
xdsydty, (2.4.3)
t s
://L1 (t1,51,a(t1,81)) ds1dty
0 0
t s [t s
+// //Lg (t1,t2, 81, S2, a (ta, $2)) dsadts | dsidty + ...
00 \0 O
t s [t s o1 Sn_1
—|—// // / /Li (t1y ey iy 81y ees Spy W (b, Sp)) dSpdty, | dsp_1dt,—1...
00 \0 0 0 0
xdsydty, (2.4.4)

Q (s,t) = My (t,s,a(t,s))b(t,s) +//M2 (t,ta, s, s2,a(ta, $2)) b (ta, s2) dsadts + ...

0
// // / / n (tyta, by, S, 82, ...8p,a (ty, Sp))
xb (tn, Sn) dSndtn) dSn_ldtn_l...) dSthQ. (245)

Our first theorem deals with the inequalities proved in [53].

Theorem 2.4.1. Letu (Iay) ) f (-T,y) @ (1177y) € ¢ (Aa R+) ) k(.T, Y, S,t), le (fﬂ,y,
s,t), Dok (z,y,s,t), DaD1k (x,y,s,t) € C(D,Ry)and ¢ > 0 be areal constant.
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(a)) If
u(z,y)§0+0/0/f(s,t) lu(s,t)JrO/o/kstaT UT)dea]
xdtds, (2.4.6)

for (z,y) € A, then

umwScb+Z!f@w
( f / (o,7) + Al W) dtds] | o4

for (z,y) € A, where A(x,y) is defined by (2.4.1).

(ag) If
u(z,y) §a(:c,y)+//f(s,t) [u(s,t)+//k s,t,0,7)u (o, T)deO’]
00 00
xdtds, (2.4.8)

for (z,y) € A, then

u(z,y) <e(x,y) [1+0/0/f(3t)
X exp (/S/t [f (o,7) + A (o, T)]deO’) dtds] , (2.4.9)

0 0

for (z,y) € A, where

S

e(x,y):jif(s,t) [a(s,t)+/jk 8,t,0,7) ar)drdo] dtds,
00 00

for (x,y) € A and A(z,y) is defined by (2.4.1).
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Proof. (ay) Let ¢ > 0 and define a function z(z,y) by the right hand side of
(2.4.6). Then z(z,y) >0, 2(0,y) = 2(x,0) = ¢, u(z,y) < z(x,y) and

DsD1z (z,y) = f (z,y) {u (z,y) —|—//k(x,y,a, T)u (o, T)deO’]
00

z Y

< flzy) |2 (z,y) —l—//k(m,y,a,T)z(J,T)dea . (2.4.10)
00
Define a function v(zx,y) by
v(z,y) )+ k(x,y,0,7)z(0,7)drdo. (2.4.11)
o]
Then v(z,y) > 0, v(0,y) = 2(0,y) = ¢, v(z,0) = z(z,0) = ¢, z(x,y) Y),

<v(z,
DoD1z (z,y) < f(z,y)v(x,y), v(x,y) is nondecreasing for (z,y) € A and

DyDyv (2,y) = DoDyz (2, y)+k (2,9, 2, ) = (2,y) + / Dik(2,9,0.) = (0, y)do

y z oy
—l—/ng (x,y,x,T)z(x,T)dT—i—//Dngk(x,yJJ)z(o,T) drdo
00

< f<x,y>v<x,y)+k<x7y,x,y>v<x,y>+/D1k<x,y7o,y>v<o,y>da

x

y
+ ng(x,y,xﬂ')v(x,T)dT—l—//Dngk(x,y,a,T)v(J,T)deU
00

O\@

<I[f(z,y) + Az, y)]v(2,y), (2.4.12)

where A(z,y) is defined by (2.4.1). Now by following the proof of Theorem 4.2.1
given in [34], the inequality (2.4.12) implies

—

v (z,y) < cexp //[f (o,7) + A(o,7))drdo | . (2.4.13)

Using (2.4.13) in (2.4.10) and integrating the resulting inequality first from 0 to
y and then from 0 to z for (z,y) € A we get

Y

1+/z f(s,t)

0 0

z(z,y)<c
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s t

X exp //[f(U,T)+A(U,T)]deU dtds| . (2.4.14)
00

Using (2.4.14) in u (z,y) < z(z,y), we get the required inequality in (2.4.7). If
¢ > 0, we carry out the above procedure with ¢ 4 ¢ instead of ¢, where € > 0 is

an arbitrary small constant, and then subsequently pass to the limit as ¢ — 0
to obtain (2.4.7).

(a2) The proof can be completed by closely looking at the proofs of Theorem
1.4.1, part (a2) and (a1) given above. Here we omit the details.

Remark 2.4.1. If we take k(xz,y, s,t) = k(s, t), then the inequality established
in (a1) reduces to the inequality given in [34, Remark 4.4.1]. For several other
inequalities of the type given in Theorem 2.4.1, see [34].

The next two theorems are established in [71] which can be used in certain
situations.

Theorem 2.4.2. Letu(z,y) € C(A,Ry); k(x,y,s,t), D1k (z,y,s,t),
DQk(‘ray757t)7D2D1k(xvy7svt) S C(D,R+);h(fE,y,Sﬂf,O’,T),Dlh(x,y,s,t70',7-),
Dsh(z,y,5,t,0,7), DyD1h (x,y,s,t)o,7) € C(E,R;) and ¢ > 0 be a real constant.

(b1) If

Yy
u(x,y)Sc—i—//k(a:,y,s,t)u(s,t)dtds
00
¢
//h(m,y,s,t,a,T)u(U,T)dea dtds, (2.4.15)
00

x Y

u(z,y) < cexp //[A (m,n) + B (m,n)]dndm | , (2.4.16)
00

for (z,y) € A, where A(x,y), B(z,y) are given by (2.4.1), (2.4.2).
(b2) Let g(u) be continuously differentiable function defined for u > 0, g(u) >
0 for u > 0 and ¢’ (u) > 0 for uw > 0. If

T Y

u(x,y)§c+//k(x,y,s,t)g(u(s,t))dtds
0

0
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r Y s t
+// //h(x,y,s,t,a,T)g(u(o,r))dea dtds, (2.4.17)
00 \0 O
fOT ((E,y) € A, then fOT 0 S Z S (El,o S Yy S Y1;7, 21 S I7y7y1 S J7
z oy
u(z,y) <G! G(C)+//[A(m,n)+B(m,n)]dndm ) (2.4.18)
00

where A(x,y), B(z,y) are given by (2.4.1), (2.4.2),

T

G(r)= /gﬂ r >0, (2.4.19)

T0

ro > 0 is arbitrary, G=! is the inverse function of G and z; € I,y; € J are
chosen so that
z oy
G (c) + / / [A(m,n) 4+ B (m,n)]dndm € Dom (G™'),
0 0

for (z,y) € A such that 0 < <29,0 <y <y.

Proof. We first assume that ¢ > 0 and define a function z(x,y) by the right
hand side of (2.4.15). Then z(z,y) > 0, 2(0,y) = z(,0) = ¢, u(x,y) < z (z,y)
and z(x,y) is nondecreasing in both the variables (z,y) € A. It is easy to
observe that (see [34, p. 328])

DsD1z(z,y) < [A(z,y) + B (2,9)] 2 (z,y) , (2.4.20)

where A(z,y), B(z,y) are given by (2.4.1), (2.4.2). Now by following the proof
of Theorem 4.2.1 given in [34], from (2.4.20) we get

z Y

, 2 (z,y) < cexp //[A(m,n)+B(m,n)]dndm , (2.4.21)
00

for (z,y) € A. Using (2.4.21) in u (z,y) < z (z,y), we get the required inequality
in (2.4.16). If ¢ > 0 we carry out the above procedure with ¢ + ¢ instead of ¢,
where € > 0 is an arbitrary small constant, and subsequently pass to the limit
as € — 0 to obtain (2.4.16).

(b2) We note that since ¢’ (u) > 0 on R4, the function g(u) is monotone
increasing on (0,00). Assume that ¢ > 0 and define a function z(x,y) by the
right hand side of (2.4.17). Then z(z,y) > 0, 2(0,y) = 2(x,0) = ¢, u(x,y) <
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z (z,y) and z(z,y) is nondecreasing in both the variables (z,y) € A. It is easy
to observe that

DyDrz (x,y) < [A(z,y) + B(z,y)] g (2 (z,y)), (2.4.22)
where A(x,y), B(z,y) are given by (2.4.1), (2.4.2). The remaining proof can be

completed by following the proof of Theorem 5.2.1 given in [34] . The proof of
the case when ¢ > 0 follows as mentioned in the proof of (by).

Theorem 2.4.3. Let u(z,y),a(z,y) € C(AR}), k(z,y,s,t) € C(D,Ry),
h(z,y,s,t,0,7) € C(E,Rs) and ¢ > 0 be a real constant.

(Cl) If

x

y
c+//ast (s,t)dtds
00

T Y s
+// /]{(8715,0',7')’[1/(0',7') drdo | dtds
00 \0 O

(o

//h(s,t,o,ﬂm,n)u(m,n)dndm drdo | dtds, (2.4.23)
(

z Yy
u(z,y) < cexp //N(s,t) dtds | , (2.4.24)
00

for (z,y) € A, where

)

N (z,y) =a(x,y) +//k (z,y,0,7)drdo
00
cy [o T
Jr// //h(aj,y,o,r,m,n) dndm | drdo. (2.4.25)
00 \0 0

(c2) Let g(u) be as in Theorem 2.4.2, part (by). If

T Y

u(z,y) §c+//a(s,t)g(u(s,t))dtds

0 0
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k(s,t,0,7) g (u(o,7))drdo | dtds

+
o\a
O\@

0
T s t

+//y // /o/Th(s,t,U,T,m,n)g(u(m,n))dndm drdo
00 \o 0 \0o O

xdtds, (2.4.26)

O\w

for (z,y) € A, then for 0 <z < 29,0 <y < yo;z,22 € I,y,ys € J,

Y

u(z,y) <G |G (c) —|—//N(s,t) dtds| , (2.4.27)

0 0

where N(x,y) is given by (2.4.25), G, G~! are as in Theorem 2.4.2, part (bs)
and xo € I, yo € J are chosen so that

x

Yy
//N stdtdSEDom(G 1)7
0

for all (z,y) € A such that 0 <2 < 29,0 < y < yo.

Proof. (c1) Let ¢ > 0 and define a function z(z,y) by the right hand side of
(2.4.23).Then z(z,y) > 0, 2(0,y) = 2(z,0) = ¢, u(z,y) < z(z,y) and z(z,y) is
nondecreasing in both the variables (z,y) € A and

)

DyD1z (z,y) = a(x,y)u(z,y) +//k(x,y,0, T)u (o, 7)drdo
0 0

z Y o T

+// // (z,y,0,7,m,n)u(m,n)dndm | drdo
00 0

< N (z,y) z(x,y), (2.4.28)

where N(z,y) is given by (2.4.25). Following the proof of Theorem 4.2.1 given
in [34], from (2.4.28) we get

T Yy

z (z,y) < cexp N (s,t)dtds | . (2.4.29)
/]

Using (2.4.29) in u (z,y) < z (z,y) we get the desired inequality in (2.4.24). The
case when ¢ > 0 follows as noted in the proof of Theorem 2.4.1, part (aq).
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(c2) The proof can be completed by following the proof of (¢;) and closely
looking at the proof of Theorem 5.2.1 given in [34]. Here we leave the details to
the reader.

Remark 2.4.2. We note that, by following the proof of Theorem 2.2.1, one
can very easily obtain the bounds on the inequalities in Theorems 2.4.2 and
2.4.3, when the constant c¢ is replaced by the function c¢(z,y) satisfying some
suitable conditions.

The inequalities embodied in the following theorem are established in [78].
Theorem 2.4.4. Let u(t,s),a(t,s),b(t,s) € C (A Ry).

(d1) For i = 1,...,n let the functions L; € C (A; x Ry, R;) satisfy the condi-
tions

0 < L (t1, s tiy 815y 8y @ (83,84)) — Ly (t1, o tiy 81500, 80,y (i, 54))

S M’L (tl> ~-~7ti7 S1y.380, Y (tza Si)) (‘T (tia Sl) ) (tia Si)) ) (2430)

for (t1,...,t5, 81, .., 8i,) € Ajand x (¢, 8;) > y (¢, 8:) > 0, where M; € C (A; x Ry
JRy). If

u(s,t) <a(s,t)+b(s,t) ZH [u] (t,5), (2.4.31)

for (¢,s) € A, then

u(s,t) <a(s,t)+b(s,t)P(s,t)exp //Q(tl,sl)dsldtl ,  (2.4.32)
00

for (t,s) € A, where P(s,t),Q(s,t) are given by (2.4.4),(2.4.5).

(d2) Let ¥ € C(R4,Ry) be strictly increasing function with ¥ (0) = 0
and ¥~! is the inverse function of W. For ¢ = 1,...,n let the functions L; €
C (A; x Ry, Ry) satisfy the conditions

0 < L; (t1, . tiy 8150, 8y @ (83,83)) — Ly (t1, 0 tiy 5150, 80,y (4, 84))

<M (B eoestiy 81400y 800y (B, 80)) 01 (2 (8, 80) — y (B4, 84)) (2.4.33)

for (t1, ..., t;, 81, ..., 8i,) € A and @ (¢4, 8;) > y (i, 8;) > 0, where M; € C (A; x Ry
SRy I

u(s,t) <al(s,t)+ 1 (b (s,1) ZHi [u] (¢, s)) ) (2.4.34)
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for (x,y) € A, then

u(t,s) <a(t,s)+¥ (b (t,s) P(t,s)exp (//Q t1,51) dsldtl)) , (2.4.35)
0

For (t,s) € A,, where P(t,s),Q(t,s) are given by (2.4.4), (2.4.5).

(d3) Let L;, M;,¥,4~1 be as in part (dz) and the conditions in (2.4.33) and

Y (wy) S v (@)Y (), (2.4.36)
for all z,y € Ry hold. If

u(t,s) <a(t,s)+b(ts) T (2”: H; [u] (¢, s)) , (2.4.37)

i=1

for (¢,s) € A, then

u(t,s) <al(t,s)+b(t,s)¥ (P (t,s)exp (//Ql t1,51) dsldtl)) , (2.4.38)

for (t,s) € A, where P(t, s) is given by (2.4.4) and @, (t,s) is obtained by
replacing b(t, s) by ¢~ (b (¢, s)) on the right hand side of (2.4.5).

(dg) For i =1,...,n, let L;, M; be as in part (d1) and (2.4.30) hold. Let g(u)
be as in Theorem 2.4.2, part (b2). If

u(t,s) <al(t,s)+b(ts) (ZH ) (2.4.39)

for (t,s) € A, then for 0 <t <t,0<s<35t,te€l, s,5€J,
u(t,s) <a(t.s)+b(ts)g (GG (P(ts)

S

t
+!!Q t1,81 dt1d81]) R (2440)

where P(s,t), Q(s,t) are given by (2.4.4),(2.4.5), G, G~! be as in Theorem 2.4.2,
part (b2) and (£,5) € A be chosen so that

G(P (t,S)) + //Q(tl,sl)dsldtl € Dom (G_l),
0 0

for all (¢,s) € A such that 0 <t <#0<s<35
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Proof. (dy) Define a function z(¢, s) by

n

z(t,s) = ZHl [u] (t,s)

i=1

Ly (t1,s1,u(ty,51)) dsidty

Il
o .
o,

t1 s1

// (t1,t2, 51,82, u (t2,52)) dsadty | dsydty + ...
0

+
o .
o,

t1 s1 tn—1 Sn—1
+// // / / (t17"‘tn;317~..78n,u(n78n))d8ndt
0
) dsp—1dt,_1...) dsdt;. (2.4.41)

Then z(t,0) = 2(0,s) = 0, z(t,s) is nondecreasing for (¢,s) € A and (2.4.31)
can be restated as

u(t,s) <a(t,s)+b(ts)z(t,s). (2.4.42)

From (2.4.41), (2.4.42) and the hypotheses we observe that

Z(S,t)g//[{Ll (t1,817a(t1,81)—‘rb(thsl)z(tl,sl))

7L1 (tl, S1,Q (tl, 81))} + L1 (tl, S1,0a (tl, 81))] dSldtl

t1 s1

([ ettt s

—Ly (t1,1t2,51, 52,0 (752, 52))} + Lo (t1,t2, 51, 52,a (t2, s2))] dsadtz) dsidty + ...

a(tn, S$n) + b (tn, sn) z (tn, Sn))
_Ln <t17 ~-~7tn7 81y 0380, QA (tna 5n)>} + Ln <t17 "'7tn7 81y 0380, QA (tna 5n)>]
XdSndtn) dSn_ldtn_l...) dsldtl

t

§P(s,t)+//M1 (tl,sl,a(tl,sl))b(tl,sl)z(tl,sl)dsldtl
0 0
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t s t1 s1
+// (//Mg (tl,tQ,Sl,Sg,a(tQ,Sg))b(tQ,Sz)Z(tQ,SQ)dSthQ dSldt1+
0 0 0 0

t s t1 s1 tn—1 Sn—1
—I—// // / /Mn(tl,...,tn,sl,...,sn,a(tn,sn))
00 \0 O 0 0

Xb (tn, Sn) 2z (tn, Sn) dspdty) ds,—1dt,—1...) dsidty

S P(t, 8) + //Q(tl,sl)z (thsl)dsldtl. (2443)
0 0

Clearly P(t, s) is continuous, nonnegative and nondecreasing in (¢, s) € A. Now
a suitable application of Theorem 4.2.2 given in [34, p. 325] to (2.4.43) yields

t s
z(t,s) < P(t,s)exp //Q(tl,sl)dsldtl . (2.4.44)
00
Using (2.4.44) in (2.4.42) we get (2.4.32).

The proofs of the remaining inequalities can be completed by following the
proof of (dy) and closely looking at the proof of Theorem 1.4.4, parts (d2) — (d4)
and the similar results given in [34]. Here we omit the details.

Remark 2.4.3. If we take L; = L and L; = 0 for ¢ = 2, ..., n in the inequality
established in (dy), then we get the inequality given in Theorem 5.3.1, part
(¢) in [34]. The inequalities in parts (d2) — (d4) can be considered as further
generalizations of the inequality in Theorem 5.3.1, part (i) given in [34]

2.5 Estimates on some integral inequalities

In the qualitative analysis of certain classes of differential,integral and inte-
grodifferential equations some specific type of integral inequalities play a vital
role. In this section we offer some such integral inequalities established by Pach-
patte in [41,48,62,72,76] involving functions of two variables.

The following two theorems contain the inequalities investigated in [62] and
[72] respectively, which can be used in some applications.



96 Integral inequalities in two variables

Theorem 2.5.1. LetI =[0,¢],J =[0,5] and A = IxJ. Let u (z,y),p (z,y),
fz,y),9(x,y),h(z,y) € C (A, Ry) and suppose that

u(z, )<c+/ (s, y)u syds+//fst (s,1)

S

t a B
+//g o, T)u(o,T deO'+/ h(o,7)u O'T)deO’]dtdS (2.5.1)
00 00

for (x,y) € A, where ¢ > 0 is a real constant. If

a B

:/O/hm UTexp(// (5,4) f(st)+g(st)}dtds)

xdrdo < 1, (2.5.2)

where

A(z,y) = exp (/p(s,y) dS) ; (2.5.3)

0

for (z,y) € A, then

u(z,y) < ﬁA (z,y)exp (//A (s,t) +g(s,1)] dtds) , (2.5.4)

for (z,y) € A .

Proof. Let ¢ > 0 and define a function z(x,y) by

z(x,y)_]/yf(s,t) [u(s,t) +/s/tg(o,7-)u(a,7-)drda
00 00

a B
Jr//h (0,7 deO’:| dtds. (2.5.5)
00
Then (2.5.1) can be restated as

x

w(zyy) < = (2,y) + / p(s,9)u(s,y) ds. (2.5.6)

0
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It is easy to observe that z(x,y) is positive, continuous and nondecreasing func-
tion for (z,y) € A. Treating y fixed in (2.5.6) and using Theorem 1.3.1 given
in [34] to (2.5.6) we get

u(z,y) < Az,y)z(z,y), (2.5.7)

for (z,y) € A, where A(x,y) is defined by (2.5.3). From (2.5.5), (2.5.7) and the
fact that A (z,y) > 1, we observe that

z(x,y)<c—|—/z/yf(s,t) [A(S,t)z(s,t)-I-/S/tg(O',T)A(O',’T)Z(U,T)deJ
00 00

a B
—l—O/O/h(U,T)A (o,7)z(0,7) deO’] dtds. (2.5.8)

Define a function v(z,y) by the right hand side of (2.5.8). Then v(z,y) > 0,
v(0,y) =v(x,0) = ¢, z(z,y) < v(z,y) and

z Y

DaDyv(z,y) = f (2,9) A(z,) [ (@) + / / 9(0,7) A(0,7) 2 (0,7) drdo
0

0

+ /a /B h(o,7)A(o,7)2(0,T) deO‘]

< f(@,9) Alz,y) [v<x,y>+//g<m> A(o,7)v(0,7) drdo
0 0

a B
—I—O/O/h(U,T)A(a,T)U(U,T) dea] . (2.5.9)

Define a function w(z,y) by

x Y

w (x,y) :’U(:C,y)+//g(U,T)A(O',T)’U(O',T) drdo
0 0

a B
+ O/ 0/ h(o,7)A (0,7)v (o,7) drdo,

then w(z,y) >0, v (z,y) < w(x,y), DeDiv (x,y) < f(z,y) A(z,y)w(z,y),

B
w(0,y) =w(x,0) = c+//h (0,7)A(0,7)v(0,7)drdo = L (say), (2.5.10)
00
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and
DyDyw (x,y) = DeDyv (x,y) + g (z,y) A(z,y) v (z,y)

< floy) A y)w(@,y) +9(@y) Az, y)w(z,y)
=A(z,y)[f (z,y) + gz, 9)]w(z,y). (2.5.11)

Now by following the proof of Theorem 4.2.1 given in [34], the inequality (2.5.11)
implies the estimate

w (z,y) < Lexp //A(s,t)[f(s,t)+g(s,t)]dtds . (2.5.12)

Using (2.5.12) in v (x,y) < w (z,y) we get

z Yy
v (x, //A s,t) [f (s,t) + g (s,t)]dtds | . (2.5.13)
00
From (2.5.10), (2.5.13) and (2.5.2) it is easy to observe that
L< ¢ (2.5.14)
<{% 5.

Using (2.5.14) in (2.5.13) and the facts that z(z,y) < v(z,y), u(z,y) <
A(z,y) z (z,y) we get the desired inequality in (2.5.4). The proof of the case
when ¢ > 0 follows as mentioned in the proof of Theorem 2.4.2,part (by).

Remark 2.5.1. We note that, in the special cases when (i)p = 0, (it)g = 0,
(#i1)h = 0, the inequality in Theorem 2.5.1 reduces to the new inequalities which
can be used as tools in different applications.

Theorem 2.5.2. Let I, J, A be as in Theorem 2.5.1 and
D={(z,y,5,t)EA*:0<s<z<0a0<t<y<p},

E={(z,y,s8t07)eA*:0<os<s<z<a0<7<t<y<p}.
Let u (x,y) € C(A,R4) and ¢ > 0 be a real constant.
(al) Let k(x7ya3at)7e(xayas7t) € C(D7R+)v h(%y,&tﬂﬂ') € C(E7R+)

be nondecreasing in (z,y) € A for fixed (s,t) € A, (s,t,0,7) € A? and suppose
that

x

y
u(x,y)§c+//kzy,st (s,t)dtds
00
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+
o\a
O\@
O\w

h(x,y,s,t,0,7)u(o,T) deO’) dtds

[/

B
+//e (x,y,8,t)u(s,t)dtds (2.5.15)
(

) 0
for (x,y) € A If

a B

y)://exy,st
0
t
xexp( / (s, t,m,n)

0

—l—//h(m,y,m,n, o,7T) deO‘] dndm) dtds < 1, (2.5.16)
0 0

for (z,y) € A, then

u(m,y)gl_ exp(// (s,t,m,n)

+//h(m,y,m,n, o,T) deO‘] dndm) , (2.5.17)
0 0

for (z,y) € A.

(a2) Let a(l’,y) 7b($7y) € C(A7R+)7 k (‘T7y785t) € C(D7R+) ) h <x3y787t70a T)
€ C(E, R;) and suppose that

z Y

u(x,y) §c+//a(s,t)u(s,t)dtds
00
/]
/]

+
O\&
O\tﬁ
o\*

k(s,t,o,7)u(o, T)deO') dtds

T Y o T
+ // (/ / h(s,t,o,7,m,n)u(m,n) dndm) decr) dtds
00 00

o\
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a B
+/O/b(s,t)u(s,t) dtds, (2.5.18)

0
for (z,y) € A If

q= /a/ﬁb(s,t) exp (//Q n dnd§> dtds < 1, (2.5.19)
0 0

where

Q (z,y) =a(x,y) +//kxy,ard7da
0

T Y o T
+// (//h(x,y,a, T, m,n) dndm) drdo, (2.5.20)
0 \0 0

0
for (z,y) € A, then

iqexp (//Q 5,1) dtds) : (2.5.21)

u(z,y) <

for (z,y) € A.

Proof. (ap) First assume that ¢ > 0 and fix any arbitrary element (X,Y") € A.
Then for 0 <z < X,0 <y <Y we have

T Y
U(%y)SC+///€(X,Y,s,t)u(s,t)dtds
00

s t
(//h(X, Y,s,t,0,7)u(o,7) dea) dtds
00

e(X,Y, s, t)u(s,t)dtds. (2.5.22)

+ +
o\g O\H
o\m o\@

Let
a B

fc+//e (X,Y,s,t)u(s,t)dtds, (2.5.23)
00
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then (2.5.22) can be restated as

z oy
u(ac,y)gd(X,Y)+//k(X,Y,s7t)u(s7t)dtds
00
x oy [ st
+// //h(X,Y,s,t,cr,T)u(a,T)dea dtds, (2.5.24)
00 \0 0

for 0 <2 < X,0 <y <Y. Define a function z(z,y, X,Y) by the right hand
side of (2.5.24). Then z(z,y, X,Y) > 0, 2(0,y, X,Y) = 2(2,0,X,Y) = d(X,Y),
u(z,y) < z(z,y,X,Y), z(z,y, X,Y) is nondecreasing in both the variables z,y
lyingin0<z< X,0<y <Y and

z vy
DyDyz(z,y,X,Y) :k(X,Y,x,y)u(Jc,y)—i—//h(X,Y,x,y,a,T)u(a,T)deU

T Yy

< k(X,Y,x,y)+//h(X,Y,x,y,o,T)dea z(z,y). (2.5.25)
00

Now by following the proof of Theorem 4.2.1 given in [34] from (2.5.25) we get

T Y
s <des | [ [EC0Ym0)
0 0

—l—//h(X,Y,m,n,mT)dea dndm | , (2.5.26)
0 0

for0 <2 < X,0<y<Y. Since (X,Y) € A is arbitrary, from (2.5.26), (2.5.23)
with (X,Y) replaced by (z,y) and v (z,y) < z (z,y,z,y) we have

z oy
u(z,y) < dexp //[k(x,y,m,n)
00

n

+ //h(z,y,m,n, o,7)drdo | dndm | , (2.5.27)
00
for (x,y) € A, where

[e3%

B
= c+//e x,y, s, t)u(s,t)dtds, (2.5.28)
00
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for (x,y) € A. Using (2.5.27), in the integrand on the right hand side of (2.5.28)
and in view of (2.5.16) we have
c
d(z,y) < ——.
( ) 1- p (l‘, y)

Using (2.5.29) in (2.5.27) we get the required inequality in (2.5.17). The proof
of the case when ¢ > 0 follows as noted in the proof of Theorem 2.4.1, part (ay).

(2.5.29)

(az2) Let ¢ > 0 and denote

a B
d=ct / / b(s,t) u (s, t) dtds. (2.5.30)
00

Then (2.5.18) can be restated as

r Y
U(l“vy)Sd'+//a(s,t)u(s,t)dtds
0 0

t
+// //k(&t,a,T)u(a,T)dea dtds
00 \0 0
T Y s t o T
+// //(//h(s,t,am,m,n)u(m,n)dndm drdo | dtds. (2.5.31)
o0 \o 0 \0 O
z

Define a function z(z,y) by the right hand side of (2.5.31). Then z(z,y) > 0,
2(0,y) = 2(x,0) = d', u(z,y) < z(x,y), z(x,y) is nondecreasing in both the
variables (z,y) € A and

s t
DDz (2,y) = a (e, y) u(ey) + / / k(e.y.0.7) u (0, 7) drdo
0 0

Ty o T
+// //h(x,y,am,m,n)u(m, n)dndm | drdo
00 \0 0

<Q(z,y)z(2,9), (2.5.32)

where Q(x,y) is given by (2.5.20). The rest of the proof can be completed by
following the proof of Theorem 4.2.1 given in [34] and closely looking at the
proof of (a1) given above.

Remark 2.5.2. In the various special cases the inequalities given in Theorem
2.5.2 reduces to different inequalities which can be used as tools in variety of
applications.
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The following three theorems contain the inequalities investigated in [41]
which can be used more conveniently in certain applications.

Theorem 2.5.3. Let u(z,y),a(z,y),b(z,y),c(z,y) € C (RL,Ry).

(br) If

u(z,y) <a(z,y)+b(z,y //c u (s, t) dtds, (2.5.33)
0y

for z,y € Ry, then

xr oQ

u(z,y) <a(z,y)+b(z,y) Y) exp / (s,t)dtds | (2.5.34)
y
for z,y € Ry, where
e(x,y) ://c(s,t)a(s,t) dtds, (2.5.35)
0y
for z,y € R,.
(b2) If
u(z,y) <a(z,y)+b(z,y // s,t)u(s,t)dtds, (2.5.36)
Ty
for z,y € Ry, then
u(z,y) <a(z,y)+b(z,y)e(x,y)exp //c(s,t)b(s,t) dtds |, (2.5.37)
Ty
for z,y € Ry, where
// s,t)a(s,t)dtds, (2.5.38)
z oy

for x,y € Ry.

Theorem 2.5.4. Let u(z,y),a(z,y),b(z,y),c(z,y) € C (Ri, R+) .
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(c1) Assume that a(z,y) is nondecreasing for x € Ry. If

(a:y<axy+/bsy syds+//c u (s, t)dtds, (2.5.39)
0 vy
for z,y € Ry, then

u(z,y) <p(z,y)la(z,y)

Y) exp ( /c s,t)p(s,t) dtds)] , (2.5.40)
0y

for z,y € Ry, where

p(z,y) = exp ( b(s,y) ds) , (2.5.41)
/

Alz,y) = //c(s,t)p(s,t)a(s,t) dtds, (2.5.42)

0

for x,y € Ry.

(c2) Assume that a(x,y) is nonincreasing for z € Ry. If

o0

u(z,y) < a(x,y)+/b(s,y)u(s,y) ds—!—//c(s,t)u(s,t) dtds, (2.5.43)

for z,y € R, then

(x,y) <p(z,y)a(z,y)

Y) exp ( /c s,t) P (s,t) dtds)] , (2.5.44)

Yy

for z,y € Ry, where

p(z,y) = exp (/b(&y) ds) , (2.5.45)

://c(s,t)ﬁ(s,t)a(s,t) dtds, (2.5.46)

for x,y € Ry.
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Theorem 2.5.5. Let u(z,y),a(z,y),b(z,y) € C(R%,Ry) and F € C (R,
, Ry ) satisfies the condition

0< F(zx,y,u) — F(z,y,v) < K(z,y,v) (u—v), (2.5.47)

for u > v > 0, where K € C(Ri,RJr).

(d1) Assume that a(z,y) is nondecreasing for x € Ry . If
u(z,y) <a(z,y) —I—/b(s,y)u(s,y) ds—!—//F(s,t,u(s,t))dtds7 (2.5.48)
0 0y

for z,y € Ry, then

u(z,y) <p(z,y)la(z,y)

(z,y) exp (//K s,t,p(s,t)a(s,t))p(s,t) dtds)] , (2.5.49)

for x,y € Ry, where p(z,y) is defined by (2.5.41) and
B(z,y) = / / F(s.t,p(s,t)a(s1)) dids, (2.5.50)
0y

for z,y € R,.

(d2) Assume that a(z,y) is nonincreasing for € R .If

u(z,y) < a(x,y)—i—/b(s,y)u(s,y) ds+//F(5,t,u(s,t))dtds, (2.5.51)
x xr Yy
for z,y € Ry, then
(@,y) <p(x,y)[a(z,y)
(z,y) exp (/ K (s,t,p(s,t)a(s,t))p(s,t) dtds)] , (2.5.52)
z y

for x,y € Ry, where p(z,y) is defined by (2.5.45) and
B(z,y) = //F (s,t,p(s,t)a(s,t))dtds, (2.5.53)

for x,y € Ry.
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Proofs of Theorems 2.5.3-2.5.5. Since the proofs resemble one another, we
give the details for (b1), (c1) and (dy); the proofs of (bs),(c2) and (d2) can be
completed by following the proofs of the above mentioned results with suitable
changes.

(b1) Define a function z(z,y) by

z(x,y) = c(s,t)u(s,t)dtds, (2.5.54)
/!

then (2.5.33) can be restated as
u(z,y) <a(z,y) +b(x,y) z(z,y). (2.5.55)

From (2.5.54) and (2.5.55) we have

z(z,y) < //c(s,t) [a(s,t)+b(s,t)z(s,t)]dtds,
0y

T

=e(z,y) + c(s,t)b(s,t)z(s,t)dtds, (2.5.56)
i

where e(z,y) is defined by (2.5.35). Clearly e(z,y) is nonnegative, continuous,
nondecreasing in x and nonincreasing in y for z,y € Ry. First we assume that
e(z,y) > 0 for 2,y € Ry. From (2.5.56) it is easy to observe that

Z(l’,y) r T Z(S,t)
(2 1) < 1+0//0(s,t)b(s,t) e<s,t)dtds. (2.5.57)

Define a function v(z,y) by the right hand side of (2.5.57), then v(x,y) > 0,
z(z,y)
?e(z,y)

v(0,y) =v(z,00) =1 < wv(z,y), v(z,y) is nonincreasing in y, y € R4

and

Dyv (z,y) = /c(m,t)b(x,t) zgjz;dt

oo

< /c (z,t)b(x,t)v (z,t)dt

Y

oo

<v(z,y) /c (x,t) b (x,t)dt. (2.5.58)

Y
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Treating y, y € Ry fixed in (2.5.58), dividing both sides of (2.5.58) by v(z,y),
setting * = s and integrating the resulting inequality from 0 to z, x € Ry we
get

v(x,y) < exp //c(s,t)b(s,t) dtds | . (2.5.59)
0 vy

Using (2.5.59) in % <wv(z,y) we have

xr o0

z(z,y) <e(x,y)exp //c(s,t) b(s,t)dtds | . (2.5.60)

The desired inequality in (2.5.34) follows from (2.5.55) and (2.5.60). The proof
of the case when e (z,y) > 0 follows as mentioned in the proof of Theorem 2.2.1.

(c1) Define a function z(z,y) by
z(z,y) =a(z,y) + //c(s,t) u (s,t) dtds. (2.5.61)
0y
Then (2.5.39) can be restated as
u(z,y) < z(z,y) +/b(8,y)u(s,y) ds. (2.5.62)
0

Clearly z(z,y) is nonnegative, continuous and nondecreasing function in x,z €
Ry. Treating y, y € R4 fixed in (2.5.62) and using the inequality given in
Lemma 2, part () in [41], (see also [34]) to (2.5.62) we get

u(z,y) < z(z,y)p(z, y), (2.5.63)
where p(z,y) is defined by (2.5.41). From (2.5.63) and (2.5.61) we have
u(z,y) <p(,y)[a(z,y) +v(z,y)], (2.5.64)
where
v(x,y) = c(s,t)u(s,t)dtds. (2.5.65)
/]

From (2.5.64) and (2.5.65) we get

v(z,y) < //c(s,t)p(s,t) [a(s,t) +v(s,t)] dtds
0y
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:A(x,y)—l—//c(s,t)p(s,t)v(s,t)dtds,
0y

where A(z,y) is defined by (2.5.42). Clearly A(z,y) is nonnegative, continuous,
nondecreasing in x, * € R4 and nonincreasing in y, y € Ry. Now by following
the proof of (b1) we obtain

v(z,y) < A(z,y)exp //c(s,t)p(s,t)dtds . (2.5.66)
0 vy

Using (2.5.66) in (2.5.64) we get the required inequality in (2.5.40).

(d1) Define a function z(z,y) by

xr o0

z(z,y) =al(z,y) —l—//F (s,t,u(s,t))dtds. (2.5.67)
0y
Then (2.5.48) can be restated as
u(z,y) < z(x,y)+ /b (s,y)u(s,y)ds. (2.5.68)
0

Clearly z(z,y) is nonnegative, continuous and nondecreasing function in z, x €
R,. Treating y, y € R4 fixed in (2.5.68) and using the inequality given in
Lemma 2.1, part (o) in [41] (see also [34]) to (2.5.68) we obtain

u(z,y) < z(z,y)p(z, y), (2.5.69)

where p(z,y) is defined by (2.5.41). From (2.5.69) and (2.5.67) we have

u(z,y) < p,y) [a(z,y) +v(z,y)], (2.5.70)
where
//F s, tyu (s, t)) dtds. (2.5.71)
0 vy

From (2.5.71), (2.5.70) and the hypotheses on F' it follows that

y) <

\a

/{F st p (s, 8) [a (s,8) + v (s,1)])

—F (s,t,p(s,t)a(s,t))} + F(s,t,p(s,t)a(s,t))] dtds
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< B(z,y) +//K(s,t,p(s,t)a(s,t))p(s,t)v(s,t)dtds, (2.5.72)

where B(z,y) is defined by (2.5.50). Clearly B(z,y) is nonnegative, continuous
and nondecreasing in x and nonincreasing in y for z,y € Ry. By following the
proof of part (b;) we get

v (z,y) < B(z,y) exp //K(s,t,p(sj)a(s,t))p(&t)dtds . (2.5.73)

The required inequality in (2.5.49) follows from (2.5.70) and (2.5.73).
The next theorem deals with the inequalities proved in [48].

Theorem 2.5.6. Let u(x,y),a(x,y),b(z,y),c(z,y) € C (Rﬁ_,R+) and p >
1 be a real constant.

(k1) If

T

o0
uP (z,y) <a(x,y)+b(z,y // (s,t) dtds, (2.5.74)
0 vy

for z,y € Ry, then

u(z,y) <la(z,y)+b(z,y) A(z,y)

=

X €xp //c(s,t)b(s’t) dtds| (2.5.75)
p
0y

for x,y € Ry, where
. p—1 a(s,t)
Az, y) = c(s,t) | —— + dtds, (2.5.76)

for z,y € R,.

(k2) Let L € C (R3, Ry) satisfies the condition
OSL(%%U)—L(%%U) SG(.’I},y,U) (’U,—’U), (2577)
for u > v > 0, where G € C (Ri,]ﬁ.). If

uP (z,y) < a(z,y) +ba:y// (s,t,u(s,t))dtds, (2.5.78)
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for z,y € Ry, then

u(z,y) < [a(z,y)+b(x,y) Az,y)

X exp //G(s,t,pl+a(57t)> b(s’t)dtds ,
- p p p

for x,y € Ry, where

A(x,y)//L(s,t,lera(S’t)> dtds,
- p p

for z,y € R,.

S

Proof. (k1) Define a function z(z,y) by

xr o0

z(z,y) ://c(s,t)u(s,t) dtds,

0

then (2.5.74) can be restated as

uf (z,y) < a(z,y) +b(x,y)u(z,y).

(2.5.79)

(2.5.80)

(2.5.81)

(2.5.82)

As in the proof of Theorem 2.3.3, part (c1), from (2.5.82) and using the elemen-

tary inequality (1.3.11) (see [30, p. 30]) we get

p p p

From (2.5.81) and (2.5.83) we have

xr o0

z(m,y)g//c(s,t) <p;1+a(s’t)+b(8’t)z(s,s)>dtds
0y

b p

:A(x,y)—i—//c(s,t)b(;’t)z(s,s)dtds,
0y

(2.5.83)

where A(z,y) is defined by (2.5.76). The rest of the proof follows by the similar

argument as in the proof of Theorem 2.5.3, part (b1).

(k2) The proof can be completed by closely looking at the proof of (k1) given
above and the proof of Theorem 2.3.4, part (d;). Here we omit the details.

The inequalities in the following theorem are established in [76].



Chapter 2

111

Theorem 2'5‘7‘ Let u (x7y)’a(xay) 7b(1'7y),0($,y) 7f(x7y) bl g (1'7y) S C (R?&-

aR-‘r)'

(r1) Suppose that

(xy)<axy+bxy//f u (s, t) dtds

c(z,y) 779 (s,t)u(s,t)dtds,
00

for z,y € Ry. If

oo o0
://gstDlstdtds<1
0 0

then
u(x,y) < By (z,y) + M1 Dy (z,y),

for z,y € R, where

x

y
By (2,y) = a(z,y) +b(z,y) 4 xy//f a (s, t) dtds,
00
z oy
Dy (z,y) =c(z,y) +b(z,y) A1 ajy// c(s,t)dtds,
0

A; (z,y) = exp (//f(s,t)b(s,t) dtds) ,
00

and

//gst31 (s,t)dtds.
—h
0 0

(r2) Suppose that

(:z:y)<a(a:y+bxy//f u(s,t) dtds

(2.5.84)

(2.5.85)

(2.5.86)

(2.5.87)

(2.5.88)

(2.5.89)

(2.5.90)
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xy)//g u (s, t) dtds,
00

for z,y € Ry. If

//gstD2 (s,t)dtds < 1,
00

then
u(a:,y) < B (xay) + M2Do (.Z‘,y),

for z,y € Ry, where

B(ﬂfy)—a(my)+bxyAzxy//f a (s, t) dtds,
Ty

3
3

Dxaw:c@w+bmwaaw/

As (x,y) = exp (77f (s,t)b(s,t) dtds) ,

S

and

2 =

1 oo o0
t)B t) dtds.
o [ [0 Ba st dtas

Ty

(r3) Suppose that

r o0

(my)<a(xy+bxy// u (s, t) dtds
0y

c(z,y) 77g (s, t)u(s,t)dtds,
00

for z,y € Ry. If

//gstD;,» (s,t)dtds < 1,
00

f(s,t)c(s,t)dtds,

(2.5.91)

(2.5.92)

(2.5.93)

(2.5.94)

(2.5.95)

(2.5.96)

(2.5.97)

(2.5.98)

(2.5.99)
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then
u (Z‘,y) S B3 (.Z', y) + M3D3 (-’I;,y) )

for z,y € Ry, where

x

B<xm—auw+bxyA3xy//f
0y

x

D(xwfc@w+bxyA3xy/
0

As (z,y) = exp (/I/Oof(syt)b(saf)) ;

0

//gsthstdtds
—Pp3
0 0

Proof. (r1) Let

zmm=i7ﬂmmwﬁﬁ®
k= 77951& (s,t)dtds.

00
Then (2.5.84) can be restated as

fs

and

u(z,y) <a(z,y) +b(z,y)z(x,y) +c(2,y) k.

From (2.5.105) and (2.5.107) we have

x

2 (z,y) <//yf (s,t) + ke(s,t) +b(s,t) 2
0

0
z vy

+//f z (s, t)dtds,
00

x Y

where

(s,t) dtds,

(s,t) dtds,

s, t)] dtds

://[f(s,t)a(s,t)+kf(5,t)c(s,t)]dtds.
0 0

113

(2.5.100)

(2.5.101)

(2.5.102)

(2.5.103)

(2.5.104)

(2.5.105)

(2.5.106)

(2.5.107)

(2.5.108)
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Clearly e(z,y) is continuous, nonnegative and nondecreasing in both the vari-
ables z,y € Ry. Now an application of Theorem 4.2.2 given in [34] to (2.5.108)
yields

z(z,y) <e(z,y) Ar (2,9). (2.5.109)
Using (2.5.109) in (2.5.107) we have
’LL((E,y) < a(x,y) + kC(ﬂL‘,y) + b($7y) € (x7y) Ay (x,y)

= Bi (z,y) + kD1 (z,y) . (2.5.110)
Now, from (2.5.106), (2.5.110)and (2.5.85) we have

k< g (s,t) {Bi (s,t) + kD1 (s,t)} dtds,
/1

ie.,

//gstDlstdtds //gstBlst)dtds
0 0 00

which implies
k< M. (2.5.111)

Using (2.5.111) in (2.5.110) we get (2.5.86).

(r2) Let
z(x,y)://f(s,t)u(s,t)dtds, (2.5.112)

and k be as in (2.5.106). The proof can be completed by following the proof of
(r1) and making use of the inequality in Theorem 1.2.3 given in [3, p. 110] (see
also [34, p. 440]).

(Tg) Let

_ ]7f (s, t) dtds, (2.5.113)
Yy

and k be as in (2.5.106). The proof follows by the similar arguments as in (r1)
and using the inequality in Theorem 1.2.4 given in [3, p. 110] (see also [34, p.
440)).
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2.6 Applications

One of the main motivations for the discovery of different type of inequalities
given in earlier sections was to apply them as tools in the study of various classes
of partial differential, integrodifferential and integral equations. In this section
we give applications of some of the inequalities which has been investigated
during the past few years.

2.6.1 Nonlinear partial differential equation

Consider the partial differential equation

0

5y (7 @) o)) 4 F o) = (@), (2:6.1)

with the given initial boundary conditions

u(z,0) =0 (x),u(0,y) =7(y),0(0)=7(0) =0, (2.6.2)
where p > 1 is a real constant and ' € C (Rﬁ_ X R, R) ,reC (Ri,R) ,O,T €
C(R4+,R).

As an application of Theorem2.3.5 we present the following result proved by
Pachpatte in [45] which gives the bound on the solution of problem (2.6.1)-
(2.6.2).

Theorem 2.6.1. Assume that

|F (2, y,u)| < f(z,9) g (Jul), (2.6.3)

la(z,y)| <c, (2.6.4)
where f, g, c are as in Theorem 2.3.5 and

T Yy

a(z,y) =0 (x)+7°(y) +p//r (s,t) dtds, (2.6.5)

0

for x,y € Ry.Let u(x,y) be a solution of (2.6.1)-(2.6.2) for x,y € Ry Then for
0<z<2,0<y<y;z2,y4 € Ry,

z Yy

lu(z,y)] < {G! G(c)+p//f(s,t)dtds , (2.6.6)
0

0
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where G, G~! are as in Theorem 2.3.5, part (k1) and z1,y; € R, are chosen so
that

z Y

G(c)+p//f(s,t)dtds€Dom (G™),
00

forall z,y lyingin 0 <z <2,0 <y <.
Proof. It is easy to observe that the problem (2.6.1)-(2.6.2) is equivalent to

the integral equation

z Y

uP (z,y)  oP(x) TP (y) s tuls <
» +O//F(,t, (s,1))dtd

p p
0

= 0/ 0/ r (s, t) dtds. (2.6.7)

From (2.6.7), (2.6.3) and (2.6.4) we observe that

(@)’ <ctp / / £ (5,8) g (|u (5, 1)]) dtds. (2.6.8)
0 O

Now a suitable application of Theorem 2.3.5, part (k1) (when h = 0) to (2.6.8)
yields (2.6.6).

The next result proved by Pachpatte in [40] deals with the bound on the
solution of (2.6.1)-(2.6.2) and is obtained by applying Theorem 2.3.3, part (c;).

Theorem 2.6.2. Assume that
|F (z,y,u)| < h(z,y)|ul, (2.6.9)

where h € C (Rf_,RJr). Let

a0 (2,1) = |o (@) + |T(y)|p+p//|r(s,t)|dtds, (2.6.10)
0 0

and u(x,y) be a solution of (2.6.1)-(2.6.2) for z,y € R4. Then

z Y

o) < $an o) +pen oo | [ [hispaeds| b, o
00
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for z,y € Ry, where

eo (z,y) = jo/y (I);l + cm(s,t)) h (s,t) dtds, (2.6.12)

p
for z,y € R,.

Proof. The solution u(z,y) of (2.6.1)-(2.6.2) satisfies the equivalent integral
equation (2.6.7). From (2.6.7), (2.6.9) and (2.6.10) we observe that

x Y

lu(z, )" < ag (z,y) —|—p//h (s,t) |u (s, t)| dtds. (2.6.13)
00

Now a suitable application of Theorem 2.3.3, part (¢1) (with a (z,y) = ag (z,y),
b(z,y) =pand g(x,y) = 0) to (2.6.13) we get the required estimate in (2.6.11).

2.6.2 Hyperbolic partial differential equations
with terminal values

Consider the hyperbolic partial differential equation
Uy (z,y) = h(z,y,u (2,y)) + 7 (2,9), (2.6.14)
with the given terminal value conditions
u(x,00) = 0o (), 1 (00,Y) = Too (y) , u (00, 00) = d, (2.6.15)

where h € C (RL x R,R;),r € C(R3,R}) 000,Tc € C (R4, Ry) and d is a
real constant.

As an application of Theorem 2.5.3, part (ba) we present the results given by
Pachpatte in [41] which deals with the estimate and uniqueness of solutions of
(2.6.14)-(2.6.15).

Theorem 2.6.3. Suppose that

|h(z,y,u)| < c(z,y) |ul, (2.6.16)

Ooo () 4 Too () —d + //T (s,t)dtds| < a(z,y), (2.6.17)

x
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where a(z,y),c(z,y) € C(R2,R}). Let u(z,y) be a solution of (2.6.14)-
(2.6.15) for z,y € R4, then

lu(z,y)| <alx,y)+eé(z,y)exp //c(&t) dtds | , (2.6.18)

for x,y € Ry, where € (x,y) is defined by (2.5.38).

Proof. The solution u(x,y) of (2.6.14)-(2.6.15) satisfies the following equiva-
lent integral equation (see also [3, p. 80])

U (T, Y) = oo (T) + Too () —d+//[h (s, t,u(s,t)) +r(s,t)] dtds, (2.6.19)

for x,y € Ry. From (2.6.19), (2.6.16), (2.6.17) we get
lu(z,y)| < a(z,y) +//c(s,t) |u(s,t)| dtds. (2.6.20)
Ty

Now a suitable application of Theorem 2.5.3, part (b2) to (2.6.20) yields the
required estimate in (2.6.18).

Theorem 2.6.4. Suppose that the function h in (2.6.14) satisfies the condition
|h(x,y,u)—h(:c,y,v)| SC(.Z’,y) |’LL—’U|, (2621)

where ¢ (z,y) € C (R%, R4).Then the problem (2.6.14)-(2.6.15) has at most one
solution on R%.

Proof. The problem (2.6.14)-(2.6.15) is equivalent to the integral equation
(2.6.19). Let u(z,y),v(z,y) be two solutions of (2.6.14)-(2.6.15). From (2.6.19),
(2.6.21) we have

lu(z,y) —v(z,y)| < //c(s,t) |u(s,t) —v(s,t)|dtds. (2.6.22)

Now a suitable application of Theorem 2.6.3, part (b2) yields u(z,y) = v(z,y)
i.e., there is at most one solution to the problem (2.6.14)-(2.6.15).

We note that the inequality given in Theorem 2.6.4, part (c2) can be used
to obtain the bound and uniqueness of the solutions of the following non-self-
adjoint hyperbolic partial differential equation

Uay (2, 9) = (r (2, 9) u (2,9)), + h(2,y,u(z,y)), (2.6.23)

with the given terminal value conditions given in (2.6.15), under some suitable
conditions on the functions involved in proplem (2.6.23)-(2.6.15).
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2.6.3 Non-self-adjoint Hyperbolic partial Fred-
holm integrodifferential equation

In this section we present some applications of the special version of the in-
equality in Theorem 2.5.1 to study certain properties of solutions of the initial
boundary value problem (IBVP for short) for the following non-self-adjoint hy-
perbolic partial Fredholm integrodifferential equation

Ugy (JZ, y) = (p (l',y) U (a:,y))y

z Y

+F x,y,u(x,y),//k(x,y,a,r,u(a,T))dea , (2.6.24)
0 0

u(z,0) = a(z),u(0,y) =F(y),a0)=p5(0)=0, (2.6.25)

wherea € C (I, R),8€ C(I,R);for0<o<z,0<7<yk¢€ C’(G2 X R,R),
FeC (G x R?, R) and p € C (G, R) is differentiable with respect to y, in which
I, =10,a],I, = [0,b] be subsets of R and G = I, x Ij.

The following theorems are given by Pachpatte in [62] which deals with the
properties of solutions of IBVP (2.6.24)-(2.6.25).

Theorem 2.6.5. Assume that

|E (z,9)] < ¢, (2.6.26)

|k (x,y,s,t,u)] <e(z,y)h(st)|ul, (2.6.27)

|F (2, y,u, 1) < f(x,y) (Jul + |a]), (2.6.28)
where

E(z,y)=a(x)+6(y) - /p(s,o)a(s) ds, (2.6.29)

0

fsh,c are as in Theorem 2.5.1 and e (z,y) € C (G, R;) such that e (z,y) > 1.
Let

a b

q = //h(U,T)A(U,T) exp (]]A(s,t)f(s,t)e(s,t) dtds)
0 0 0

0

xdrdo < 1, (2.6.30)
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where

x

A(z,y) = exp /Ip(syy)\ds : (2.6.31)
0

for (z,y) € G. If u(x,y) is any solution of IBVP (2.6.24)-(2.6.25) for (z,y) € G,
then

z Y

< - A(x,y)exp (/0/ Ye(s,t) dtds) , (2.6.32)

u(z,y)]

for (z,y) € G.

Proof. The solution u(z,y) of IBVP (2.6.24)-(2.6.25) satisfies the equivalent
integral equation

x

u(x,m:E<x,y>+/p<s,y>u<s,y>ds

0

T Yy a b
—|—//F (s,t,u(s,t),//k(s,t,a,r,u(o,r)) deO’) dtds, (2.6.33)
00 00

where E(z,y) is given by (2.6.29). Using (2.6.26)-(2.6.28) in (2.6.33) we have
u@l <t [ It fuls)lds

+]/yf(8’t) |“(37t)|+/a/b6(077)h(077) lu (o, 7)| drdo | dtds
00 0 0

x

sc+/|p<s,y>||u<s,y>\ds
0

x Y a b
+//fst (s,t) |:u5t|+//h 07|u07’)|d7’d0]dtd5 (2.6.34)
00 0

Now a suitable application of Theorem 2.5.1 (with ¢ = 0 ) to (2.6.34) yields
(2.6.32).
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Theorem 2.6.6. (i) Assume that
|k (wvya Satvu) —k (‘rvyv S7t,ﬂ)| <e (az,y) h (Sat) |u - ﬂ| ’ (2635)

|F(x,y,u,ﬂ) - F(m,y,v,6)| < f (x7y) (|u - U| + |17' - T}D’ (2636)

where e, h, f are as in Theorem 2.6.5. Let go and A (z,y) be as in (2.6.30) and
(2.6.31) respectively. Then the IBVP (2.6.24)-(2.6.25) has at most one solution
on G.

(#4) Let u(x,y) and v(z,y) be the solutions of (2.6.24) with the initial bound-
ary conditions (2.6.25) and

v(2,0) = a(z),v(0,y) =B (y),a0) =p5(0)=0, (2.6.37)

respectively, where a € C (I, R),3 € C (I, R) . Suppose that the functions k
and F in (2.6.24) satisfy the conditions (2.6.35) and (2.6.36) in part (¢). Let
E(x,y) be given by (2.6.29),

x

E(z,y)=a(z)+ B (y) —/p(s,O)a(s) ds, (2.6.38)
0

and
|E (z,y) = B (z,y)| < c, (2.6.39)

where c is as in Theorem 2.5.1. Let go and A (x,y) be as in (2.6.30) and (2.6.31)
respectively. Then the solutions of (2.6.24) depends on the initial boundry
conditions and

C

lu(z,y) —v(z,y)| < 7 qofl(m,y)
X eXp A(s,t) f(s,t)e(s,t)dtds |, (2.6.40)
[l
for (z,y) € G.

Proof. Let u(z,y) and v(x,y) be two solutions of IBVP (2.6.24)-(2.6.25) on
G, then we have

u(x,y>—v<x,y>=/p<s,y>{u<s,y>—v(s,y>}ds
0

T Yy a b

+// F s,t,u(s,t),//k(s,t,a,T,u(a,T))dea
0 0 00
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a b

—F (stv //k s, tyo, v ( ))dea)}dtds.
00
6.

From (2.6.41), (2.6.35), (2.6.36) we obtain

lu(2,y) — / (5,9) [u(s,y) —v(s,y)|ds
0

+/ £ (s5.) (Ju (s.£) — v (s.8)]
0 0

a

b
+e(s,t)//h o,7)|u(o,7) — v (o,7)|drdo | dtds.
0

(2.6.41)

(2.6.42)

0
Rewtiting (2.6.42) in view of the fact that e (x,y) > 1 and a suitable application
of Theorem 2.5.1 (with ¢ =0, g = 0 ) yields |u(x,y) — v (z,y)| < 0. Therefore
u(z,y) = v(x,y) i.e., there is at most one solution of IBVP (2.6.24)-(2.6.25) on

G.

(#4) Since u(z,y) and v(x,y) are the solutions of IBVP (2.6.24)-(2.6.25) and

(2.6.24)-(2.6.37) respectively, we have

xT

u(z,y) —v(z,y) =E(x,y)—E(x,y)+/p(s7y){U(8,y)—v(s,y)}ds

0

-F s,t,v(s,t),//k‘(s,t,a,r,v(a,r))dea dtds.

From (2.6.43), (2.6.39), (2.6.36), (2.6.35), we have

x

ju(z,y) — v (2,y)] Sc+/p(8,y) lu(s,y) = v (s, y)lds
0

z Yy

[ [ 1600 - v
0 0

a b
+e (s,t)//h(a, 7) |u(o,7) —v (o, T)deO’) dtds
00

(2.6.43)
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c+/psy|usm—vaﬂw

0
+J!f ) (Ju(s,1) = v (5.1)
—|—/a/bh (o,7)|u(o,7) —v(o,7)|drdo | dtds, (2.6.44)
0

for (x,y) € G. Now a suitable application of Theorem 2.5.1 (with g = 0 ) to
(2.6.44) yields the estimate (2.6.40), which shows the dependency of solutions
of (2.6.24) on given initial boundary data.

Here, we note that the inequality in Theorem 2.5.1 can be used to study
similar properties as in Theorems 2.6.5 and 2.6.6 for solutions of the non-self-
adjoint hyperbolic partial Volterra-Fredholm integrodifferential equation

Uzy (z,y) = (p(z,y) u(z,y)),

LF a%uwy%//%ua%aawawMMa
0 0

a b
,//kz (x,y,s,t,u(s,t))dtds | , (2.6.45)
00

with the given initial boundary conditions (2.6.25) under some suitable condi-
tions on the functions involved in IBVP (2.6.45)-(2.6.25). We omit the details.

2.6.4 Volterra-Fredholm integral equation

In this section we present applications of Theorem 2.5.7, part (r;) to study
certain properties of the solutions of Volterra-Fredholm integral equation of the
form

z y
z(z,y) = E (z,y) //ny,s,t,zst))dtds
0
+//H(z,y,s,t,z(s,t))dtds, (2.6.46)
00

for x,y € R4, where z(z,y) is an unknown function, £ € C (Ri, R) and I, H €
C(RL x R,R).
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In [76] Pachpatte has given the following theorems which deals with the prop-
erties of solutions of equation (2.6.46).

Theorem 2.6.7. Suppose that the functions F, F, H in equation (2.6.46) sat-
isfy the conditions

|E (z,y)| < a(z,y), (2.6.47)
|F (z,y,s,t,2)| <b(x,y) f(s,t)]z], (2.6.48)
|H (z,y,8,t,2)] <c(z,y)g(s,t)|z], (2.6.49)

where a,b, ¢, f,g are as in Theorem 2.5.7. Let p; be as in (2.5.85). If z(z,y) is
a solution of equation (2.6.46) on R% then

where By, D1, M; are as given in Theorem 2.5.7, part (r1) .
Proof. Let z(x,y) be a solution of equation (2.6.46) on R%. Using the fact

that z(x,y) is a solution of equation (2.6.46) and (2.6.47)-(2.6.49) we observe
that

z Y

2 (z, )] < a(z,y) +bxy//fst|zst)\dtds
0 0

//g s,t) |z (s,t)| dtds. (2.6.51)
00

Now an application of Theorem 2.5.7, part (r1) to (2.6.51) yields the required
estimate in (2.6.50).

Theorem 2.6.8. Suppose that the functions F, H in equation (2.6.46) satisfy
the conditions

‘F (I7y357t7z) - F(IL’,y,S,t,f” < b(:I},y) f (Svt) ‘Z - 2| ’ (2652)

\H(x,y,s,t,z) - H (x,y,s,t,2)| < C(I,y)g(s,t) |Z - 2‘ ) (2653)

where b, ¢, f, g are as in Theorem 2.5.7. Let p; be as in (2.5.85).Then the equa-
tion (2.6.46) has at most one solution on R?.



Chapter 2 125

Proof. Let u(z,y) and v(z,y) be two solutions of equation (2.6.46) on R?.
Using the facts that u(x,y) and v(z,y) are the solutions of equation (2.6.46)
and (2.6.52), (2.6.53) we have

|u (xy)—v(a:y|<bxy//fst |u(s,t) — v (s,t)|dtds

x y)//g $,t) [u(s,t) — v (s,t)| dtds. (2.6.54)
00

Now an application of the inequality given in Theorem 2.5.7, part (r1) (with
a(z,y) = 0 which in fact implies By (z,y) = 0,M; = 0 ) to (2.6.54) yields
u(z,y) = v(z,y), i.e., there is at most one solution of equation (2.6.46) on R .

Finally, we note that the applications presented here display the importance
of some of the inequalities given in earlier sections.Most of the inequalities given
here are recently developed and we hope that these inequalities will serve as a
model for further investigation

2.7 Notes

The origin of the results included in this chapter can be traced back to the
well known Wendroff’s inequalities, see [4, p. 154]. Integral inequalities of
Wendroff’s type have proved to be very useful in the study of certain partial
differential and integral equations. The material included in Section 2.2 contains
some basic results on integral inequalities developed during the past few years.
The inequalities in Theorems 2.2.1 and 2.2.2 are due to Pachpatte [68,55]. The
inequalities in Theorems 2.2.3 and 2.2.4 are proved by Medved [24], which yield
estimates on nonlinear integral inequalities with singular kernels. Section 2.3
is dedicated to further nonlinear integral inequalities involving functions of two
independent variables. The results given in Theorems 2.3.1-2.3.5 are due to
Pachpatte [46,40,45]. Section 2.4 contains some integral inequalities in two
independent variables involving iterated double integrals, which are adequate
in new applications. The inequalities in Theorems 2.4.1-2.4.4 are all due to
Pachpatte and taken from [53,72,78]. Section 2.5 is devoted to the inequalities
which yield estimates on certain integral inequalities involving functions of two
independent variables,which are mainly used when the earlier inequalities do not
apply directly. All the results in this section are due to Pachpatte and taken
from [62,72,41,48,76]. Section 2.6 is devoted to the applications of some of the
inequalities given in this chapter, to study various aspects of certain partial
differential and integral equations. The literature concerning such inequalities
is rich and for earlier work we refer the reader to the books by Bainov and
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Simeonov [3] Martinjuk and Gutowski [23] and Pachpatte [34] which contains
many references on this topic.
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Retarded integral inequalities

3.1 Introduction

Differential equations with retarded arguments have been studied by many
investigators and various methods and ideas have been proposed for the study of
their different aspects. The fundamental role played by the integral inequalities
which provide explicit bounds on unknown functions in the development of the
theory of differential and integral equations is well known, see [3,6,12,14,17,19,
23,83,84]. Tt is natural to expect that some new generalizations and variants
of such inequalities would also be equally important in certain new applica-
tions. Motivated by a desire to apply integral inequalities which provide explicit
bounds on unknown functions, in the development of the theory of differential
and integral equations with retarded arguments, recently some new inequalities
have been developed to achive a diversity of desired goals, see [21,22,43,47,58-
61,69,74,77]. This chapter deals with some basic retarded integral inequalities
involving functions of one and two independent variables, which can be used
as tools in the study of differential and integral equations involving retarded
arguments. Applications of some of the inequalities are also given.

3.2 Basic retarded integral inequalities in one
variable

Motivated by the needs of diverse applications in different branchas of differ-
ential and integral equations,various investigators have discovered many useful
integral inequalities in the literature. In this section, we present some basic re-
tarded integral inequalities established by Pachpatte in [43,60,69,74] which can

127
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be used as handy tools in the study of certain new classes of retarded differential

and integral equations.

The following theorems contains some useful inequalities proved in [43].

Theorem 3.2.1. Let I = [tg,T) C R (the set of real numbers), a (t),b(t)
C(I,Ry), a(t) € CY(I,I) be nondecreasing with a (t) < ¢t on I and k > 0,

c>1and p > 1 are real constants.

(a1) Ifu(t) € C(I,Ry) and

¢ a(t)
u(t)§k+/a(s)u(s)ds+ / b(s)u(s)ds,

a(to)
for t € I, then
u(t) < kexp(A(t)+ B(t)),

for t € I, where

t

A = [a(s)as,

to

a(t)
B(t) = / b(s)ds,
a(to)

fort € I.

(a2) Let Ry =[1,00). If u(t) € C (I, Ry) and

t a(t)
u (t) §c+/a(5)u(s)logu(s)ds+ / b(s)u(s)logu(s)ds,

to a(to)
for t € I, then

" (t) < ceXp(A(t)-‘rB(t))7

for t € I where A(t) and B(t) are defined by (3.2.3) and (3.2.4).

(3.2.1)

(3.2.2)

(3.2.3)

(3.2.4)

(3.2.5)

(3.2.6)
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(ag) Ifu(t) € C(I,Ry) and

t (t)
P (t)gk+/a(s)u(s)ds+ / b(s)u(s) ds, (3.2.7)

to a(to)

for t € I, then

1

p=1 p—1 =T
u(t) < [k‘ P4 (p> (A(s) +B(s))} , (3.2.8)
for t € I, where A(t) and B(t) are defined by (3.2.3) and (3.2.4).
Proof. From the hypotheses we observe that o/ (t) > 0 for ¢t € I.

(a1) Let k > 0 and define a function z(¢) by the right hand side of (3.2.1).
Then z (to) = k,u (t) < z(t), z(t) is positive, nondecreasing for ¢ € I and

20 =a(t)ult) +bla®) ula®)d t)

i.e.,

<a(t)+b(at)a (t). (3.2.9)

Integrating (3.2.9) from ¢ to ¢, ¢ € I, and the change of variable yield
z(t) <kexp(A(t) + B(t)), (3.2.10)

for t € I. Using (3.2.10) in w (t) < z (t) we get the inequality (3.2.2). If k > 0,
we carry out the above procedure with k + ¢ instead of k, where ¢ > 0 is an

arbitrary small constant, and subsequently pass the limit as ¢ — 0 to obtain
(3.2.2).

(a2) Define a function z(¢) by the right hand side of (3.2.5). Then z (tg) = ¢,
u (t) < z(t), z(t) is positive and nondecreasing for ¢ € I and as in the proof of

part (a1) we get
j((zf)) <al(t)logz (t) +b(a(t))logz (a(t))  (t). (3.2.11)
Integrating (3.2.11) from ¢g to t, t € I, and the change of variable yield
t a(t)
logz (t) <logec+ /a (s)logz (s)ds + / b(s)logz (s)ds. (3.2.12)

io a(to)
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Now by a suitable application of the inequality given in (aq) to (3.2.12) we get
logz (t) < (logc)exp (A (t) + B(t))
= log c*P(AMFBW®), (3.2.13)
From (3.2.13) we observe that
2 (t) < FPAMTB®), (3.2.14)
Using (3.2.14) in u (t) < z (t) we get the required inequality in (3.2.6).
(az) Let k > 0 and define a function z(t) by the right hand side of (3.2.7).

Then z (tg) = k,u(t) < {z (t)}% , z(t) is positive and nondecreasing for ¢ € T
and as in the proof of part (a;) we have

{2} 2/ (1) <a(t)+ba(t)a (t). (3.2.15)

Integrating (3.2.15) from ¢y to ¢, t € I, and the change of variable gives

D

2(t) < {k + (T) (A(t) + B (t))} o (3.2.16)

=

The desired inequality in (3.2.8) follows by using (3.2.16) in u (¢) < {z(t)}>.
The case k > 0 can be completed as mentioned in the proof of part (aq).

Remark 3.2.1. If we take a(t) = 0 in part (a;), then we get the inequality
given by Lipovan in [21, Corollary, p. 391] which in turn contains as a special
case, the celebrated Gronwall-Bellman inequality, see [34, p.11] and in this spe-
cial case, the inequality in (as) reduces to the further extension of the inequality
given in [34, Theorem 3.8.2, p. 268]. The inequality in (a3) can be considered
as a generalization of the inequality given in [34, Theorem 4.3.1, p. 233].

Theorem 3.2.2. Let a(t),b(t),a(t),k,c,p be as in Theorem 3.2.1. For i =
1,2, let g; € C (R4, Ry) be nondecreasing functions with g; (u) > 0 for u > 0.
(by) fu(t) e C(I,Ry) and for t € I,

t a(t)

u(t) <k+ /a (s) g1 (u(s))ds+ / b(s) g2 (u(s))ds, (3.2.17)

to a(to)

then for to <t < ty;t,ty € I,
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(i) in case g2 (u) < g1 (u),
u(t) < GTH G (k) + A(t) + B(1)]; (3.2.18)
(1) in case g1 (u) < g2 (u),
u(t) <Gyt [Ga (k) + A(t) + B (1)]; (3.2.19)
where A(t) and B(t) are given by (3.2.3) and (3.2.4) and for i = 1,2 , G; ' are

the inverse functions of

T

ds
G;(r)= /gi(s)’r >0, (3.2.20)

)
ro > 0 is arbitrary and ¢; € I is chosen so that
G; (k) +A(t) + B(t) € Dom (G;''),

respectively, for all ¢ lying in the interval [to,¢1].

(b2) If u(t) be as in Theorem 3.2.1, part(az) and for t € I,

t a(t)
u(t) < c+/ a(s)u(s) g (logu(s))ds+ / b(s)u(s)ga(logu(s))ds, (3.2.21)
to a(to)

then for tg <t < to:t,ts € I,
(1) in case g3 (u) < g1 (u),
u(t) <exp (Gy'[Gi(loge) + A(t) + B (1)]) ; (3.2.22)
(#) in case g1 (u) < g2 (u),
u(t) <exp (G5 ' [Ga(loge) + A(t) + B (1)]); (3.2.23)
where G;, G, A(t), B(t) are as in (b)) and t5 € I is chosen so that for i = 1,2
Gi(loge) + A(t)+ B (t) € Dom (G; '),

respectively, for all ¢ lying in the interval [tg, 2] .

(b)) Ifu(t) € C(I,Ry) and for t € I,

t a(t)
uP (t) <k+ /a (s) g1 (u(s))ds+ / b(s) g2 (u(s))ds, (3.2.24)
to a(to)

then for tg <t < t3;t,t3 €1,
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(4) in case ga (u) < g1 (u),

w(t) < {H7V[Hy () + A () + B}, (3.2.25)
(i) in case g1 (u) < go (u),

u(t) < {Hy'[Ha(k)+A(t)+B@®)]}", (3.2.26)
where A(t), B(t) are given as in (b;) and for i = 1,2, H; ' are the inverse
functions of

[od

H; (r) = /7517‘ >0, (3.2.27)

he

ro > 0 is arbitrary and t3 € I is chosen so that
H;(k)+A(t)+ B (t) € Dom (H; '),

respectively, for all ¢ lying in the interval [to, ¢3] .

Proof. (b1) From the hypotheses we observe that o' (t) > 0 for ¢t € I. Let
k > 0 and define a function z(¢) by the right hand side of (3.2.17). Then
z(to) =k, u(t) < z(¢), z(t) is positive and nondecreasing for ¢t € I and as in
the proof of Theorem 3.2.1, part (aq) we get

Z(t) <alt)gr(z(t) +b(a(t) g2 (z (1) (1) (3.2.28)

(7) when go (u) < g1 (u), then from (3.2.28) we observe that

S () < g1 (= () [a (8) + b(a () o’ (). (3.2.29)
From (3.2.20) and (3.2.29) we have

d _ 20 a a(t) o

%Gl (z(t) = PYED) <a(t)+b(a(t)d (t). (3.2.30)

Integrating (3.2.30) from ¢y to ¢, t € I, and by making the change of variable,
we have

Gi(z(t) <Gy (k)+A(t)+ B(t). (3.2.31)
Since G7! is increasing, from (3.2.31) we have
2(t) <Gy Gy (k) +A®t) + B(t)]. (3.2.32)

Using (3.2.32) in u (t) < z (t) gives the required inequality in (3.2.18). The case
k > 0 can be completed as mentioned in the proof of Theorem 3.2.1, part (aq).
The proof of the case when g1 (u) < g (u) can be completed similarly. The
subinterval tg < t < t; is obvious.
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The proofs of (b2) and (b3) can be completed by following the proof of (b)
and closely looking at the proofs of similar inequalities given in [34]. We omit
the details.

Remark 3.2.2.  'We note that the inequalities in Theorem 3.2.2 parts (b1 )—(bs)
can be considered as further generalizations of the inequalities given in Theorems
2.3.1, 3.9.1, 3.4.1 in [34] respectively. We also note that the definitions of the
functions H; in (3.2.27) are motivated from the work of Medved [26].

The following useful generalization of the inequality (3.2.17) is proved in [69].

For suitable functions defined on the respective domains of their definitions,
first we give the following notation used to simplify the details of presentation:

#1(t) $2(t)
H [t,m; ¢1,a1,p1; P2, a2,p2] = / ay (s)p1 (m(s))ds + / az (s) p2 (m(s)) ds.
¢1(to) ¢2(to)

Theorem 3.2.3. Letu(t), f(t),b(t),a1(t),a2(t) € C(I,Ry);P1(t),p2(t) €
C1 (I, 1) be nondecreasing with ¢ (t) < t,¢o (t) <ton I = [to,T). Fori = 1,2,
let g; (t) € C (R4, R4+) be nondecreasing, subadditive and submultiplicative
functions with g; (u) > 0 for v > 0 and for t € I,

u (t) S f (t) + b (t) H [ta Uu; ¢1a a1, gi; ¢27 az, 92] ) (3233)

then for tqg <t < ty;t,t1 € 1,

(i) in case g2 (u) < g1 (u),

w(t) < f()+bt) GG (e(t) + Ht,b; ¢1, a1, 915 b2, a2, 92)], (3.2.34)
(i4) in case g1 (u) < g2 (u)

w(t) < f (1) +b(t) Gy [Ga (e (1) + H [t,b; 61, a1, 915 62, a2, 92]], (3.2.35)
where

e(t)=HIt, f;¢1,a1,91; P2, a2,92] , (3.2.36)
Gi, G' are as in Theorem 3.2.2, part (b;) and ¢; € I is chosen so that

G, (e(t)) + H [t,b;d1,a1, 915 ¢2, a2, g2] € Dom (G;'),

respectively, for all ¢ lying in the interval [to t1] .
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Proof. From the hypotheses we observe that ¢} (t) > 0,¢45 (t) > 0 for t € I.
Define a function z(t) by

Z(t) = H[tvuv ¢1aa1agl;¢27a2792]
$1(t) $2(t)

- / a1 (5) g1 (u (s)) ds + / as (5) ga (u (5)) ds. (3.2.37)
#1(to) $2(to)
Then z (tp) = 0 and (3.2.33) can be restated as
u(t) < f()+b(t)z(t). (3.2.38)

Using (3.2.38) in (3.2.37) and the hypotheses on g1, g2 we have

?1(t)
2 (t) < / ar (3) g1 (f (5) + b (5) 2 (5)) ds
¢1(to)

+ / a2 (3) g2 (f (5) + b (s) 2 (5)) ds

$1(t)
<e+ [ (b)) ds
¢1(to)
®2(t)
+ / as (8) g2 (b(8))ga (2 (s))ds. (3.2.39)
$2(to)
Let 8 € I be an arbitrary number. From (3.2.39), for tg < ¢ < 3 we have

#1(t)
z(t) <e(B)+ / ay () g1 (b(s))g1 (z(s))ds

$1(to)
$2(1)
+ / as (8) g2 (b(s))g2 (2 (s)) ds. (3.2.40)
¢2(to)

Now assume that e (8) > 0 and let gs (u) < g1 (u). Define a function v(¢) by
the right hand side of (3.2.40). Then v (tg) = e (8) z (t) < v (¢), v(t) is positive
and nondecreasing for tg <t < § and

v’ (t) = a1 (o1 (1) g1 (b (1 (1)) 91 (2 (b1 (1)) #) (1)
+ag (2 (1)) g2 (b (2 (1)) g2 (2 (P2 (1)) ¢ (1)
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< a1 (61 (t)) 91 (b (61 (£))) 91 (v (61 (£))) ¢ (2)

+az (62 (1)) g2 (b (92 (£))) g2 (v (92 (1)) ¢ (1)

< a1 (o1 (1) g1 (0(d1 (1)) g1 (v (1) #1 (2)

+az (62 (1) g2 (b (2 (1)) g2 (v () &5 (2)

< la1 (61 () g1 (b (91 (1)) ¢} (t)

+az (62 (1)) g2 (b (2 (1)) @2 ()] g1 (v (2)) - (3.2.41)
From (3.2.20) and (3.2.41) we have

_ v
56 00 = 20

< la1 (61 (1) g1 (b (91 (1)) ¢} (t)

+az (¢2 (1) g2 (b (92 (1)) ¢5 (t)] - (3.2.42)

By taking ¢t = s in (3.2.42) and integrating it with respect to s from tg to ¢ for
to <t <3 we get

t

Gi(v(t) <Gile (5))+/[a1 (¢1(5)) g1 (b(¢1(s))) #1 ()
+az (¢2(s)) g2 (b(#2 ())) 65 (s)] ds, (3.2.43)

for tg <t < (. Since z(t) < w(t) for to <t < B and § € I is arbitrary, from
(3.2.43) we have

t

Gr(e(8)+ [ lar (61(5)) 91 (0 (61 (1)) (5

to

z(t) <Gy!

+az (¢2(s)) g2 (b(#2 (s))) 65 (s)] ds] , (3.2.44)

for tg <t < t1. By making the change of variable in the integral on the right
hand side in (3.2.44) we have

2(t) < GTH Gy (e (b)) + H [t b ¢1, a1, 915 62, a2, g2]] (3.2.45)

for tg <t < t;. The conclusion (3.2.34) follows from (3.2.38) and (3.2.45). If
e (B) in (3.2.40) is nonnegative, we carry out the above procedure with e (3) +¢
instead of e (8), where € > 0 is an arbitrary small constant, and subsequently
pass to the limit ¢ — 0 to obtain (3.2.34). The subinterval t; < t < t¢; is
obvious. The proof of the case when g; (u) < g2 (u) can be completed similarly.
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Remark 3.2.3.  We note that in [2] the authors have given the upper bound on
(3.2.33) (when b(t) = 1), which depends on the continuous solution of a certain
initial value problem for first order differential equation. The bound obtained
on (3.2.33) in Theorem 3.2.3 is explicit and it is more convenient in applications.
Here, it is to be noted that the conditions required on the functions involved in
(3.2.33) are different from those of given in [2].

Next, we shall give the inequalities established in [74] which can be used more
conveniently in certain situations.

Theorem 3.2.4. Let u(t),a(t),b ( R ) (t) € C1(I,I) be non-
decreasing with «; (t) < ¢t on I = [to, ) for i = 1,...,m and k > 0 be a real
constant.
(Cl) If
n i)
u(t) <k+ / bi (s)u(s)ds, (3.2.46)
=1, %)
for t € I, then
u(t) < kexp(E (1)), (3.2.47)

for t € I, where

a;(t)

zn: / o, (3.2.48)

i—1
! a;i(to)

fort e I.

(c2) If a(t) is nondecreasing for t € I and

a;(t)
wt) <a®)+y / bs () u () ds, (3.2.49)

a;(to)
for t € I, then
u(t) <a(t)exp(E(t)), (3.2.50)

for t € I, where E(t) is given by (3.2.48).

Proof. From the hypotheses on «; () we observe that o (t) > 0 for ¢t € I and
1=1,...,n
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(c1) Let k > 0 and define a function z(t) by the right hand side of (3.2.46).
Then z (to) =k, u (t) < z(t), z(t) > 0 and

i.e.,

< Z bi (i (t)) o (). (3.2.51)

Integrating (3.2.51) from ¢ to ¢; ¢ € I and then the change of variables yields
z(t) < kexp (E (1)), (3.2.52)

for t € I. Using (3.2.52) in u(t) < z(t) we get the inequality in (3.2.47). If
k > 0 we carry out the above procedure with k + ¢ insteead of k, where £ > 0

is an arbitrary small constant, and subsequently pass the limit € — 0 to obtain
(3.2.47).

(c2) First we assume that a(t) > 0 for t € I. From the hypotheses, for
s < a;(t) <t, we have a(s) < a(a; (t)) < a(t). In view of this, from (3.2.49)
we observe that

a;(t)
w0 o
() <1+ - / bi (s) a(s)d . (3.2.53)

@ ; (to)

Now an application of the inequality in part (¢;) to (3.2.53) yields the required
inequality in (3.2.50). If a(t) = 0, then from (3.2.49) we observe that

W) <e+>) / bi (s) u (s) ds, (3.2.54)

1:1ai (to)

where £ > 0 is an arbitrary small constant. An application of the inequality in
part (c1) to (3.2.54) yields

u(t) <eexp(E(t)). (3.2.55)

Now by letting € — 0 in (3.2.55) we have u(t) = 0 and hence (3.2.50) holds.
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Theorem 3.2.5. Let u(t),b; (t),; (t) be as in Theorem 3.2.4. Let k > 0,p >
1 be real constants. Let g € C' (R4, Ry ) be nondecreasing function with g(u) >

0 for u > 0.

(dy) If for t € I,

n a; (t)

) <k+d [ bigluls)ds

i:lai(to)
then for to <t <ty;t,t1 € I,
u(t) <GTHG (k) + B (#)],

where E(t) is given by (3.2.48) and G~! is the inverse function of

/ ds
G(r)z/m,r>0,

To

ro > 0 is arbitrary and ¢; € I is chosen so that
G (k) + E(t) € Dom (G™),

for all ¢ lying in the interval [to, t1] .

(dg) Iffortel,

[
=
T
—~
VA
~—
<
—~
<
—
»
~—
~
L
o

uP (t) < k+

iZlai(tO)
then for to <t < tg;t,tg € I,
u(t) < {HT'[H (k) + E(®)]}",

where E(t) is given by (3.2.48) and H~! is the inverse function of

ro > 0 is arbitrary and to € I is chosen so that
H(k)+ E(t) € Dom (H™"),

for all ¢ lying in the interval [tg, to].

(3.2.56)

(3.2.57)

(3.2.58)

(3.2.59)

(3.2.60)

(3.2.61)
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Proof. From the hypotheses on «; () we observe that « (t) > 0 for ¢t € I and
i=1,..,n.

(d1) Let k > 0 and define a function z(t) by the right hand side of (3.2.56).
Then z (to) = k,u(t) < z(¢), z(t) is positive and nondecreasing for ¢t € I and
following the proof of Theorem 3.2.4, part (¢1) we have

2 (

DN~y o e
SG @) < k(e o, (3.2.62)

From (3.2.58) and (3.2.62) we have

d G(z(t) = Z ((tg)) < Zb (i (1)) s (1) (3.2.63)

dt g(z

Integrating (3.2.63) from ¢y to ¢; t € I, and making the change of variables, we
get

G(z() <G (k) + E),
which implies
2(t) < GG (k) + E®1)]. (3.2.64)

Using (3.2.64) in u (t) < z (¢) gives the required inequality in (3.2.57). The case
k > 0 can be completed as mentioned in the proof of Theorem 3.2.4, part (c1).
The subinterval tq <t < t; is obvious.

(d2) The proof can be completed by following the proof of part (d;) given
above with suitable changes. Here we omit the details.

The inequalities established in [60] are embodied in the following theorem.
Theorem 3.2.6. Let u(t),a;(t),b; (t) € C(I,Ry) and «; (t) € C (I,1) be

nondecreasing with «; (t) <ton I = [tg,T) fori=1,....,n. Let p> 1 and ¢ > 0
be real constants.

(@) If
" a;(t)
uP (t) < e+ pz / [a; (s)uP (s) + b; (s)u(s)]ds, (3.2.65)
Lo, (to)
for t € I, then
n ai(t) p=t
u(t) <{Mt)exp | (p—1)) / a; (0)do : (3.2.66)
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for t € I, where

n o @i(®)
M) ={}T +(p-1Y / b; (0)do, (3.2.67)
i:1a¢(t0)

fortel.

(¢2) Let w € C (R4, Ry) be nondecreasing function with w(u) > 0 on (0, c0) .
Iffortel,
ai(t)
uP (t) <c+p Z / [a; (s)u(s)w (u(s)) +b; (s)u(s)]ds, (3.2.68)
izlaz(to)

then for to <t < ty;t,ty € 1,

. p—1
" a;(t)

w(t) SSF U F(M@®)+ (-1 / a; (0)do : (3.2.69)

—
"= ai(to)

where M (t) is given by (3.2.67), F~! is the inverse function of

r

F(r)= /L,r >0, (3.2.70)

1
sp=1
7o

ro > 0 is arbitrary and ¢; € I is chosen so that

" a;(t)
FM@)+(p-1) Z / ai (0)do € Dom (F™'),

i—1
v o (to)

for all ¢ lying in the interval ¢ty <t < ;.

Proof. From the hypotheses on «; (t) we observe that o} (t) > 0 for ¢ € I and
1=1,..,n.

(¢1) Let ¢ > 0 and define a function z(¢) by the right hand side of (3.2.65).
Then z (tg) = c,u(t) < {z (t)}% , 2(t) is positive and nondecreasing for ¢ € I
and

n

") =Y lai (i (8) u? (0 (1) + by (e (1) u (i (8))]ef (1)

=1

N

<py, [ai (@i (1)) 2 (i (£) + bi (e (£) {z (i (1))} 7 | o (2)

i=1
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1

P [ s ) s 0D b o ()] 42 o ()} 0 0)

IA
=
M: T

o
Il
N

s (0 (8)) {2 (s (D}T + b (i (0))] {2 (1)} @l (1)

ie.,

/

{z()

By taking t = s in (3.2.71) and integrating it with respect to s from ¢y to ¢t we
get

\3\»—‘

<p Z[a 0 (0) {2 (0s )}'T +bi(as ()]t (1) (3:2.71)

p—1

(z(}7 <7 +(p-1)

X /Z [ai (o (8)){z (e (s))}%1 +bi (a; (5)) | (s) ds. (3.2.72)

Making the change of variables on the right hand side of (3.2.72) and rewriting
we get
i(t)
p—1
()Y < M@+ / Zal o do (3.2.73)
ailto) *
Clearly M (t) is continuous,positive and nondecreasing function for ¢t € I. Now

by following the idea used in the proof of Theorem 1 in [22] (see also [43]) we
get

n o @i(®)
()7 <M@ep [ (-1 / a; (o) do | . (3.2.74)
i=1
a;(to)
Using (3.2.74) in u (t) < {z (t)}% we get the desired inequality in (3.2.66). The

case ¢ > 0 can be completed as mentioned in the proof of Theorem 3.2.4, part

(c1).

(g2) Let ¢ > 0 and define a function z(¢) by the right hand side of (3.2.68).
Then z (t9) = c,u (t) < {2z (t)}?, 2(t) is positive and nondecreasing for ¢ € I and
by following the proof of (¢1) given above upto (3.2.73) with suitable changes
we get
a;(t)

EOYT <MH+G-1Y / ai (o) w ({z(0)}?) do.  (3:2.75)
= ai(to)
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Now fix A € T such that to <t < XA <t;. Then from (3.2.75) we observe that

n @i (t)

COYT <MW e-0Y. [ aw ()

zzlai(to)

D=

) o, (3.2.76)

for t¢ < t < A Define a function v(t) by the right hand side of (3.2.76).
p—1
Then v (tg) = M (A),{z(t)} » < wv(t), v(t) is positive and nondecreasing for
to <t < Xand
a;(t)

v(t) < M (X Zn: / ({v( )}ril) do

zzlal(to)

for tg <t < A. The rest of the proof can be completed by following the proof
of Theorem 3.2.5, part (d;) with suitable changes (see also [43]). We omit the
details.

3.3 Further retarded integral inequalities in one
variable

In view to widen the scope of applications of the inequalities of the type given
earlier section, in [58,61,64,74,77] Pachpatte has established a number of such
inequalities. In this section we offer some of the inequalities given in the above
references, which are more adequate in certain situations.

First we shall give the following theorems which deals with the inequalities
proved in [61].

Theorem 3.3.1. Let u(t),a(t) € C(I,Ry), ki (t,s), 6tk (t,s) € C (I*,Ry)
for tg < s <t < T and o; (t) € C* (I,I) be nondecreasing with «; (t) < t on
I=1ty,T)fori=1,..,n

(a1) If ¢ > 0 is a real constant and

ai(t)
)<c+ Z / u(s)ds, (3.3.1)
“lai(to)
for t € I, then
¢
u(t) < cexp /Q(s) ds |, (3.3.2)

to
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for t € I, where

" a;(t)
Qt)=>_ |ki(t,as (1) o (t) + / %kzi(t,o)da , (3.3.3)
1=1 i (to)

fortel.

(az2) If a(t) is nondecreasing for ¢ € I and
n al(t)
wt) <a(®)+y / i (1, 5) u (s) ds, (3.3.4)
i=1
Oéi(to)

for t € I, then

w(t) < a(t) exp ( / Q(s) ds) , (3.3.5)

for ¢t € I, where Q(t) is given by (3.3.3).

Proof. From the hypotheses on «; () we observe that « (t) > 0 for ¢t € I and
i=1,..,n.

(a1) Define a function z(t) by the right hand side of (3.3.1). Then z (t9) =
c,u(t) < z(t) and

n i (t)

Z(8) =Y [k (i () u e () of (1) +

i=1

0
Eki (t,8)u(s)ds

a; (to)

n i (t)
< Z ki (t,a; (t)) 2 (i (1)) o (t) + / %ki (t,s)z(s)ds

a; (to)

a;(t)

<3 ki (s (1) o (1) + / %ki(t,s)ds 2z (e ()
i=1

a; (to)

<Q(1)=(1),

which implies

z(t) < cexp (/Q (s) ds) . (3.3.6)

Using (3.3.6) in w (t) < z (t) we get the desired inequality in (3.3.2).
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(a2) First we assume that a(t) > 0 for all t € I. Tt is easy to observe that for
s < ay(t) <t we have a(s) <a(a;(t)) <a(t). In view of this, from (3.3.4) we
observe that

(e 77 (t)

u(t) - U(S)
e < 1+;/ )ds. (3.3.7)

a;i(to)

Now an application of the inequality in part (aq) to (3.3.7) yields (3.3.5). If
a(t) = 0, then from (3.3.4) we observe that

O‘l(t)

e+ Y / w(s) ds, (3.3.8)

z=1al(t0)

where € > 0 is an arbitrary small constant. An application of the inequality in
part (a1) to (3.3.8) yields

t) < ecexp /Q(s) ds | . (3.3.9)

Now by letting € — 0 in (3.3.9) we have u(t) = 0 and hence (3.3.5) holds.

Theorem 3.3.2 . Let u(t),a(t), ki (t,s), 5 k (t,s),; (t) be as in Theorem
3.3.1.

(b1) Let ¢ > 0 be a real constant, g € C' (R4, R+) be a nondecreasing function
with g(u) > 0 for u>0. If for ¢t € I,

a;(t)
)<+ Z / g (u(s)) ds, (3.3.10)

N O‘t(to)

then for to <t <ty;t,t1 € 1,
t

u(t) <G™! G(c)—!—/Q(s) ds| , (3.3.11)
to

where Q(t) is given by (3.3.3) and G~ is the inverse function of

T

ds
G(r)= / m,r >0, (3.3.12)

T0



Chapter 3 145

ro > 0 is arbitrary and ¢; € I is chosen so that
t
G (c) + /Q (s)ds € Dom (G™"),
to

for all ¢ lying in the interval ty <t < ;.

(b2) Let g(u) be as in (b1) and suppose in addition it is subadditive. If for
tel,

; (t)

W) <a(t)+y / ki (¢, ) g (u(s)) ds, (3.3.13)

=1
Oéi(t())
then for to <t < tg;t,tg € 1,

u(t)<a(t)+G*|G(A (t))+/Q(s) ds| , (3.3.14)

to
where G, G=1, Q(t) be as in (b1),

n ai(t)

A=Y / ki (t, ) g (a(s)) ds, (3.3.15)

zzlai(tg)

for t € I and ¢ € I is chosen so that
t
G(A(t)) + /Q (s)ds € Dom (G™'),
to

for all ¢ lying in the interval ty <t < t5.

Proof. From the hypotheses on «; () we observe that « (t) > 0 for ¢t € I and
i=1,..,n.

(b1) We first assume that ¢ > 0 and define a function z(¢) by the right hand
side of (3.3.10). Then z (t9) = ¢, u (t) < z (t), z(¢) is positive and nondecreasing
for t € I and by following the proof of Theorem 3.3.1, part (a;) with suitable
changes we have

() <QM)g(=(1)). (3.3.16)

The rest of the proof can be completed by following the proof of Theorem 3.2.5,
part (dq).
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(b2) Define a function z(t) by

a;(t)

()= / ki (t,s) g (u(s)) ds. (3.3.17)

=1, 710)
Then z (tp) = 0 and from (3.3.13) we have
u(t) <a(t)+z(t). (3.3.18)
Using (3.3.18) in (3.3.17) we have

n @it

HOEDY / ki () g (a(s) + = (s)) ds

'=1a7;(t())

~

a;(t)
<A0+Y [ kts)gl()ds
i=1ai(t0)

where A(t) is given by (3.3.15). It is easy to observe that A(t) is nonnegative
and nondecreasing for ¢t € I. Now by following the similar arguments as in the
proof of Theorem 2.4.2 given in [34] and in view of the proof of Theorem 3.2.5,
part (dqp) we get

2(t) <G G(A(t))+/Q(s)ds . (3.3.19)

Using (3.3.19) in (3.3.18) we get the required inequality in (3.3.14). The subin-
terval tg <t < t9 is obvious.

The next theorem contains the inequalities established in [77] involving Lip-
schitizian type kernel function.

a(t),b(t) € C(I,R;) and a(t) € CY(I,I) be

Theorem 3.3.3. Let u(¢),
tonI=][ty,T).

nondecreasing with a (¢) <

(c1) Let Le C(I x Ry,Ry4) and
0< L(t,) = L(ty) < M(ty) (w—y), (3.3.20)
fort € I and x > y > O,where M € C'(I x Ry, Ry). If

alt)
u(t) <a(t)+0b(t) / L (s,u(s))ds, (3.3.21)

a(to)
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for t € I, then
a(t) a(t)
u(t) <a(t)+b(t) / L(o,a(0))exp / M (7,a(7))b(7)dr |do, (3.3.22)
a(to) o

fortel
(c2) Let L e C(I x Ry, Ry) and ¢ € C (R4, Ry4) be strictly increasing func-
tion with + (0) = 0 and
0<L(t,x)— L(ty) <M (t,y)d™ " (z—y), (3.3.23)
fort € I and x >y > 0,, where M € C (I x Ry, R;) and ¢! is the inverse of
P If
a(t)
u(t) <a(t)+¢ | b(t) / L(s,u(s))ds |, (3.3.24)
a(to)

for t € I, then
w(t) < a(t) + b<t>/L<o,a<a>>

a(t)
X exXp / M (r,a(7)b(r)dr | do |, (3.3.25)

fortel.

(c3) Let L 1/) M be as in (co ) and the condition (3.3.23) holds. Suppose in

addition ¢~ (zy) <=1 (2)yp~1 (y) for z,y € Ry If
a(t)
u(t) < £) 1) ( Li(s , (3.3.26)
a(to)
for t € I, then
alt)
u(t) <af t)y ( L(o
a(to)
alt)
X exp / M (7,0 (7)) =L (b())dr | do | | (3.3.27)

fortel.
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(ca) Let L,M be as in (c¢;) and the condition (3.3.20) holds. Let g €
C (R4, R+) be nondecreasing function with g(u) > 0 for u >0 . If for t € I,

a(t)
u(t) <a(t)+b(t)g / L(s,u(s))ds |, (3.3.28)
a(to)
for tg <t <ty;t,t1 €1,
a(t)
w)<a® +bMg|c |a / L(o,a (o))
(to)
alt) T
+ / M (o,a(o)b(o)do| |, (3.3.29)
a(to) ]

where G, G~! be as in Theorem 3.2.5, part (d;) and t; € I is chosen so that

ai(t) Oéi(t)
G / L(o,a(o))do | + / M (0,a(c))b(o)do € Dom (G™),
i (to) ai(to)

for all ¢ lying in the interval to < ¢ < ;.
Proof. From the hypotheses on « (t) we observe that o’ (t) > 0 fot ¢ € I.

(c1) Define a function z(t) by

a;(t)
(1) = / L (5,0 (s))ds. (3.3.30)

ailto)

Then z (to) = 0 and from (3.3.21) we have

w(t) <alt)+b(t)z(t), (3.3.31)
for t € I. From (3.3.30), (3.3.31) and the condition (3.3.20) it follows that

2 (t) = L(a(t),ula(t)) o (t)

<L(a(t),ala(t)+b(at)z(a(t)d (t) = La(t),ala(t) e (t)

+L(a(t),ala(t)) o (t)
<M (a(t),ala(t)blat)z(a(t) e (#)+La(t),ala(t)d (1),

)
(
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which implies

t

2(t) < / L(a(s).a(a(s))a (5)

to

X exXp /M (a(o),a(a(a))b(a(e))d (0)do | ds. (3.3.32)

By making the change of variable on the right hand side of (3.3.32) we get

a(t) a(t)
z(t) < / L(o,a(0))exp / M (r,a(7))a(r)b(r)dr | do.  (3.3.33)
a(to) o

Using (3.3.33) in (3.3.31) we get the required inequality in (3.3.22).

The proofs of (¢2) — (c4) can be completed by following the proof of (¢1) given
above and closely looking at the proof of Theorem 1.4.4 parts (d2) — (d4). We
omit the details.

Another useful inequality proved in [74] is embodied in the following theorem.

Theorem 3.3.4. Let u(t),a(t),b(t) € C(I,Ry), a(t) € C*(I,I) be nonde-
creasing with a (t) <t on I = [tp,T) and k > 0 be a real constant. If

a(t)

u(t) <k+ / a(s) |u(s)+ / b(o)u(o)do|ds, (3.3.34)
a(to) alto)
for t € I, then
a(t) s
u(t) <k |1+ / a(s)exp / [a (o) +b(o)]do |ds| , (3.3.35)

a(to) a(to)

fort e I.

Proof. From the hypotheses on « (t) we have o/ (¢) > 0 for t € I. Define a
function z(t) by the right hand side of (3.3.34). Then z (tg) = k,, u (¢) < z(t)
and

a(t)
Y0 =ala) [u@®)+ [ bo)u)ds| a0

a(to)
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a(t

)
/ b(0) 2 (o) do | o (1)

<a(a(®)) |z(a®))+
L a(to)

a(t)
<a(a(t)|z@) + / b(o)z(o)do| (). (3.3.36)
a(to)
Let
a(t)
v () = = () + / b(o) 2 (o) do, (3.3.37)

a(to)
then v (to) = z (to) =k, z () < v (t) and from (3.3.36) we get
2 (t) <a(a()v(t)d (t). (3.3.38)
From (3.3.37), (3.3.38) and the fact that z (t) < v (t) we have
(1) = 2 () +b(a () 2 (a (1) o’ ()
<a(a(®)vt)a () +b(a(t) z(a(t)a (t)
<la(a(®) +0(a@®)a (v (),

which implies

<

t

v(t) < kexp / [a(a(s))+b(a(s)]a (s)ds ] . (3.3.39)

to

By making the change of variable on the right hand side of (3.3.39) we get

a(t)
v () < kexp / la (o) +b(0)] do | . (3.3.40)
a(to)
Using (3.3.40) in (3.3.38) and integrating it from ¢y to ¢; ¢t € I and then making

the change of variable and using the fact that w (¢) < z(t) we get the desired
inequality in (3.3.35).

Remark 3.3.1. In the special case when «/(t) = ¢, the inequality given in
Theorem 3.3.4 reduces to the inequality established earlier by Pachpatte, see[34,
Theorem 1.7.1].

We shall now give the following theorem which deals with the inequalities
proved in [58].
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Theorem 3.3.5. Let u(t),a(t) € C(I,R}), b(t,s) € C(I?,Ry) for ty <
s<t<T,at) e C(I,I) be nondecreasing with a (t) <t on I = [tg,T) and
k > 0 be a real constant.

(dq) If
a(t) s
u(t) <k+ / a(s)u(s) + / b(s,0)u(o)do| ds, (3.3.41)
a(to) a(to)
for t € I, then
u(t) < kexp(B(t)), (3.3.42)
for t € I, where
a(t) s
B(t) = / a(s)+ / b(s,0)do| ds, (3.3.43)
a(to) a(to)

for t € I.
(d2) Let g € C (R4, Ry) be a nondecreasing function with g(u) > 0 for v > 0.
Iffortel,
alt) s
u(t) <k-+ / a(s)g(u(s))+ / b(s,0)g(u(o))do| ds, (3.3.44)
a(to) a(to)
then for to <t <ty;t,t; € 1,
u(t) <G 1[G (k) + B(@1)], (3.3.45)

where B(t) is given by (3.3.43), G, G™! be as in Theorem 3.3.2, part (b;) and
t1 € I is chosen so that

G (k) + B (t) € Dom (G™'),
for all ¢ lying in the interval g <t < ;.
Proof. From the hypotheses on « (t) we have o (t) > 0 for t € I.
(d1) Define a function z(t) by the right hand side of (3.3.41). Then z (tg) =

k,u(t) < z(t), z(t) is positive and nondecreasing for ¢ € I and

a(t)
20 = |a@®u@®)+ [ bab).0)ul)ds] a0

a(to)
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a(t)
< la(a®)z(a(t)+ / b(a(t),o)z(o)do| o (t)
L a(to)
i a(t)
< la(a@)+ / bla(t),o)do| o (£)= (1),
L a(to)

which implies

t a(s)

z (t) < kexp / a(a(s)) + / b(a(s),o)do| o (s)ds | . (3.3.46)

to a(to)

By making the change of variable on the right hand side in (3.3.46) and using
the fact that u (¢) < z () we get the inequality in (3.3.42).

(d2) The proof follows by the similar arguments as in the proof of (d;) and
the proof of Theorem 3.2.5, part (dy). Here we omit the details.

Remark 3.3.2. We note that the inequalities given in Theorem 3.3.5 contains
in the special case when b(t, s) = 0, the well known inequalities due to Gronwall,
Bellman and Bihari (see [34, Theorems 1.2.2 and 2.3.1]).

To the end of this section we present the inequality established in [64].

Theorem 3.3.6. Let I = [o,8],D={(t,s) € [*:a<s<t<f}andu(t),
f(t)e C(I,Ry) a(t,s),b(t,s),c(t,s) € C(D,Ry). Suppose that a(t,s),
b(t,s) be nondecreasing in ¢ for each s € I, h(t) € C*(I,I)

be nondecreasing with h(¢) <t on I, k > 0 be a real constant and

h(t) s

u(t) <k+ / a(t,s) | f(s)u(s)+ / c(s,0)u(o)do| ds
h(a) h(a)
h(B)
+ / b(t,s)u(s)ds, (3.3.47)
h(a)
forteI. If
h(B)
p(t) = / b(t,s)exp (E (s))ds < 1, (3.3.48)
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for t € I, where

h(t)

£
E(t) = /a(t,f) &+ / c(& 0)do| dE, (3.3.49)

h(a) h(a)

for t € I, then

exp (E (1)), (3.3.50)
fortel.

Proof. From the hypotheses on h(t) we have h' (t) > 0 for t € I. Let k > 0
and fix T € I, then for o < ¢ < T, from (3.3.47) we have

h(t) s
u(t)§k+/a(T,s) f(s)u(s)+/c(s,a)u(a)da ds
h(c) h(a)
h(B)
+ / b(T,s)u(s)ds. (3.3.51)
h(a)

Define a function z(¢,T), ¢t € [a, T] by the right hand side of (3.3.51). Then for
tela,T),u(t) <z(tT), 2(t,T) is positive and nondecreasing in ¢,

h(8)
z2(a, T) =k + / b(T,s)u(s)ds, (3.3.52)

h(e)
and
h(t)
Diz(t,T)=a(T,h(t)) | f (R @) u(h(t))+ / c(h(t),o)u(o)do| I (t)
h(a)

h(t)

<a(T,h(t) [f(h(®)z(h(t)+ / c(h(t),o)z (o, T)do| W (t)

h(a)
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ie.,
Dz (t,T) AlE)
S <a@h®) £ (k) +h(/)c(h(t),a)do W),  (3.3.53)

By setting ¢t = s in (3.3.53) and integrating it with respect to s from « to T we
get

T
A1) < z@ep | [a@h)[F ()
h(t)
+ / c(h(s),o)do| I (s)ds | . (3.3.54)
h(e)
Since T is arbitrary, from (3.3.54), (3.3.52) with T replaced by t we have
¢

2 (t) < 2 (a) exp / o (th () [f ((5))

(o34

h(t)
+ / c(h(s),o)do| b (s)ds |, (3.3.55)
h(a)
h(B)
z(a,t) =k + / b(t,s)u(s)ds. (3.3.56)
h)

By making the change of variable on the right hand side of (3.3.55) and using
u(t) < z(t,t), t €I we get

u(t) < z(a,t)exp (E (1)), (3.3.57)
for t € I. Using (3.3.57) in (3.3.56) and in view of (3.3.48), it is easy to observe
that

z(a,t) < _k
T l-p(t)
The required inequality in (3.3.50) follows by using (3.3.58) in (3.3.57). The
case k > 0 can be completed as mentioned in the proof of Theorem 3.2.4, part

(c1).

(3.3.58)

Remark 3.3.3. If we take in Theorem 3.3.6, (i) ¢(t, s) = 0,b(t, s) = 0,a(t,s) =
a(s), then we get the inequality given by Lipovan in [21, Corollary on p. 391]
fort € I, (ii) c(t,s) = 0, h(t) = t, then we get the inequality given by Pachpatte
in [52, Theorem 1]
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3.4 Retarded integral inequalities in two vari-
ables

The study of various classes of partial differential and integral equations has
led to the investigation of a number of new integral inequalities which provide
explicit bounds on the unknown functions. In this section we present some
fundamental retarded integral inequalities in two independent variables, recently
investigated by Pachpatte in [43,58,69,77], which can be used more conveniently
in certain applications.

In what follows R denote the set of real numbers; Ry = [0,00),R; =
[1,00),I1 = [x0,X),Is = [yo,Y) are the given subsets of R, A = I; x I
and ’ denotes the derivative. The partial derivatives of a function z(z,y) for
x,y € R with respect to x,y and xy are denoted by Dyz (z,y) (or %z (z,y) ),
Dsz (x,y) (or 8%z(ﬂc,y) ) and D1Dsz (x,y) = DDz (x,y) (or 8Z?’%Z'(x,y) or
Zyy (x,y) ) respectively.

We begin with the following theorems which contains the inequalities proved
in [43].

Theorem 3.4.1. Leta(z,y),b(z,y) € C(A,Ry)and a(z) € C* (I, 1), (y)
€ C! (I3, 1) be nondecreasing with a(z) < z on I, B(y) < y on I5. Let
k>0,c>1and p> 1 be real constants.

(a1) Hf u(z,y) € C(A,Ry) and

Ty a(r) B(y)
u(z,y) < k—l—//a(s,t) u (s, t) dtds+ / / b(s,t)u(s,t)dtds, (3.4.1)
%o Yo a(zo) B(yo)
for (x,y) € A, then
u(z,y) < kexp (A(z,y) + B (z,y)), (3.4.2)

for (z,y) € A, where

Ty
Awy) = [ [ats.t)dras, (3.43)
Zo Yo
a(z) B(y)
B (z,y) = / / b (s,t) dtds, (3.4.4)
a(zo) B(yo)
for (z,y) € A.
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(ag) U u(z,y) € C(A,Ry) and

u(z,y) Sc+//a(s,t)u(s,t)logu(s,t)dtds

Zo Yo

a(r) B(y)
+ / / b(s,t)u(s,t)logu(s,t)dtds, (3.4.5)
a(xo) B(yo)
for (z,y) € A, then

u(z,y) < ¢PAEY+FBEY) (3.4.6)

for (x,y) € A,where A(z,y) and B(z,y) are given by (3.4.3) and (3.4.4).

(a3) If u(z,y) € C(A,Ry) and

z Yy a(z) B(y)
uf (z,y) < c+//a (s,t)u(s,t)dtds + / / b(s,t)u(s,t)dtds, (3.4.7)
To Yo a(zo) B(yo)
for (z,y) € A, then
p=1 -1 =1
wlo) = |17+ (20 (4o + o] (3.48)

for (x,y) € A, where A(x,y) and B(x,y) are given by (3.4.3) and (3.4.4).

Theorem 3.4.2. Let a(x,y),b(z,y), a(x),B(y), k,c¢,p be as in Theorem
3.4.1. For i = 1,2, let g; € C (R4, Ry) be nondecreasing with g; (u) > 0
for u > 0.

(b1) If w(z,y) € C(A,Ry) and for (z,y) € A,

u(z,y) §k+//a(s,t)gl (u(s,t))dtds

Zo Yo
a(z) B(y)
+ / / b(s,t)ge (u(s,t))dtds, (3.4.9)
a(o) B(yo)

then for o <z < z1,y0 <y <wyis2,21 € I1,y, 51 € s,
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(1) in case g2 (u) < g1 (u),
u(z,y) < Gy [Gr (k) + A(z,y) + B (z,y)], (3.4.10)
(1) in case g1 (u) < ga (u),
u(z,y) < Gy G (k) + A(z,y) + B (z,y)], (3.4.11)

where G, Gi_1 are as in Theorem 3.2.2, part (b1) and A(x,y), B(z,y) are given
by (3.4.3), (3.4.4) and z; € I, y1 € I> are chosen so that for i = 1,2,

G; (k) + A(z,y) + B(z,y) € Dom (G;'),

for all x and y lying in [z, z1] and [yo,y1] respectively.

(be) If u(z,y) € C (A, Ry) and for (z,y) € A,

u(z,y) <c+ //a(s,t) u(s,t) g1 (logu(s,t))dtds
a(r) B(y)
+ / / b(s,t)u(s,t)ge (logu(s,t))dtds, (3.4.12)

a(zo) B(yo)
then for 2o <z <o, yg <y < yo; 2,22 € In,y,y2 € 1o,

(i) in case g2 (u) < g1 (u),
u(z,y) < exp (Gl_l [G1 (logc) + A(z,y) + B(z,y)]) » (3.4.13)
(1) in case g1 (u) < g2 (u),
u(z,y) < exp (G5 ' [Ga (logc) + A(z,y) + B(z,y)]), (3.4.14)

where G;, G; ', A(x,y), B(x,y) are as in (by) and a9 € I, y2 € Iy are chosen so
that for ¢ =1, 2,

G; (logc) + A(z,y) + B (z,y) € Dom (G;),

for all x and y lying in [z, z2] and [yo, y2] respectively.

(bg) If u(x,y) € C(A,Ry) and for (z,y) € A,

z oy
uP (z,y) < k+ //a(s,t) g1 (u(s,t))dtds
Zo Yo
a(t) B(t)
+ / / b(s,t) g2 (u(s,t))dtds, (3.4.15)
a(zo) B(yo)
then for g <o < 3,y0 <y < ys;w, 23 € I1,y,y3 € I,
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(i) in case g (u) < g1 (u).,
w(z,y) < {HTV[Hy (k) + A(z,y) + B (z,9)]} 7 (3.4.16)
(i4) in case g, (u) < go (u),
w(ey) < {Hy' [Ha () + A(x,y) + B (a,y)]}7 (3.4.17)

where H;, H; ! are as in Theorem 3.2.2, part (b3) and A(x,y), B(z,y) are given
by (3.4.3), (3.4.4) and x3 € I, y3 € I are chosen so that for i = 1,2,

H; (k) + A(x,y) + B (z,y) € Dom (H; '),

for all z and y lying in [zg, x3] and [yo, y3] respectively.

Proofs of Theorems 3.4.1 and 3.4.2. Since the proofs resemble one an-
other, we give the details for (a;) and (bs) only; the proofs of the remaining
inequalities can be completed by following the proofs of the above mentioned
inequalities and closely looking at the proofs of Theorems 3.2.1 and 3.2.2.

From the hypotheses we observe that o (x) > 0 for z; € I, 5’ (y) > 0 for
UES IQ.

(a1) Let &k > 0 and define a function z(z,y) by the right hand side of
(3.4.1).Then z (zo,y) = z(x,9) = k, u(z,y) < z(x,y), z(z,y) is positive
and nondecreasing for (z,y) € A and

Yy B(y)
Diz(z,y) = /a(w,t)u(x,t) dt + / b(a(z),t)u(a(z),t)dt | o (x)
Yo (o)
Yy B(y)
< /a(m,t)z(x,t)dt+ / b(a(z),t)z(a(z),t)dt | (z)
Yo (o)
B(y)

(yo)

<:@) [a@ndiz@@).00) | [ baw@.nd|d@
y B(y)
<z(z,y)

Y
|:yo (y0)

a(z,t)dt + /b(a(z),t)dt o (2)];

ie.,
B(y)

M</a(x,t)dt+ /b(a(x),t)dt o (2). (3.4.18)

z(z,y)

Yo (yo)
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Keeping y fixed in (3.4.18), setting = o, and integrating it with respect to o
from zg to x, z € I;, and by making the change of variable we get

z(z,y) < kexp(A(x,y)+ B(x,y)). (3.4.19)

Using (3.4.19) in u (z,y) < z (z,y) we get the required inequality in (3.4.2). The
case k > 0 follows as mentioned in the proof of Theorem 3.2.1, part (a).

(bs) Let k > 0 and define a function z(z,y) by the right hand side of (3.4.15).

Y
Then z(zg,y) = z(z,y0) = k,u(x,y) < {z (m,y)}% , z(x,y) is positive and
nondecreasing for (z,y) € A and

Diz(z,y) = /a (z,t) g1 (u(z,t))dt

B(y)
" /b<a<x>,t>gz<u<a<m>,t>>dt of (2)
(o)

IN
k““mt

a(z,t) g ({z (x,t)}%> dt

0 By)
+| [ pa@ e (a@.np)d | @
(yo)

<o (G=@0)) [atena

B(y)

) / bla(@).1) | o (@). (3.4.20)
(yo)

(7) When gs (u) < ¢1 (u), then from (3.4.20) we observe that

=

+92 ({2 (@ (2).8 ()

D y B(y)
12 (7, y)

; /a x,t)dt + / bla(z),t)dt | o (z). (3.4.21)
& ({Z ny)} (v0)

From (3.2.27) and (3.4.21) we have

DIZ (Jf, y)

D1 Hy (2 (2,y)) = W
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y B(y)
< y/ o (@, 1) dt + (/)b(oz(ac),t)dt o (7). (3.4.22)

Keeping y fixed in (3.4.22), setting z = o,then integrating with respect to o
from xg to x; x € I;, and making the change of variable we have

Hy (2 (2,y)) < Hy (k) + A(z,y) + B (,9). (3.4.23)

Using the bound on z(x,y) from (3.4.23) in u (x,y) < {z (=, y)}% we get (3.4.16).
The case k > 0 follows as mentioned in the proof of Theorem 3.2.1, part (ay).
The subdomain for z,y is obvious. The proof of the case when g1 (u) < g2 (u)
can be completed similarly.

Remark 3.4.1. We note that the above proofs can be carried out by differ-
entiation of z(x,y) defined therein, with respect to y. Similar remarks apply to
the proofs of other inequalities in Theorems 3.4.1 and 3.4.2.

A more general version of the inequality (3.4.9) in Theorem 3.4.2, recently
established in [69] is embodied in the following theorem.

For some suitable functions defined on the respective domains of their defini-
tions we set

F [Cﬂ,yam;¢1,¢17a17]91§ (15271/}2,(12’]92]

d1(x) P1(y)
= / / ay (s,t) p1 (m(s,t)) dtds
b1(x0) P1(yo)
$2(x) P2(v)
+ / / as (s,t) pa (m (s,t)) dtds,
b2(z0) ¥2(yo)

to simplify the details of presentation.

Theorem 3.4.3. Let u(z,y), f(z,y),b(z,y),a1 (z,y),a2 (z,y) € C (A, Ry)
and for i = 1,2 ¢; () € C* (I1, 1) ,¢; (y) € C' (I2, I2) be nondecreasing with
¢i(r) <axon I, ¥, (y) <yon Il Let g; (u),i =1,2 be as in Theorem 3.2.3
and for (z,y) € A,

u(z,y) < fx,y) +b(x,y) Fle,y,u; ¢1,91,a1, 915 ¢2, 2, a2, g2] , (3.4.24)

then for o <z < z1,y0 <y <wyi32,21 € I1,y, 11 € s,
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() in case ga (u) < g1 (u),
u(@,y) < f(@,y) +b(z,y) Gy [G1(E (z,y))

+F [z,y,b; 01,91, a1, 91,02, %2, az, g2]] » (3.4.25)
(1) in case g1 (u) < ga (u),

u(z,y) < f(2,y) +b(z,y) Gy " [G2 (E (x,y))

+F [x,y,b; 1,91, a1, 91,02, V2, a2, g2 , (3.4.26)
where Gj, Gi_l,i = 1,2 are as in Theorem 3.3.2, part (b1),
E(z,y) = Fx,y, f; 61,1, a1, 915 P2, V2, a2, g2] , (3.4.27)

and 1 € I, y1 € I3 are chosen so that for i = 1,2,

Gi (E(z,y)) + F [z, y,b;¢1,%1, a1, 13 ¢2, Y2, az, go] € Dom (G;1),

for all x and y lying in [z, z1] and [yo, y1] respectively.

Proof. From the hypotheses we observe that for i = 1,2, ¢/ () > 0forz € I
, Y5 (y) >0 for y € I. Define a function z(z,y) by

Z (.’II, y) =F ['T7 Y, u; ¢17 77[]17 a1, 91; ¢2) w27 a2792] . (3428)
Then z (z,y) = 2z (z,y0) = 0 and (3.4.24) can be restated as
u(z,y) < fz,y) +b(z,y)z(z,9). (3.4.29)

Using (3.4.29) in (3.4.28) and making use of the hypotheses on g1, g2 we get

o1(x) YP1(y)
2(e.y) < E(z,y) + / / ar (s.1) g1 (b(s,6)) g1 (= (s, 1)) deds
¢1(3€0)w1(yo)

$2(x) P2(v)
+ / / as (8,t) g2 (b(s,t)) g2 (u(s,t)) dtds. (3.4.30)
b2(zo) P2 (vo)

The rest of the proof can be completed by closely looking at the proof of Theorem
3.2.3 given in section 3.2 and following the proofs of similar results given in [43]
and [34] with suitable changes. Here we omit the further details.

Remark 3.4.2. We note that the inequalities given in Theorem 3.4.2, parts
(b2) and (b3) can be extended very easily in the framework of Theorem 3.4.3,
when b(z,y) = 1 and f(z,y) is equal to the respective constants given therein.
Since these translations are quite straightforward in view of Theorem 3.4.3, we
leave it for the readers to fill in where needed.
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The following theorem involving Lipschitzian type kernel functions, deals with
the inequalities proved in [77].

Theorem 3.4.4. Letu(z,y),a(z,y),b(z,y) € C (A Ry)and a(z) € C* (11, I1),
B (y) € Ct (I, I2) be nondecreasing with o (z) < zfor z € I B (y) <y for y € L.

(c1) Let L € C(A x Ry,Ry) and

0<L(z,y,u) — L(z,y,v) <M (x,y,v) (u—v), (3.4.31)
for (z,y) € A and u > v >0, where M € C (A x Ry, Ry). If
a(z) B(y)
u () < a(e,y) +b(zy) / / L (s, u (s, 1)) dids, (3.4.32)
a(zo) B(yo)

for (z,y) € A, then
u(z,y) <a(z,y)+b(z,y)e(z,y)
a(z) B(y)
X exp / / M (o,7,a(0,7))b(0,7)drdo |, (3.4.33)
a(zo) B(yo)
for (z,y) € A, where
a(z) B(y)
e(x,y) = / / L(s,t,a(o,7))drdo, (3.4.34)
a(zo) B(yo)
for (z,y) € A.

(c2) Let L € C(Ax Ry,Ry) and ¢ € C (R4, Ry) be strictly increasing
function with v (0) = 0 and

0 < L(z,y,u) — L(z,y,v) < M (z,y,0)¢ "' (u—v), (3.4.35)
for (z,y) € A and u > v > 0, where M € C (A x Ry,R;) and ¢! is the
inverse of . If

a(z) B(y)
u(z,y) <a(z,y)+v | b(z,y) / / L(s,t,u(s,t))dtds |, (3.4.36)
a(zo) B(yo)
for (z,y) € A,, then
u(z,y) <alz,y) +¢(b(z,y)e(r,y)
a(z) B(y)
X exp / / M (o,7,a(0,7))b(0,7)drdo , (3.4.37)
a(zo) B(yo)
for (x,y) € A, where e(x,y) is given by (3.4.34).
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(c3) Let L,vp and M be as in (¢) and the condition (3.4.35) holds. Suppose
in addition ¥~ (zy) < ¥~ ()1 (y) for z,y € Ry. If

a(z) B(y)
w(2,y) < a(z,y) +b(y) v / / L(s.tou(s.t)dtds |, (3.4.38)
a(zo0) B(yo)

for (z,y) € A, then

u(z,y) < a(z,y)+b(z,y)P(e(z,y)
a(z) B(y)
X exp / M (o,7,a (0, 7))~ (b(0,7)) drdo , (3.4.39)
a(zo) B(yo)
for (z,y) € A, where e(z,y) is given by (3.4.34).

(cq) Let L, M be as in (c;) and the condition (3.4.31) holds. Let g,G,G~! be
as in Theorem 3.2.5, part (dy). If for (z,y) € A,

a(z) B(y)
w(@,y) < al(z,y) +b@y)g / / L(s,t,u(s,t)dids |, (3.4.40)
a(zo0) B(yo)

then for zg < x < z1,y0 <y <wyi;x,21 € I1,y,y1 € Io,

u(z,y) < a(z,y) +b(z,y) g (GG (e(x,y))
a(@) By)
+ / / M (o,7,a(0,7))b(0,7)drdo| |, (3.4.41)
a(zo) B(yo)
where e(z,y) is given by (3.4.34) and z1 € I, y1 € I3 are chosen so that
a(z) B(y)
Ge(z,y)) + / / M (o,7,a(0,7))b(0,7)drdo € Dom (G™),
a(zo) B(yo)

for all x and y lying in [z, z1] and [yo, y1] respectively.

Proof. (c;) Define a function z(x,y) by
a(s) B(y)
z (z,y) = / / L (s,t,u(s,t))dtds. (3.4.42)
a(zo) B(yo)
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Then (3.4.32) can be restated as
u(z,y) < alz,y) +b(z,y)z(2,y), (3.4.43)

for (x,y) € A. From (3.4.42) it is easy to see that

DyDyz(x,y) = L(a(z), 8 (y),u(a(z),B ) (x) 5 (). (3.4.44)

From (3.4.44), (3.4.31) and following the idea of the proof of Theorem 3.3.3 part
(c1) it follows that

DDz (x,y) < L(a(z),B(y),ala(x),B(y)) o (x)5 (y)
+M (o (x), B (y),ala(x),By))b(a(z),B )z (a(x),8(y)a (z) 5 (y),

which implies

2 (2y) < / / La(s),B(t),a(a(s),B(1)a (s) (1) dids

Zo Yo

z oy
[ [3@6).50 00650
Zo Yo
xb(a(s),B(t))z(s,t)a’ (s) [ (t)dtds. (3.4.45)
Clearly the first integral on the right hand side in (3.4.45) is nonnegative and

nondecreasing in both the variables « and y. Now a suitable application of
Theorem 4.2.2 given in [34, p. 325] yields

2(a,y) < / / L(a(s),8(t).ala(s), (1) o (s) () dids

0 Yo

« exp (//M(a<s>,5<t>,a<a<s>,mt)))

xb(a(s), B(0)b(als),B(8)a ()8 (t) dtds) (3.4.46)

Now by making the change of variables on the right hand side of (3.4.46) and
substituting the resulting estimate on z(x,y) in (3.4.43) we get (3.4.33).

The proofs of (c2) — (c4) can be completed by following the proof of (¢1) given
above and closely looking at the proof of Theorem 1.4.4, parts (d2) — (d4). Here
we leave the details to the reader.

Remark 3.4.3. We note that from Theorem 3.4.4, one can very easily obtain
the corollaries similar to those of given in [12] (see [34]) with suitable changes.
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The following theorem offer another useful inequality established in [58].

Theorem 3.4.5. Let I; = [zo,M] I = [yo,N],A = I x Iz and D

{(@y,s,t) €A’ :ag<s<a <My <t<y<N}. Let u(z,y) € C(A Ry)
and a (z,y,s,t),b(z,y,s,t) € C (D, Ry) be nondecreasing in « and y for (s, t) €
A. Let a(x) € C* (I, 1), B(y) € C* (I, I3) be nondecreasing with a (z) < z
on I, B (y) <y on I and suppose that
a(z) B(y)
u(z,y) <c+ / / a(z,y,s,t)u(s,t)dtds
a(zo) B(yo)
a(M) B(N)
+ / / b(x,y,s, t)u(s,t)dtds, (3.4.47)
a(zo) B(yo)
for (z,y) € A, where ¢ > 0 is a real constant.If
a(M) B(N)
p(z,y) = / / b(z,y,s,t)
a(zo) Byo)
a(z) B(y)
X eXp / / a(z,y,0,7)drdo | dtds < 1, (3.4.48)
a(zo) B(yo)
for (z,y) € A, then
a(z) B(y)
c
u(r,y) < —————exp / / a(x,y,s,t)dtds |, 3.4.49
(@) € T (.95.1) (3.4.49)
a(zo) B(yo)

for (z,y) € A.

Proof. Fix any arbitrary element (X,Y) € A. Thenforzo <z < X,y <y <Y
we have

a(z) B(y)
u(x,y)§c+/ /a(X,Y,&t)u(s,t)dtds
a(zo) B(yo)
a(M) B(N)
+/ /b(X,Y,&t)u(s,t)dtds. (3.4.50)
a(zo) B(yo)
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Let
a(M) B(N)
BX,Y) = ¢+ / / b(X,Y,s,t)u(s,t) dtds, (3.4.51)
a(zo) B(yo)
then (3.4.50) can be restated as
a(z) B(y)
u(z,y) <EkE(X,)Y)+ / / a(X,Y, s, t)u(s,t)dtds (3.4.52)
a(zo) B(yo)

for zg <z < X,yo <y <Y. Now a suitable application of the inequality given
in Theorem 3.4.1, part (a1) to (3.4.52) yields
a(z) By)
u(z,y) < k(X,Y)exp / / a(X,Y,0,7)dodr |, (3.4.53)
a(zo) B(yo)

for xo <2 < X,y <y <Y. Since (X,Y) € A is arbitrary, from (3.4.53) and
(3.4.51) with X and Y replaced by « and y we have

a(z) B(y)
u(z,y) < k(z,y)exp / / a(z,y,o0,7)dodr |, (3.4.54)
(o) B(yo)
where
a(M) B(N)
k(z,y) =c+ / / b(z,y,s,t)u(s,t)dtds, (3.4.55)
a(o) B(yo)

for all (x,y) € A. Using (3.4.54) on the right hand side of (3.4.55) and in view
of (3.4.48) we have

k(z,y) < Ty (3.4.56)

for (z,y) € A. Using (3.4.56) in (3.4.54) we get the desired inequality in (3.4.49).

Remark 3.4.4. If we take in Theorem 3.4.5, (i) b(z,y, s,t) =0, (ii) « (z) = z,
B (y) = y, then we get new inequalities which can also be used as tools in certain
applications.
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3.5 More retarded integral inequalities in two
variables

In [47,59,60,74] Pachpatte has investigated a number of integral inequalities in
two independent variables, which play a vital role in the study of various classes
of retarded partial differential and integral equations. This section is devoted
to some retarded integral inequalities established in the above cited references,
which can be used as basic tools in variety of applications. In what follows, we
shall use the notations and definitions as given in section 3.4.

First we give the following theorem which deals with the integral inequality
proved in [74].

Theorem 3.5.1. Let u(z,y),a(z,y),b(z,y) € C (A, Ry)and a(z) € C*
(I, 1), B (y) € C' (I, I) be nondecreasing with o () < z on I1, B (y) <y
on IQ. If

a(z) B(y)
u(z,y) <k+ / / a(s,t)[u(s,t)
a(zo) B(yo)
st
+ / / b(o,n)u(o,n)dndo | dtds, (3.5.1)
a(zo) B(yo)

for (z,y) € A,where k > 0 is a real constant, then

a(z) B(y)
u(z,y) <k |1+ / /a(m,n)
a(zo) B(yo)

X exp / / [a(o,n) + b(0,n)]dndo | dndm | , (3.5.2)
e(o) B(yo)

for (z,y) € A.
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Proof. From the hypotheses we observe that o (z) > 0 for x € I, 8’ (y) >0
for y € I5. Let k > 0 and define a function z(z,y) by the right hand side of
(3.5.1). Then z(zo,y) = z (z,y0) = k,u(z,y) < z(x,y), z(x,y) is positive and
nondecreasing for (z,y) € A and

DaDyz(x,y) = a(a(z),B () [ula(z),(y))

a(x) Bly)
+ [ ] vemuion dndcr] B (y) o ()
a(wo) Blyo)
a(z) Bly)
<a(a(z),B(y)) {z (a(z),8(y)) + / b(a,n)z(o,m) dndal B (y) o (x)
a(zo) B(yo)
a(@) By)
<ala(@),8) { @+ [ [ vemzen dnda} 8 () o’ ().
a(zo) B(yo)
Let
a(x) Bly)
v(x,y) =z (z,y) + / / b(o,n) z(o,n)dndo. (3.5.3)
a(zo) B(yo)

Then v <x07y) =z (LU(),y) = k? v (‘/1"7 yO) =
is positive and nondecreasing for (z,y) €

Z (.’Iﬁ,yo) =k, z (‘r’y) S (‘T7y)7 v(m,y)
A,

DDz (2,y) < ala(z),By)v(z,y) B (y) o (), (3.5.4)
and

DyDyv (2,y) = DaDiz (z,y) +b(a(z),B () 2 (a(z),B(y) B (v) o (2)

<ala(x),By)v(zy) b () o (@)+b(a(z),8w)v(a(),By) 6 (y)o (z)
<la(a(@),8(y) +bo(a(@),8)]v(z,y) B 1) o (2). (3.5.5)

Now by following the proof of Theorem 4.2.1 given in [34] with suitable changes,
from (3.5.5) we obtain

v(z,y) < kexp (//[a (a(s),B(t) +b(a(s),B(t))]

0 Yo

x B (t) o' (s)dtds) . (3.5.6)
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Making the change of variables on the right hand side of (3.5.6) yields

a(z) B(y)
v(x,y) < kexp / / [a(o,n) +b(o,n)]dndo | . (3.5.7)
e(zo) B(yo)

Using (3.5.7) in (3.5.4) we have
DaDyz (x,y) < ka(a(x),5(y))

a(z) B(y)
xexp| [ [ lalom +blomldnds | 5 @)’ @), (358)
e(zo) B(yo)
Keeping z fixed in (3.5.8), set y = t and integrate with respect to t from yq

to y for y € Iy, then keeping y fixed in the resulting inequality, set = s and
integrate with respect to s from x( to x for x € I; to obtain the estimate

2o y) <k 1+/ /a<a<s>,ﬁ<t>>
a(zo) B(yo)

a(z) By)
X exp / / la(0,m) +b(o,n)dndo
a(zo) B(yo)

x 3 (t) o (s)) dtds] . (3.5.9)

By making the change of variables on the right hand side of (3.5.9) and using
the fact that u (z,y) < z (z,y) we obtain the desired inequality in (3.5.2). The
case k > 0 follows as mentioned in the proof of Theorem 3.2.1, part (aq) .

Remark 3.5.1. In the special case when « (z) =z, #(y) = y the inequality
given in Theorem 3.5.1 reduces to the inequality given in [34, p. 336].

Next we shall give the following theorem which contains the inequalities es-
tablished in [47].

Theorem 3.5.2. Letu(xz,y),a(x,y) € C(A,Ry)andb(x,y,s,t) €
forzg <s<z<X,yo<t<y<Y. Let a(x) € C'(I1,I1), B(y) €
be nondecreasing with a(x) < x on Iy, f(y) < yon Iy and k > 0
constant.

Cl (I, 1)

C (A% R,)
be a real
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(al) If

a(z) B(y)
u(z,y>s1€+/ /[a<5,t>u(5,t)
a(zo) B(yo)

+/ /b(s,ta,n)u(a,n)dndo dtds,
a(zo) B(yo)

for (z,y) € A, then

u(z,y) < kexp (A(z,y)),

for (x,y) € A, where

a(z) B(y) s t
A(x,y) = / / a(s,t)+ / / b(s,t,o,n)dndo | dtds,
a(zo) B(yo) a(zo) B(yo)

for (z,y) € A.

(a2) Let g(u) be as in Theorem 3.3.2, part(by). If for (z,y) € A,

a(z) B(y)
u(x,y>s1e+/ /[a<s,t>g(u<s,t>>
a(zo) B(yo)

+/ /b(s,t,o,n)g(U(mn))dndU dtds,
a(z0) B(y0)

then for 2o <z < @1,y0 <y <y1;2,21 € Iy, 41 € 1o,

u(z,y) < GG (k) + A(z,y)],

(3.5.10)

(3.5.11)

(3.5.12)

(3.5.13)

(3.5.14)

where A(x,y) is given by (3.5.12), G,G~! are as given in Theorem 3.3.2, part

(b1) and x4 € I, y1 € I2 are chosen so that
G (k) + A(z,y) € Dom (G™'),

for all x and y lying in [xg,z1] and [yo, y1] respectively.

(3.5.15)
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Proof. (a;) From the hypotheses we observe that o/ (x) > 0 for x € I,
B (y) > 0 for y € Ir. Let k > 0 and define a function z(z,y) by the right
hand side of (3.5.10). Then z(zo,y) = z (z,y0) = k,u (z,y) < z(x,y), 2(z,y)
is positive and nondecreasing for (z,y) € A and

B(y)
Dizay) = | [ lata@. fula@).0
B(yo)
a(z) ¢t
+ / /b(a(x),t,a,n)u(a,n)dndo dt| o (z)
a(xo) B(yo)
B(y)
<| [ @@z,
B(yo)
afr) ¢
+ / /b(a(x),t,a,n)z(a,n)dnda dt| o (x). (3.5.16)
a(zo) B(yo)

From (3.5.16) it is easy to observe that

B(y)
Dlz (xvy) <

z (w,y)

a(z) t
+ / / b(a(z),t,o,n)dndo| dt| o (z). (3.5.17)
a(zo) B(yo)
Keeping y fixed in (3.5.17), setting = £ and integrating it with respect to &
from xg to x for x € I; and making the change of variables we get

z(z,y) < kexp (A(z,y)). (3.5.18)

Using (3.5.18) in w (z,y) < z(x,y) we get the required inequality in (3.5.11).
The case k > 0 follows as mentioned in the proof of Theorem 3.4.1, part (ay).

(a2) The proof can be completed by following the proof of (a;) given above
and closely looking at the proof of Theorem 3.4.2. Here we omit the details.

In the following theorems we present the inequalities investigated in [59].
Theorem 3.5.3. Let u(z,y),a(z,y),b; (v,y) € C (A, Ry)and o; (x) € C*

(I, 1), B; (y) € C* (I, I5) be nondecreasing with «; (x) < x on Iy, 8; (y) < y
on Iy for i =1,...,n and k > 0 be a real constant.
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(br) If
x n (@) Bi(yo)
u(z,y) < k—|—/a(s7y)u(8,y) ds+z / / bi (s,t) u(s,t)dtds, (3.5.19)
20 “La(wo) i (w0)
for (z,y) € A, then
n @@ Bi(yo)
u(z,y) < kq(,y)exp | Y / / bi (s,t) q (s, 1) dids | , (3.5.20)
(@) ilvo)
for (x,y) € A, where

x

¢(z,y) = exp / alE.y)de | (3.5.21)

0

for (z,y) € A.

(b2) Let g € C(R4+,Ry+) be nondecreasing and submultiplicative function
with g(u) > 0 for u > 0. If for (z,y) € A,

€T

u(z,y) Sk‘—i—/a(s,y)u(s,y)ds

xo
n i@ Bi(y)
+> / / bi (s,t) g (u(s,t)) dids, (3.5.22)
=Lai(z0) Bi(vo)
then for o <z < xo,y0 <y <y232,22 € I1,y,y2 € I,
u(@,y) < qla,y) GG (k)
n (@) Bi(y)
+> / / bi (s,t) g (q(s,t))dtds| , (3.5.23)
i=1
ai(xo) Bi(yo)

where g(z,y) is given by (3.5.21) and G~! is the inverse function of

ds
G(r z/—,r>0, 3.5.24
0=[ 5 (35.24)
ro
ro > 0 is arbitrary and xo € I, y2 € I3 are chosen so that
ai(z) Bi(y)

¢r+Y. [ [ wsngatsn)ids e Dom (G,
=1
ai(zo) Bi(yo)

for all z and y lying in [z, z2] and [y, y2| respectively.
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Proof. From the hypotheses we observe that o (z) > 0 for x € I, ' (y) >0
fory € I5.

(b1) Let k > 0 and define a function z(z,y) by
ai(z) Bi(y)
z(z,y) =k+ Z / / bi (s,t) u(s,t)dtds. (3.5.25)
=a,(z0) Bi(yo)
Then (3.5.19) can be restated as
u(z,y) < z(z,y)+ /a (s,y)u(s,y)ds. (3.5.26)
Zo

It is easy to observe that z(x,y) is positive, continuous and nondecreasing func-
tion for (z,y) € A. Treating y fixed in (3.5.26) and using Theorem 1.3.1 given
in [34] to (3.5.26) we get

u(z,y) < q(z,y)z(2,9), (3.5.27)

for (z,y) € A, where ¢(x,y) is given by (3.5.21). From (3.5.25)and (3.5.27) we
have

n i@ Bi(y)
z(z,y) < k+ Z / / bi (s,t) q(s,t)z(s,t)dtds. (3.5.28)
i=1
ai(zo) Bi(yo)

Define a function v(z,y) by the right hand side of (3.5.28). Then v (zg,y) =
z (zo,y) =k, z (z,y) <v(x,y), v(z,y) is positive and nondecreasing for (z,y) €
A and

Bi(y)
Div () =Y / b (s () ,£) q (o (2), £)2 (0 (), ) dt | o ()

ie.,
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Keeping y fixed in (2.5.29), setting © = o and integrating it with respect to o
from xg to = for x € I, making the change of variables and using the fact that
z(z,y) <v(z,y) we get
ai(z) B(y)
z(z,y) < kexp Z / / bi (s,t)q(s,t)dtds |, (3.5.30)
i=1
a;i(wo) Bi(yo)

for (z,y) € A. Using (3.5.30) in (3.5.27) we get the required inequality in
(3.5.20). The case k > 0 follows as noted in the proof of Theorem 3.2.1, part

(a1)-

(b2) Let k > 0 and define a function z(z,y) by

ai(z) B(y)
c@y) =k + Y / / bs (5,1) g (u (s, 1)) dtds, (3.5.31)
=1
ai(zo) Bi(yo)

Then (3.5.22) can be restated as

x

u(z,y) < z(x,y)+ /a (s,y)u(s,y)ds. (3.5.32)

Zo

As in the proof of part (b1), using Theorem 1.3.1 given in [34] to (3.5.32) we
have

u(z,y) <q(z,y)z(z,y), (3.5.33)

for (z,y) € A, where g(z,y) and z(z,y) are given by (3.5.21) and (3.5.31).
From (3.5.31), (3.5.33) and the hypotheses on g we have
n i@ Bi(y)
ek [ [ blsnglatsn (o) ds
=L (o) Bi(vo)

n i@ Bi(y)
<k+ Z / bi (s,t) g(q(s,t)) g(z(s,t))dtds. (3.5.34)
=i (20) Bi(vo)
Define a function v(z,y) by the right hand side of (3.5.34). Then v (zg,y) =
v(x,y0) =k, z(z,y) <v(x,y), v(z,y) is positive and nondecreasing for (z,y) €
A and
" Bi(y)
Do) = Y0 | [ bl 09 0i @), 0) 9 o @), dt | (0

=1 \gi(vo)
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" Bi(y)
< bi (@i (x),t) g (q (i (z),1)) g (v(i(x),t))dt | o (x)
i=1 i (Yo)
n Bi(y)
<o) | [ bl Do, n)dt | ol (353)
i=1 l(yo)
From (3.5.24) and (3.5.35) we have
o Dl” (x,y)
DG @) = 70w
n Bi(y)
<> / bi (i (z),t) g (q (e (z),1))dt | o (x). (3.5.36)
=1 \8i(wo)

Keeping y fixed in (3.5.36), setting © = o and integrating it with respect to o
from xg to x for x € I; and making the change of variables we get
n i@ Bi(y)
G(zy) <G+ / / bi (s,t) g (q (s,t)) dtds. (3.5.37)
“=ai(zo) B: (vo)
From (3.5.37) and (3.5.33) we get the required inequality in (3.5.23). The case

k > 0 follows as mentioned in the proof of Theorem 3.2.1,part (a;). The sub-
domain for x,y is obvious.

Theorem 3.5.4. Let u(x,y),a(x,y),b; (z,y),q; (x),0; (y),k be as in The-
orem 3.5.3 and ¢ (z,y) € C (A,Ry).

(61) If
u(a:,y)gk‘—l—/a(s,y) u(s,y)+/c(o,y)u(o,y)da ds

n (@) Bi(y)
+> / bi (s,t) u (s,t) dtds, (3.5.38)
i:16¥i($0) Bi(yo)

for (x,y) € Athen

L) Biw)
u(z,y) < kp(x,y)exp Z / bi (s,t)p(s,t)dtds |, (3.5.39)

=L a,(20) Bi (vo)
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for (z,y) € A, where

x 13
p(x,y) =1+ /a(g,y) exp /[a (o,y)+b(o,y)|do | d&, (3.5.40)

for (z,y) € A.

(c2) Let g be as in Theorem 3.5.3, part (be). If for (z,y) € A,
wwy) <kt [ (uls+ [ ety do s
xo Zo
n ai(z) Bi(y)
+> / / bi (s,t) g (u(s,t))dids, (3.5.41)
=Lai(20) Bi(vo)
then for 2o <z <as,y0 <y < ys; 2,23 € I1,y,y3 € Iz,
u(z,y) <p(z,y) GG (k)
ai(z) Bi(y)
+> / / bi (s,t) g (p(s,t))dtds| (3.5.42)
=1
ai(zo) Bi(yo)

where p(z,y) is given by (3.5.40), G, G~! are given as in Theorem 3.5.3, part
(be) and x5 € I, y3 € I2 are chosen so that

L, i@ Biy)
G(k)+2/ /bi(s,t)g(p(s,t))dtdseDom(G*),
Lo (20) Bi(yo)

for all z and y lying in [zg, z3] and [yo, y3] respectively.

Proof. From the hypotheses we have o} (x) > 0 for z € I;, 5, (z) > 0 for
Y € 12.

(c1) Let k > 0 and define a function z(z,y) by (3.5.25). Then (3.5.38) can be
restated as

u(z,y) < z(w,y)+/a(s,y) U(S,y)+/c(0,y)u(o,y) do | ds. (3.5.43)

Clearly, z(z,y) is positive, continuous and nondecreasing function for (z,y) € A.
Treating y for y € I fixed in (3.5.43) and applying Theorem 1.7.4 given in [34]
to (3.5.43) yields

u(z,y) <plz,y)z(zy)), (3.5.44)
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where p(x,y) and z(z,y) are given by (3.5.40) and (3.5.25). Now by following
the proof of Theorem 3.5.3, part (b;) with suitable changes we get the desired
inequality in (3.5.39).

(c2) The proof can be completed by following the proof of part (c¢1) given
above and the proof of Theorem 3.5.3, part (b2). Here we omit the details.

Remark 3.5.2. If we take a(z,y) = 0 in Theorems 3.5.3 and 3.5.4, then we
recapture the inequalities established in Theorem 3, part (C7) and Theorem
4, part (D1) in a recent paper [74]. We also note that, if we take in (3.5.19)
a(z,y) = 0 and replace the constant k by a function r (x,y) € C (A, Ry), which
is nondecreasing for (z,y) € A, then the bound obtained in (3.5.20) takes the
form

a;i(z) Bi(y)
u(z,y) <7 (v,y)exp Z/ /bi(s,t)dtds 7
i=1
a;(zo0) Bi(yo)

for (z,y) € A, which is the inequality given in Theorem 3, part (Cs) in [74].
These inequalities can be used as basic tools in some applications.

Finally we give the following theorem which deals with the inequalities proved
in [60].

Theorem 3.5.5. Let u(xz,y),a;(z,y),b; (z,y) € C(A,Ry) and oy (x) €
CY (I, 1), B: (y) € C! (I3, I) be nondecreasing with a; (z) < z on Iy, 3; (y) <
yon Iy fori=1,...,n. Let p > 1 and ¢ > 0 be real constants.

(dy) If
n i@ Bi(y)
W (5,y) < c4p / / las (5, ) u? (s,8) + by (s, £) u (s, £)] dids, (3.5.45)
=1
ai(zo) Bi(yo)

for (z,y) € A, then

n i@ Biy) T
u(z,y) < Bz,y)exp | (p—1) ) / / a; (0, 7) drdo , (3.5.46)
izlai(fo) Bi(yo)

for (z,y) € A, where
n i@ Biy)
p—1
By = {7 +0-1Y / / b; (0, 7) drdo, (3.5.47)
=ai (o) Bi(vo)

for (x,y) € A.
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(d2) Let w(u) be as in Theorem 3.2.6, part (go2).If for (z,y) € A,

ai(z) Bi(y)
wepers), [ [ laeuenuus)
=La,(z0) Bi(vo)
+b; (s,t)u (s, t)] dtds, (3.5.48)

then for 2o <z <a4,y0 <y < ya;2,24 € I, y,ys € 1o,

u(z,y) < {F'[F(B(z,y) +(p—1)

1

ai(z) Bi(y) p-1
X Z / a; (o, 7)drdo , (3.5.49)
=la;(wo) Bilyo)
where B(z,y) is given by (3.5.47), F, F~! are as in Theorem 3.2.6, part (go)
and x4 € I, y4 € I3 are chosen so that
L @) Biy)
F (B (x,y))+(p—1)z / / a; (o,7)drdo € Dom (F*l)’

i:104i(900) Bi(yo)
for all z and y lying in [zg, z4] and [yo, y4] respectively.
Proof. From the hypotheses we have o (z) > 0 for x € I, 5} (y) > 0 for

y € Io. We give the details of the proof of (d2) only; the proof of (di) can be
completed by following the proof of (dy) with suitable modifications.

(d2) Let ¢ > 0 and define a function z(z, y) by the right hand side of (3.5.48).Then
2(z0,y) = z(x,90) = ¢, z(z,y) is positive and nondecreasing for (z,y) € A,

u(z,y) < {z(2,9)}7 and
DyDy 2 (2,y) pz lai (0 (x), B (1)) w (i (), Bi () w (u (s (2), B; (1))

+b; (o (2), B () u (ai (), Bi ()] B (y) o (@)

?

'M:

s (s (@), 85 () {2 (s (@), 85 W)} w0 ({2 (s (@), B ()}

<p

=1

i (i () B () {2 (s (2), B W)} 7| B, () o ()

NE

[oc 0 @) 3 ) w0 ({0 (). 5. )

<p
1

.
Il
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+b; (o (), B ()] {2 (2, 9) Y7 Bl (y) o (). (3.5.50)

From (3.5.50) and the facts that Dz (x,y), D2z (x,y) are nonnegative, we ob-
serve that (see [34])

M ai (a; ( i z (o (), B ¥
(2 (x,y)}7 g[ ) B () w ({2 (s (@), 8 W)} )

Dy (2,y) D2 {2 (2,1} |
[z ]’

+b; (e (), Bi ()] B (y) o () +

3

i.e.,

’E\H\/

Dlz Y L
D a; az l )) {Z (ai ('r)7ﬁz( ))}p
<m ») H[ ( )
+b; (ai (x), 8 ()] B (y) o () (3.5.51)

for (z,y) € A. By keeping z fixed in (3.5.51), we set y = ¢ and then, by
integrating with respect to ¢ from yo to y and using the fact that D1z (z,y0) = 0,
we have

Y on

. Y) ,
{Z(x,y); Sp/; {ai (o (), B (1) w ({z (e (z), B: (£)} )

+b; (o (2), B; (1)) 35 (t) o (@) dt. (3.5.52)

Now keeping y fixed in (3.5.52) and setting = s and integrating with respect
to s from xg to x we have

1
{@MP<MP+—%//Zm% B (1)
Zo Yo
xw ({z (@i (), 8: (0)}F ) + bi (i (s), B: (1)
X B1 (t) o (s) ditds. (3.5.53)
By making the change of variables on the right hand side of (3.5.53) and rewrit-
ing we have
p—1
{z(z,9)} 7 <B(z,y)+(-1)
n i@ Bi(y)

X Z / / a; (o, 7)w ({z (o, T)}%)deO'. (3.5.54)
= ai(x0) Bi(y0)
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Now fix (A, ) € A such that g <z < A < 24,90 < y < pu < y4. Then from
(3.5.54) we observe that

p—1

{Z (mvy)}T S B (/\nu) + (p - 1)

@) Bily)
> / / a; (0,7) w ({z (o, 7)}?>d7da, (3.5.55)
izlai(ﬂfo) Bi(yo)

for 19p < z < A\yo < y < p. Define a function v(z,y) by the right hand
side of (3.5.55). Then v (zo,y) = v (z,y0) = B (A ), v(z,y) is positive and

nondecreasing for o < x < A\, yo <y < u, {z (:1072/)};%1 <w(z,y) and
n i@ Bi(y)
v B0+ 6-0Y [ [ aenw ({07 )i,
i:1az‘(10)ﬁi(yo)

for zop <z < A\, yo <y < p. Now by following the proof of Theorem 3.5.3, part
(ba) (see also [34]) we get

n i@ Bi(y)
v(z,y) < F F(B(/\,u))+(p—l)z / / a; (o,7)drdo | , (3.5.56)

Lo, (o) Bi(yo)

for zop <& <A <zy4,y0 <y < pu < yy. Since (A, 1) € A is arbitrary, we get the
desired inequality in (3.5.49) from (3.5.56) and the fact that

1

u(ey) < (@) < {P @7} = @)

The proof of the case when ¢ > 0 can be completed as mentioned in the proof of
Theorem 3.2.1, part (a1). The subdomain zg < z < x4, yp < y < y4 is obvious.

Remark 3.5.3. Ifwetakep=2,n=10a1 = «, 61 = 8,a1 = f,by =g in
Theorem 3.5.5, then we get the two independent variable generalizations of the
inequalities given in [22, see Corollary 2 and Theorem 1].

3.6 Applications

In the literature, a number of new methods and tools are developed by differ-
ent investigators to study various types of differential and integral equations. In
this section we present applications of some of the inequalities given in earlier
sections and it is hoped that these inequalities will assure greater importance
in the near future. In what follows we shall use the notations and definitions as
given in sections 3.2 and 3.4 and explained if necessary at appropriate places.
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3.6.1 Differential equations with many retarded
arguments

Consider the following differential equations involving several retarded argu-
ments

) =ftxt—hi(t),...x{t—h,()), (3.6.1)
and

2P (W) (8) = f(t,x(t—hi (b)), .z (t —hy (1)), (3.6.2)
for t € I, with the given initial condition

x (to) = xo, (3.6.3)
where p > 1 and z( are constants, f € C' (I x R*,R) and fori=1,...,n, h; (t) €
C (I, Ry) be nonincreasing and such that t — h; (t) > 0, t — h; (t) € C* (1,1) ,

R} (t) <1, h; (to) = 0. For the theory and applications of differential equations
with deviating arguments, see [7,13,18].

The following theorems deals with the estimates on the solutions of equations
(3.6.1), (3.6.2) with the given initial condition (3.6.3), see Pachpatte [60,74].

Theorem 3.6.1. Suppose that
i=1

where b; (t) are as in Theorem 3.2.4, and let

max 1

M; = S —
tel T—h (1)

i=1,..,n. (3.6.5)
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If 2(t) is any solution of the initial value problem (3.6.1)-(3.6.3), then

, thi(t)
|z ()] < |zolexp | Y / bi (0)do |, (3.6.6)
=1

for t € I, where b; (o) = M;b; (o + h; (s)),0,s € I

Proof. The solution z(t) of the initial value problem (3.6.1)-(3.6.3) can be
written as

(1) = w0 + / F(5,2 (5= B () s (5 — B (5)))ds. (3.6.7)

Using (3.6.4) in (3.6.7) and making the change of variables, then using (3.6.5)
we have

lz ()| < |zo +Z/bi (s) |z (s —hi(s))|ds
i=1 to
t—ha(t)
< fool +- / i (0) |2 (0)] do, (3.6.8)

for t € I. Now a suitable application of the inequality given in Theorem 3.2.4,
part (c1) to (3.6.8) yields the required estimate in (3.6.6).

Theorem 3.6.2. Suppose that the function f in (3.6.2) satisfies the condition
(3.6.4). Let M; and b; (o) be as given in Theorem 3.6.1. If z(¢) is any solution
of the initial value problem (3.6.2)-(3.6.3), then

1

—h. —1
L t—hi() v
0

e <ol + -1 / bi(o)do b (3.6.9)

i=1
fortel.

Proof. The solution z(t) of the initial value problem (3.6.2)-(3.6.3) can be
written as

t

xP (t) = xf) +p/f (s,x(s—h1(8)),...;x(s— hy(s)))ds. (3.6.10)

to
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From (3.6.10), (3.6.4), (3.6.5) and making the change of variables we have

[z ()] < Iwo|p+p2/bi (s) |z (s = hi (s))| ds

=1

< |zol? +p2/5i (0) |z ()| do, (3.6.11)

i=1 to

for t € I. Now a suitable application of the inequality given in Theorem
3.2.6,part (¢1) (when a; (t) = 0) to (3.6.11) yields the required estimate in
(3.6.9).

3.6.2 Retarded differential and integrodifferen-
tial equations

First we consider the initial value problem (IVP for short) for higher order
retarded differential equation of the form

y" () = f(tyt),y(t—h(t), (3.6.12)

y(k) (to) = Ckvk =0,1,2,...,n—1, (3613)

fort € J = [to,T], where f € C (J x R* R) and h € C (J, Ry.) be nonincreasing
with b (t) <ton J,t—h(t) € C*(J,J), W' (t) < 1,h(ts) =0 and n > 2 is a
natural number and ¢, are real constants.

As an application of the inequality given in Theorem 3.2.1, part (a;) we
present the following theorem which deals with certain properties of solutions
of IVP (3.6.12)-(3.6.13), see [63].

Theorem 3.6.3. (i) Assume that
|f (ty,2)l < a(t) |yl +b(t) 2], (3.6.14)
where a (t),b(t) € C (J,Ry) and let

max 1
If y(¢) is any solution of IVP (3.6.12)-(3.6.13), then
t #(t)
ly (t)] < M exp /a (s)ds + / b(s)ds |, (3.6.16)

to to
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for t € J, where a (t) = Na(t), b(t) = NLb(t + h(s)) . t,s € J,é (t) =t — h (t),

M = ni: C'”;'_to) (3.6.17)
=0 ’
and
B (T —¢ )nfl
N = ﬁ (3.6.18)

(#4) Suppose that

If (ty,2) = f(65,2) <a(®)ly—gl+b(t) |2 -2, (3.6.19)

where a (t),b(t) € C(J,Ry). Let L, M, N, a(t),b(t),¢(t) be as in part (i).
Then the IVP (3.6.12)-(3.6.13) has at most one solution on J.

Proof. (i) It is easy to see that the solution y(¢) of IVP (3.6.12)-(3.6.13)
satisfies the equivalent integral equation

t

t‘to +/ (=9 oy (s),y (s — h(s))) ds. (3.6.20)

(n—1)!

HMI

From (3.6.20), (3.6.14), (3.6.17), (3.6.18) we have

n=l, o i _ gt
o< 300D [ES 17 oy (), (5 = R )

‘ n—1)!
i=1 to ( )

<M+N [/a(s) |y(5)|ds+/b(s) |y(sh(s))|ds] . (3.6.21)

to tO

By making the change of variable in the second integral in (3.6.21) and using
(3.6.15) we have
t #(t)
)<+ [a@yolds+ [ 50)ly(0)ldo (3.622)
to

to

Now a suitable application of the inequality in Theorem 3.2.1, part (aq) to
(3.6.22) yields the required estimate in (3.6.16).
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(#i) Let yy (t) and yo (¢) be two solutions of IVP (3.6.12)-(3.6.13) on J, then
we have

t

0 (® =)= [ 50 6 (901 (5= 1)
5,32 (5), 2 (5~ (5)) s, (3.6.23)

From (3.6.23), (3.6.19), (3.6.18) we have

t

ln (6) — 3 (9)] < / Na(s) |y (5) — o (5)] ds

to

+ / Nb(8) [y (5 — b () — v (5 — h ()] ds. (3.6.24)

Making the change of variable in the second integral on the right side in (3.6.24)
we get

ln (8) — 32 ()] < / a.(3) [y (5) — w2 (s)|ds

@(t)
+ [ 5@ ) - e @)ldo (3.6.25)

A suitable application of the inequality in Theorem 3.2.1, part (a1) to (3.6.25)
yields |y1 (1) —y2 (t)| < 0 .Therefore y; (t) = y2 (¢) i.e., there is at most one
solution of IVP (3.6.12)-(3.6.13).

Next, we apply the inequality given in Theorem 3.3.5, part (di) to study
certain properties of solutions of the retarded integrodifferential equation

t

(t)=F |t,x(t—-h()) ,/f (t,o,2(c —h(0))) | do, (3.6.26)

to
with the given initial condition
z (to) = o, (3.6.27)

for t € I, where f € C(I?x R,R),F € C (I x R?,R) ,x is a real constant
and h (t) € C (I, R;) be nonincreasing with h(t) <ton I, t—h(t) € C*(I,I),
R (t) < 1,h(to) =0, see [47].
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Theorem 3.6.4. (i) Suppose that

|f(t,s,2)] < b(t,s) ]z, (3.6.28)
|F (t,z,w)| < a(t)|z] + |wl|, (3.6.29)
where a(t), b(t, s) are as given in Theorem 3.3.5 and let
max 1
M = _—. 3.6.30
tel 1-n'(t) ( )

If 2(t) is any solution of (3.6.26)-(3.6.27), then

t—h(t)
2 (8)] < |zol exp / (Ma (s + h(n))

to

+/M2b(s+h(n),o+h(7))do ds |, (3.6.31)

for t,n, 7 € 1.

(#4) Suppose that the functions f, F' in (3.6.26) satisfy the conditions
|f(t,s,2)— f(t,s,9)] <b(t,s)|z—y|, (3.6.32)
I (ta,7) — F (b, 9)] < at) [z -yl + |7 — g1, (3.6.33)
where a(t), b(t, s) are as given in Theorem 3.3.5 and let M be given by (3.6.30).
Then the problem (3.6.26)-(3.6.27) has at most one solution on I.

Proof. (i) The solution z(t) of (3.6.26)-(3.6.27) can be written as

t

x(t):x0+/F s,x(s—h(s)),/f(s,a,x(g—h(a)))da ds. (3.6.34)

to
Using (3.6.28)-(3.6.30) in (3.6.34) and making the change of variables we have
t—h(t)

o< fool+ [ (Mals+hn)o (o)

—|—/M2b(s+h(17),o—|—h(7')) |z (0)|do | ds, (3.6.35)

for t,n,7 € I. Now a suitable application of the inequality given in Theorem
3.3.5,part (di) to (3.6.35) yields the required estimate in (3.6.31).
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(#i) Let z(t) and Z (¢) be two solutions of (3.6.26)-(3.6.27) on I, then we have

:v(t)—x(t):/{F (s,x(s—h(s)),/f(s,a,x(a—h(U)))dJ)

-F (3, Z(s—h(s)) ,/f (s,0,Z (o0 — h(0))) dO‘) } ds. (3.6.36)
Using (3.6.32), (3.6.33) in (3.6.36) and making the change of variables, we have
t—h(t)
|z (t) —z ()] < / [Ma(s+h(n) |z(s)—z(s)|
+ / M?b(s+h(n),0+h(r))|z(0) -z (J)da] ds, (3.6.37)

for t,n,7 € I. A suitable application of the inequality given in Theorem 3.3.5,
part (di) to (3.6.37) yields |z (t) — Z (t)| < 0. Therefore x (t) = Z (t) i.e., there
is at most one solution of (3.6.26)-(3.6.27).

3.6.3 Retarded partial differential equations in
two variables

Consider the following retarded non-self-adjoint hyperbolic partial differential
equation

2oy (2,) = a% (a(e,9) = (@.9))

+f @y, z(@=h(2),y—g1(y), 2@ = hn(z),y—gn (y), (3.6.38)

with the given initial boundary conditions

z(x,y0) = a1 (), 2 (w0, y) = a2 (y) , a1 (x0) = az (yo) =0, (3.6.39)

where a € C' (A, R) is differentiable with respect toy , f € C (A X R™, R), a; €
Cl(I1,R) a3 € C* (I3, R) ;; hy € C (I, Ry),g; € C (I, Ry) are nonincreasing
and such that x — h; (z) > 0,2 — h; (z) € C* (I1, 1), y —gi (y) > 0,y — h; (y) €
Ct (I3, Is), b (z) < 1,g. (y) < 1,hi (w0) = gi (yo) =0fori=1,...,n;z € I1,y €
12. Let

max 1 max 1

M; = — N, = SRS 3.6.40
zel 1-h(x) yel 1-gi(y) ( )

fori=1,...,n.
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The following theorem deals with the estimate and uniqueness of solutions of
(3.6.38)-(3.6.39), see [59].

Theorem 3.6.5. (i) Suppose that
|f(xayau1aaun)| < Zbl (xay) |ul|a (3641)

le (z,y)| <k, (3.6.42)
where b; (x,y), k are as in Theorem 3.5.3 and

x

e(x,y) =a1 (x)+ a2 (y) — /a (s,90) a1 (s) ds. (3.6.43)

Zo

If z(x,y) is any solution of (3.6.38)-(3.6.39), then

n Pilx) Yi(y)
|z (z,v)| < kg (z,y) exp Z / b; (0,7)q; (0,7)drdo |, (3.6.44)
i=1
¢i(z0) Pi(yo)

for (z,y) € A,where ¢; () =z — h;
(

f (x),r € I, ¥i(y) =y — 9 (v),y € Iz,
bi (U,T) :MlNZbl (O’—f—hl (S),T-l—gz )

t)) for o,s € I, 7,t € I and
2(z,y) = cxp / la (&, y)]de | | (3.6.45)
0

for (z,y) € A and M;, N; are given by (3.6.40).

(#4) Suppose that the function f in (3.6.38) satisfies the condition
‘f(wﬂy7u1a"'aun) _f(xayavlw"? Z x y |u’b 'Ui|, (3646)

where b; (z,7) are as in Theorem 3.5.3. Let ¢;, s, b;, M;, N; be as in part (i).
Then the problem (3.6.38)-(3.6.39) has at most one solution on A.

Proof. (i) It is easy to see that the solution z(z,y) of the problem (3.6.38)-
(3.6.39) satisfies the equivalent integral equation

T

z<x,y>=e<x,y>+/a<s,y>z<s,y>ds

Zo



Chapter 3 189

+//f(s,t,z(sfh1 (8),t—g1(t)),..,z2(s— hp(8),t — gn(t)))dtds,

(3.6.47)

where e(x,y) is given by (3.6.43). From (3.6.47), (3.6.41), (3.6.42), (3.6.40) and
making the change of variables we have

12 (&) Sk+/|a<s,y>\|z<s,y>|ds

o
T Yy n
+//sz«s,t)|z<s—h¢<s>,t—gi<t>>|dtds
Zo Yo =1
<kt [latspllz ()l ds
o
oi(z) »(y)

+>° / / bi (0,7) |2 (0, 7)| drdo. (3.6.48)
Zl:1¢7i(ﬂﬁo) ¥(yo)

Now a suitable application of the inequality given in Theorem 3.5.3, part (by)
to (3.6.48) yields (3.6.44).

(#4) Let u(z,y) and v(x,y) be two solutions of the problem (3.6.38)-(3.6.39)
on A, then

x

u(x,m—v(x,y):/a<s,y>{u<s,y>—v(s,m}ds

Zo

[ [t =190 90 (0) s = o (5) 0= 90 ()
—f(s,t,v(s—h1(8),t—g1(t)),...;v(s— hn(s),t—gn(t)))}dtds. (3.6.49)

From (3.6.49), (3.6.46), making the change of variables and in view of (3.6.40)
we have

u(z,y) — v (2,y)] S/|a(8ay)|\U(S’y)—v(sayﬂdé’
+//Zbi(s,t) |u(s—h;(s),t—g;(t) —v(s—h;i(s),t— g;(t))|dtds

Zo Yo
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s/|a<s,y>|\u(s,y>—v<s,y>|ds

ENCRI0
+ Z / bi (0,7) |u(o,7) — v (o,7)|drdo. (3.6.50)
=14 (w0) ¥i(v0)

A suitable application of the inequality given in Theorem 3.5.3, part (b;) to
(3.6.50) yields |u (z,y) — v (z,y)| < 0. Therefore u(x,y) = v(z,y) i.e., there is
at most one solution of the problem (3.6.38)-(3.6.39) on A.

Next, as an application of Theorem 3.5.5, part (dy) we obtain the explict
bound on the solution of retarded partial differential equation of the form

0 ( 0
aiy (Z (.Z’, y) aixz (a?,y))
= f (iE, Y,z (1‘ —h ($) Y — g1 (y)) ey B ('T = hy ('T) yY — Gn (y))) ) (3551)

with the given initial boundary conditions (3.6.39), where p > 1 is a constant
and the functions involved in the problem (3.6.51)-(3.6.39) are as given in the
problem (3.6.38)-(3.6.39), see [60].

Theorem 3.6.6. Suppose that
|f(‘r7y7u17"'a Z xr,Yy |U/z B (3652)

|af ()] + |ab (y)] < ¢, (3.6.53)

where b; (x,y) and ¢ are as in Theorem 3.5.5. Let M;, N; for i = 1,...,n be as
n (3.6.40). If z(z,y) is any solution of the problem (3.6.51)-(3.6.39), then

1

¢i(x) Yi(y) =T
b; (o,7)drdo , (3.6.54)
$i(xo) ¥i(yo)

2 (z,y) < { {}' T +(p—1)

n
1=

1
for (z,y) € A,where ¢; (z),v; (y),b; (o, 7) be as in Theorem 3.6.5, part (i).

Proof. Itiseasy to see that the solution z(z, y) of the problem (3.6.51)-(3.6.39)
satisfies the equivalent integral equation

2P (x,y) = af (x) + af (y)

zp<x,y>:aﬁ’<x>+as<y>+p//

Zo Yo
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Xf(s,t,z(xs —hy(8),t—g1(t),..c;2(8—hy(8),t —gn (1)) dtds. (3.6.55)

From (3.6.55), (3.6.52), (3.6.53), (3.6.40) and making the change of variables we
have

x

Y n
o)l <ctp [ [ bis0)]z (s~ hils),t - gs (1) deds
Zo Yo i=1
di(z) Yi(y)
<ct+p)y, / / bi (0,7) |2 (0, 7)|drds. (3.6.56)
i:1¢i(ﬂﬁo) %i(yo)

Now a suitable application of the inequality given in Theorem 3.3.5, part (d)
to (3.6.56) yields (3.6.54).

3.6.4 Retarded Volterra-Fredholm integral equa-
tion in two variables

In this section, we present applications of Theorem 3.4.5 given in [58] to
study certain properties of solutions of the retarded Volterra-Fredholm integral
equation in two independent variables of the form

z(z,y) :f(x,y)—l—//A(x,y,s,t,z(s—hl (s),t — hg(t)))dtds

Zo Yo

M N

—l—//B(w,y,s,t,z(s by ()t — hy (1)) dtds, (3.6.57)
Zo Yo

for (x,y) € A, where f € C(A,R),A,B€ C(D x R,R)and hy € C (I1,R4), ho

€C (I2, Ry) are nonincreasing, x — hy (x) > 0,2 € Ii;y — ha (y) > 0,y €1

r—hy (Z‘) et ([1,[1) ,y—ho (y) e Ct (12,12) R hll (Z‘) < 1,h/2 (y) <1,hy (mo) =

ha (yo) = 0, in which Iy = [zg, M], Iz = [yo, N] are the given subsets of R ,

A=1 x I, andD:{(os,y,s,t)€A2:x0§s§z§M,y0§t§y§N}.

Theorem 3.6.7. (i) Suppose that the functions f, A, B in equation (3.6.57)
satisfy the conditions

1f(z,y) < e (3.6.58)

|A (z,y,8,t,2)| <al(zxy,s,t)lz], (3.6.59)
|B(x7 y’ 87 t? Z)| S b(x7y7 87 t) |Z‘ ? (3'6'60)
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where ¢, a(x,y,s,t),b(z,y,s,t) are as in Theorem 3.4.5. Let

max 1 max 1

M, = — My, = —_ 3.6.61
YT oaell 1-h(x) ’T yel 1-hf(y) ( )
and
H(M) p(N) B(s) P(t)
p(x,y) = / / b(x,y,s,t)exp / / (s,t,0,7)drdo
#(z0) ¥(yo)
wdtds < 1, (3.6.62)
where ¢ (z) =z — hy (z),2 € [1,¢¥ (y) =y — ha (y) ,y € I and
a (%y, g, T) = M1M2a (1'7:1/, o+ hl (S) , T + h2 (t)) )
B(%% g, T) = MIMQb (x,y,a + hl (8) s T + h2 (t)) .
If z(z,y) is a solution of equation (3.6.57) on A, then
() P(y)
c
T,y - exp a(x,y,o,7)drdo |, 3.6.63
fewl< —msen| [ [ a@uen (3.6.63)
¢(w0) ¥(yo)
for (z,y) € A.

(#4) Suppose that the functions A, B in equation (3.6.57) satisfy the conditions
|A(2z,y,s,t,2) — A(x,y,s,t,2)| <al(x,y,s,t)|z—Z], (3.6.64)

|B(x,y,s,t,2) — B(x,y,s,t,2z)| <b(z,y,s,t) |z —Z|, (3.6.65)

where a(z,v,s,t),b(z,y,s,t) are as in Theorem 3.4.5. Let My, My, ¢,%,a,b, p
be as in part (¢). Then the equation (3.6.47) has at most one solution on A.

Proof. Since z(x,y) is a solution of equation (3.6.57), from (3.6.57)-(3.6.60)
we have

1 (2, 9)] < c—l—//a(x,y,s,t) 12 (s — 1 (5) £ — ha (£)|dtds

Zo Yo

M N
+//b x,y,8,t) |z (s — hy(s),t— hy (t))] dtds. (3.6.66)

Zo Yo
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Now by making the change of variables on the right hand side of (3.6.66) and
using (3.6.61) we have

o(z) P(y)
|z (z,y)] <c+ / a(x,y,s,t)|z(o,7)|drdo
#(x0) ¥(yo)

(M) P (N)

+ / / b(z,y,s,t)|z (o,7)|drdo. (3.6.67)
#(x0) ¥ (o)
A suitable application of Theorem 3.4.5 to (3.6.67) yields (3.6.63).

(#i) Let z(x,y) and z (z,y) be two solutions of equation (3.6.57) on A. From
(3.6.57), (3.6.64), (3.6.65) we have

|Z('Tay) - 2($,y)|

S/x/ya(:ﬁ,y,s,t)IZ(s—hl(S)J—hz(t))

Zo Yo

—Z(s—hy(s),t— ho (t))|dtds

M N
—l—//b(x,y,&t) |2 (s = hy(s),t—ha(t))

—5(s—hy (5),t — ha (£))| dtds. (3.6.68)

By making the change of variables on the right hand side of (3.6.68) and using
(3.6.61) we have

() P(y)
|z (z,y) — Z (z,y)| < / a(z,y,s,t)|z(o,7)—z(o,7)|drdo
é(z0) ¥(yo)
&(M) p(N)
+ / / (x,y,8,t) |z (0,7) — Z (0, 7)|dTdo. (3.6.69)
#(z0) ¥(yo)

Now a suitable application of Theorem 3.4.5 to (3.6.69) yields |z (z,y) — Z (z,y)| <
0.Therefore z (x,y) = Z (x,y) i.e., there is at most one solution to the equation
(3.6.57).
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We next consider the following retarded Volterra-Fredholm integral equations

z(z,y) = f(z,y) //Axy,stzs—hl()t—hg())7ﬂ)dtds

Zo Yo

M N
+ / / B(z,y,8,t,z(s—hi(s),t — ha(t)),n)dtds, (3.6.70)

Zo Yo

z(z,y) = f (z,y) //Axy,stzs—h1()t—hg()),uo)dtds

Zo Yo

M N
+ / / B (x,y,s,t,2(s —h1(s),t — ha(t)), uo)dtds, (3.6.71)

Zo Yo

for (x,y) € A, where f € C(A,R),A,B€ C (D x R x R,R) and u, fiy are real
parameters.

The following theorem shows the dependency of solutions of equations (3.6.70)
and (3.6.71) on parameters.

Theorem 3.6.8 . Suppose that

A (2,y,5,t,2,1) — A(2,y,5,t,2,1)| < alz,y,st)|z -2, (3.6.72)
|A( z,Y,8,t, 2 ) A( 7yasataan'0)| ST(J},y,S,t) |,UJ*,LL0|, (3673)
|B (z,y,s,t,2, 1) — B(x,y,8,t,z,1)| <b(z,y,s,t) |z — 2], (3.6.74)
|B (2,9, 8,t,2,11) = B(x,y,8,t, 2, 10)| < e(a,y,s,t) |~ pol, (3.6.75)
where a(z,y,s,t),b(z,y, s,t) are as in Theorem 3.4.5 and r,e € C (D, R;) are

such that

z y
//r(m,y,&t) dtds < ky, (3.6.76)
o Yo
//e(x,y,s,t) dtds < ko, (3.6.77)
Zo Yo

for (z,y) € A, where ky, ky are positive constants. Let My, Ma, ¢,1,a,b, p be
as in Theorem 3.6.7, part (i). Let 21 (z,y) and 23 (x,y) for (z,y) € A be the
solutions of (3.6.70) and (3.6.71) respectively. Then

(k1 + k2) | — o
1-p(z,y)

|21 (2,y) — 22 (z,y)] <
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o(z) P(y)

X exp / / a(x,y,s,t)dtds |, (3.6.78)
¢(z0) ¥ (yo)
for (z,y) € A.

Proof. Let z (z,y) = z1 (z,y) — 22 (z,y) , (x,y) € A. Then

z(a:,y>://{A@s,y,s,t,zl<sfh1<s>,tfh2<t>>,u>

Zo Yo

—A(x,y,8,t,22 (s —h1(s),t —ha(t)),u)}dtds

+//{A(x,y,s,t,z2 (s—hy ().t — ha (1)), 1)

Zo Yo

—-A (x’ya S, t7 92 (S - hl (S) 7t - h2 (t)) HU’O)} dtds

M N
[ [ 1Byttt b 0).0
—B(z,y,8,t,20 (s — h1(8),t —ha (1)), )} dtds
M N
+//{B(x,y,s,t,zz(s—hg(s),t—hg(t)),u)
—B(z,y,8,t,22 (s — hy (s),t — ha(t)), o)} dtds. (3.6.79)

Using (3.6.72)-(3.6.77) in (3.6.79) we get

|2 (z,y)| < |1 — pol k1 + | — pol k2

+//a(:17,y,3,t) |z (s — hy(s),t — ho(t))| dtds

Zo Yo

M N
+//b(x,y,s7t) 12 (s — ha (5) £ — ho (1)) dtds. (3.6.80)

o Yo
By making the change of variables on the right hand side of (3.6.80) and using
(3.6.61) we get
#(z) P(y)
pea) <4k u-pl+ [ [ alwyonloniddo
#(z0) ¥(yo)
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(M) %(N)

Jr/ /b(z,y,a,7)|z(0,7)|d7d0. (3.6.81)
#(z0) ¥(yo)

Now a suitable application of Theorem 3.4.5 to (3.6.81) yields (3.6.78) which
shows the dependency of solutions of (3.6.70) and (3.6.71) on parameters.

In conclusion, we note that the inequalities given in earlier sections are re-
cently established and still admit various generalizations and extensions in dif-
ferent directions. Here we have given some basic and immediate applications of
few of the inequalities which will encourage to widen the scope of their applica-
tions.

3.7 Notes

The search for more efficient methods to study certain retarded differential
and integral equations has recently led to the discoveries of some basic retarded
integral inequalities with explicit estimates. The main advantage of obtain-
ing such results lies in the fact that they can serve as effective tools when the
earlier results do not apply directly and certainly a good source to further devel-
opment.Sections 3.2 and 3.3 are devoted to some basic retarded integral inequal-
ities in one independent variable, recently investigated and used by Pachpatte
in [43,58,60,61,64,69,77]. For some earlier results on such inequalities, we refer
the reader to the book by Bainov and Simeonov [3, pp. 142-145]. The results
given in sections 3.4 and 3.5 deals with a number of new retarded integral in-
equalities involving functions of two independent variables, recently investigated
by Pachpatte in [43,47,58,59, 60,69,74,77]. Section 3.6 contains applications of
some of the inequalities given in earlier sections.
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Finite difference inequalities in one vari-

able
4.1 Introduction

The theory of finite difference equations has gained increasing significance in
the last decades as is apparent from the large number of publications on the
subject. A great variety of methods and tools are available for handling such
equations. In the study of many finite difference and sum-difference equations,
one often needs some new and specific type of finite difference inequalities for
proving various theorems or approximating functions. The desire to widen the
scope of applications of such inequalities resulted in the necessity of discov-
ering new finite difference inequalities which are directly applicable in the new
situations. In this chapter, we offer various basic finite difference inequalities re-
cently investigated in [35,37,39,44,45,53,55,57,67,68,70,73,75] which can be used
as powerful tools in certain applications. Some fundamental applications are
given to illustrate the usefulness of certain inequalities.

4.2 Fundamental finite difference inequalities

In this section, we focus our attention on some basic inequalities established
by Pachpatte in [57] (see also [42]) which provide explicit bounds on unknown
functions and can be used as an effective tool in the development of the theory
of finite difference equations and numerical analysis.

We start with the following theorems which deals with the finite difference
inequalities proved in [57].
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Theorem 4.2.1. Letu(n),a(n),b(n),c(n),p(n) € D(No, Ry) and Ac(n) >
0 for n € Ny., If

w(n) < a(n)+b(n) ( )+ p(s)u <s>> , (4.2.1)
s=0
for n € Ny, then
u(n) <a(n)+b(n) (c(O) 1:[ [14+0b(s)p(s)]
s=0

n—1 n—1

+) [Ac(s)+a(s)p(s) [ L+ (a)p(o—)]> , (4.2.2)
s=0 o=s+1

for n € Ny.

Proof. Define a function z(n) by

z(n) =c(n)+ Zp () u(s). (4.2.3)

Then z(0) = ¢(0) and (4.2.1) can be restated as

u(n) <a(n)+b(n)z(n). (4.2.4)
From (4.2.3) and (4.2.4) we observe that

Az (n) =Ac(n)+pn)u(n)

<b(n)p(n)z(n)+[Ac(n) +a(n)p(n)]. (4.2.5)
Now by applying Theorem 1.2.1 given in [42, p. 11] to (4.2.5) we get

n—1

2(n) <c(O) J[ L +0b(0)p(o)]

s=0

n—1 n—1

+> [Ac(s) +a(s)p(s)] [[ L+0(0)p(o). (4.2.6)

s=0 o=s+1
Using (4.2.6) in (4.2.4) we get the required inequality in (4.2.2).

Remark 4.2.1. We note that in the special case when ¢(n) = 0, the inequality
given in Theorem 4.2.1 reduces to the inequality given by Pachpatte, see [42,
Theorem 1.2.3, p. 13].

Theorem 4.2.2. Let u(n),a(n),b(n),c(n),Ac(n) be as in Theorem 4.2.1.
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(a1) Let L : Ny x R+ — Ry be a function such that

for n € Nyg, x > y > 0, where M(n,y) is a real-valued nonnegative function
defined for n € No, y € Ry. If

u(n) < a(n)+b(n) <c (n) + nz: L(s,u (s))> : (4.2.8)
for n € No, then |
u(n) <a(n)+b(n) <C(0) n]:[: [1+ M (s,a(s))b(s)]
n—1 n—1
+ Z:jo [Ac(s) + L (s,a(s))] U:HS+1 [+ M (0,a(0))b (a)]) : (4.2.9)

for n € Np.

(a2) Let L : Ng x Ry — R4 be a function which satisfies the condition
0< L(n,2) = L(n,y) <M(n,y) o~ (x—y), (4.2.10)
for n € Nyo,z >y > 0, where M(n,y) is asin (a1), ¢ : R+ — R4 is a continuous

and strictly increasing function with ¢ (0) = 0, ¢~ is the inverse function of ¢
and

¢ H(zy) <o (@) (y), (4.2.11)
for o,y € Ry. If

u(n) <a(n)+bn)e <c(n) +§L(s,u(s))>, (4.2.12)
for n € Np, then

u(n) <a(n)+b(n)o (C(O)jl:[: [L+ M (s,a(s)) ¢~ (b(s))]

n—1 n—1
+ Z [Ac(s) 4+ L(s,a(s))] H [1+ M (o,a(c) ¢ (b (a))]) , (4.2.13)

s=0 o=s+1

for n € Ny.
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Proof. (ap) Define a function z(n) by
=c(n)+ Y L(s,u(s)). (4.2.14)

Then z(0) = ¢(0) and (4.2.8) can be restated as

u(n) <a(m)+b(n)z(n). (4.2.15)
From (4.2.14), (4.2.15) and (4.2.7) we have

Az (n) =Ac(n) + L (n,u(n))

<Ac(n)+ L(n,a(n)+bn)z(n)) —L(n,a(n))+ L(n,a(n))

<M (n,a(n))b(n)z(n)+[Ac(n) + L (n,a(n))). (4.3.16)
Now by applying Theorem 1.2.1 given in [42] to (4.2.16) we get

n—1

2(n) <c(0) [T 1+ M(s,a(s)b(s)]
s=0
n—1
+Z [Ac(s)+ L(s,a(s)] [[ L+ M(o,a(0)b(o)]. (4.2.17)
o=s+1

Using (4.2.17) in (4.2.15) we get the desired inequality in (4.2.9).

(a2) Define a function z(n) by (4.2.14). Then z(0) = ¢(0) and (4.2.12) can be
restated as

u(n) <a(n)+bn)e(z(n)). (4.2.18)
From (4.2.14), (4.2.18), (4.2.10) and (4.2.11) we have
Az (n) = Ac(n) + L (n,u(n))

< Ac(n)+ L(n,a(n)+b(n)¢(z(n)) - L(n,an)+L(na(n)
< M (n,a(n) ¢~ (b(n)é (2 (n))) +[Ac(n) + L(n,a(n))]
< M (n,a(n)) ¢~ (b(n)) z (n) + [Ac(n) + L (n,a(n))]. (4.2.19)
Now an application of Theorem 1.2.1 given in [42] to (4.2.19) yields

1:[ 1+ M (s,a(s) ¢~ " (b(s))]

n—1

+Z [Ac(s)+ L(s,a(s)] J[ [1+M(o,a(0)¢™! (b(e))].  (4.2.20)

o=s+1
Using (4.2.20) in (4.2.18) we get (4.2.13).
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Remark 4.2.2. If we take ¢(n) = 0 in Theorem 4.2.2, part (a1), then we
recapture the inequality given by Dragomir in [11] (see also [10]). We note that
from Theorem 4.2.2, part (a1), one can easily obtain the corollaries similar to
that of given in [10] (see also [11]) which can also be used in certain applications.

In the following theorems we present some useful generalizations of the in-
equalities given in [42, Theorem 2.3.1, Corollary 3.3.1].

Theorem 4.2.3. Let u(n),a(n),b(n),c(n),p(n) € D(Ny,Ry).

(b1) Let Aa(n) > 0 for n € Ny;g € C (R4, Ry) be a nondecreasing function
with g(u) > 0 for v > 0. If

u(n) a(n)+ 3 p(e)g(u(s), (1.2.21)
s=0

for n € Ny, then for 0 < n < nj;n,n; € Ny,

u(n -1 a - L(S) S

(m) <G [G( RS (s ))] , (1222
where
[ ds
G(r)= / m,r >0, (4.2.23)

To

ro > 0 is arbitrary and G~! is the inverse of G and n; € Ny is chosen so that

G (a(0)) + i (gA(Z((S))) —|—p(8)> € Dom (G™1)

for all n € Ny lying in 0 < n < nj..

(by) Let Ac(n) > 0 for n € Ny; g,G,G~! be as in part (b;) and suppose in
addition, g(u) is subadditive and submultiplicative. If

w(n) < a(n)+bn) ( )+ 3 p(s) g <s>>> , (1.2.24)

for n € Np, then for 0 < n < ng;n,ne € Ny,

u(n) < a(n)+b(n) GG (c(0)

+”21<Ac<s>+p<s <a<s>>)

s=0

~—
~— |

+p(s)g(b (8))] ; (4.2.25)
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and ny € Ny is chosen so that

for all n € Ny lying in 0 < n < no.

Proof. (b1) Let a(n) > 0 for n € Ny and define a function z(n) by the right
hand side of (4.2.21). Then 2z(0) = a(0), u(n) < z(n), z(n) > 0 and

Az(n) = Aa(n) +p(n)g (u(n))

<Aa(n)+pn)g(z(n)). (4.2.26)

From (4.2.23), (4.2.26) and the fact that a (n) < z (n) we observe that

z(n+1)
G(z(n+1)) -G (z(n) = / gt)
z(n)
Az (n)
~9(2(n))
Aa(n) +p(n)g(z(n)
- g(z(n))
gA(Z ((:))) 4 p(n). (4.2.27)
By taking n = s in (4.2.27) and summing up over s from 0 to n — 1 we get
N/ Aa (s)
Cem <aeo) Y (S ).
which implies
z(n -1 a S (A () S
(n) <G [G( (0)) + EZ:O (g(a(s)) +p( ))] . (4.2.28)

Using (4.2.28) in u(n) < z(n) we get the required inequality in (4.2.22). If
a(n) > 0 for n € Ny, we carry out the above procedure with a (n) + € instead
of a(n), where € > 0 is an arbitrary small constant, and subsequently pass to
the limit as & — 0 to obtain (4.2.22). The subdomain 0 < n < n; is obvious.
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(b2) Let ¢(n) > 0 for n € Ny and define a function z(n) by

sy =cm)+ > p(s)g(us)): (4.2.29)

Then z(0) = ¢(0), z(n) > 0 for n € Ny and (4.2.24) can be restated as

u(n) <a(n)+b(n)z(n). (4.2.30)
From (4.2.29) and (4.2.30) we have

Az(n) = Ac(n) +p(n) g (u(n))

<Ac(n)+p(n)g(a(n)+b(n)z(n))
<(Ac(n)+p(n)g(a(n)+pn)gbn)g(z(n). (4.2.31)

From (4.2.23), (4.2.31) the fact that ¢ (n) < z (n) and following the proof of (b;)
we obtain

2(n) GG (c(0)

Ac(s)+p(s
2 HESE
Using (4.2.32) in (4.2.30) we get (4.2.25). The proof of the case when ¢ (n) > 0
can be completed as mentioned in the proof of (b1).The subdomain 0 < n < ngy
is obvious.

, (4.2.32)

Remark 4.2.3. If we take a(n) = k, a nonnegative constant, then the in-
equality given in Theorem 4.2.3, part (b1) reduces to the discrete version of the
well known Bihar’s inequality, see [42, p. 103]. For a detailed account on such
inequalities, see [42] and also [85].

Theorem 4.2.4. Let u(n),a(n),b(n) € D(Ny, Ry).
(c1) Let Aa(n) >0 for n € Ny. If
u? (n) < a(n)+2 i b(s)u(s), (4.2.33)

for n € Ny, then

<Va(0)+ Z < +b(s )) (4.2.34)

\/T

for n € Ny.
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(c2) Let h € C (R4, Ry) be a nondecreasing function with h(u) > 0 for v > 0.
If

u? (n) <a(n)+2 z_: b(s)h(u(s)), (4.2.35)
s=0

for n € Ny, then for 0 < n < ng;n,n3 € Ny,

u(n) < {H1

where

1
2

— Aa (s)
H(a(0)+ > [ =2+ 2b(s) . (4.2.36)
= (h( ) )”

r

H(T) = / h(d\jg),r > 0, (4237)

To

ro > 0 is arbitrary and H~! is the inverse of H and ns € Ny is chosen so that

[ Bals) o
H (a(0)) + —————+2b(s) | € Dom(H™ "),
Zﬁ(w o) ) o

for all n € Ny lying in 0 < n < ns.

Proof. (c¢1) Let a(n) > 0 for n € Ny and define a function z(n) by the right
hand side of (4.2.33). Then 2z (0) = a (0),u(n) < y/z(n) and

Az(n) =Aa(n)+2b(n)u(n)

< Aa(n)+2b(n)/z(n). (4.2.38)

Using the facts that \/z (n) > 0, Az (n) > 0,y/2 (n) < \/z(n+1),a(n) < z(n)
for n € Ny and (4.2.40) we observe that (see [42, p. 212])

~z(n+1)—2z(n)
< Az (n)
T 2y/z(n)
Aa(n) +2b(n)/z(n)
N 24/z(n)
< Aa(n) b,
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which implies

n—1
V) < Va0 + ( Aals) b(s)> . (4.2.39)

=\ 2va (s)

Using (4.2.39) in u (n) < y/z (n) we get the required inequality in (4.2.34). The
proof of the case when a (n) > 0 for n € Ny can be completed as in the proof of
Theorem 4.2.3, part (by).

(c2) Let a(n) > 0 for n € Ny and define a function z(n) by the right hand
side of (4.2.35). Then z(0) = a(0), z(n) > 0, u(n) < \/z(n) and

Az(n) < Aa(n)+2b(n)h ( z (n)) . (4.2.40)

As in the proof of Theorem 4.2.3, part (b1), from (4.2.37), (4.2.40) and the fact
that a (n) < z (n) we observe that

Az (n)
AH (z(n)) < ——————~
Aa(n) +2b(n).

= h( a(n))

The rest of the proof can be completed by following the proof of Theorem 4.2.3,
part (b;).We omit the details.

Remark 4.2.4. We note that the inequality given in Theorem 4.2.4, part (¢1)
can be considered as a generalization of the inequality in Corollary 3.3.1 given
in [42], while the inequality in part (c2) is a slight variant of the special version
of the inequality in Theorem 3.3.5 given in [42].

4.3 Some more finite difference inequalities

Due to various motivations, several new finite difference inequalities which
yield explicit estimates on unknown functions have been investigated and used
extensively in the literature, see [42]. In this section, we offer some more finite
difference inequalities recently established by Pachpatte in [35,45,55,68] which
can be used as tool in certain new applications.

Our first theorem deals with the finite difference inequalities proved in [68].

Theorem 4.3.1. Let u(n),a(n) € D(No,Ry); k(n,0),Ak(n,0) € D(E,
Ry), where E = {(m,n) €N§:O§n§m<oo}.
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(a1) Let g € C (R4, R1) be a nondecreasing function with g(u) > 0 for v > 0.
It

n—1
u(n) <c+ Y k(n,o)g(u(o)), (4.3.1)
o=0
for n € Ny, where ¢ > 0 is a real constant, then for 0 < n < ni;n,n; € Ny,
n—1
u(n) <G G(e)+ Y H (s)] : (4.3.2)
s=0
where
n—1
H(n)=k(n+1n)+> Aik(n,o), (4.3.3)
o=0
f ds
G(r :\/77T>07 4.3.4
n=[5 (43.4)

ro > 0 is arbitrary, G~! is the inverse of G and n; € Ny is chosen so that

G(c)+ "z’: H (s) € Dom (G™")

s=0

for all n € Ny lying in 0 < n < n;.

(a2) Let g, G,G™! be as in (a1) and suppose in addition g(u) is subadditive.
If

u(n) <a(n)+ i k(n,o)g (u(o)), (4.3.5)

for n € Ny, then for 0 < n < ng;n,ny € Ny,

n—1

u(n) <a(m)+G ' |G(Bn)+ Z H(s)|, (4.3.6)

s=0

where H(n) is given by (4.3.3),

B(n) =Y k(n0)g(a(0)), (4.3.7)
o=0

for n € Ny and no € Ny is chosen so that

G(B(n))+ EH (s) € Dom (G™1),

s=0

for all n € Ny lying in 0 < n < neo.
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Proof. (a;) Let ¢ > 0 and define a function z(n) by the right hand side of
(4.3.1). Then z(0) = ¢, u(n) < z(n), z(n) > 0 and

n—1
Az(n) =k(n+1n)g(un) + Y Ak(n,o)g(u(o))
o=0
< H(n)g(z(n)),
where H(n) is given by (4.3.3), see [42, p. 22]. The rest of the proof can be

completed by following the similar arguments as in the proof of Theorem 4.2.3,
part (b1). We omit the details.

(a2) The proof follows by closely looking at the proof of (a1) and the proof
of Theorem 4.2.3, part (by). Here we leave the details to the reader.

The next theorem contains the inequalities established in [55].
Theorem 4.3.2. Let u(n),k(n,0),A1k(n,o) and ¢ be as in Theorem 4.3.1.
(b1) If
n—1
u? (n) <c+ Z k(n,o)u(o), (4.3.8)
o=0
for n € Ny, then
1 n—1
un) <ve+ s Z% H(s), (4.3.9)
for n € Ny, where H(n) is given by (4.3.3).

(b2) Let g(u) be as in Theorem 4.3.1, part (a;).If

n—1
u’(n) <c+ Y k(n,o)u(o)g(u(o)), (4.3.10)
o=0
for n € Ny, then for 0 < n < ng;n,nz € Ny,
n—1
1
<G! = 3.
u(n) <G G(\/E)+2;)H(s) , (4.3.11)

where H(n) is given by (4.3.3), G, G~! are as defined in Theorem 4.3.1, part
(a1) and ng € Ny is chosen so that

n—1

G (Ve) + 3 ZH(S) € Dom (G™1),

for all n € Ny lying in 0 < n < ns.
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Proof. (b1) Let ¢ > 0 and define a function z(n) by the right hand side of
(4.3.8). Then z(0) = ¢, u(n) < \/z(n), z(n) is positive and nondecreasing for
n € Ny and

Az(n)=> k(n+1,0)u Zk n+1,0)u(o)

< H (n)+z(n). (4.3.12)

The rest of the proof follows by using the similar arguments as in the proof
of Theorem 4.2.4, part (c;) below (4.2.40) with suitable changes. We omit the
details.

(b2) The proof follows by closely looking at the proof of part (b1) given above
and the proof of Theorem 3.3.5 given in [42]. We omit it here to avoid repetition.

The discrete inequalities established in [35,45] are embodied in the following
theorems.

Theorem 4.3.3. Let u(n),a(n),b(n),g(n),h(n) € D(Ny,R4) and p > 1
be a real constant.

(Cl) If
uP (n) <a(n)+b(n) [g(s)uP (s)+h(s)u(s)], (4.3.13)

for n € Ny, then

x H [1+b ( (a)+hgr)>”;, (4.3.14)

o=s+1
for n € Ny.
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(c2) Let ¢(n) be a real-valued positive and nondecreasing function defined on

N. If

I
-

n

u? (n) < (n) +06(n) Y [g(s)u” (s) +h(s)u(s)],

s

Il
<

for n € Ny, then

n—1

u(n) <c(n) {1 +b(n) ) [g(s)+h(s)c! 7 (s)]

S

x H [1+b ( cr)+hgf)clp(a)>”p,

o=s+1

I
o

-

for n € Np.

(c3) Let k(n,0), A1k (n,0) be as in Theorem 4.3.1. If

uP (n) <a(n)+b(n) Z_: k(n,s)[g(s)u” (s) +h(s)u(s)],

for n € Ny, then

for n € Ny, where

An)=k(n+1,n)b(n) (g(n)+h(n))

n—1

h(s)
#2 Auk ()00 (g<s>+ : )

B(n)=k(n+1,n) <g(n)a(n)+h(n) (1’_1+a(n))>

Sk (st nn (25129,

for n € Ny.

(4.3.15)

(4.3.16)

(4.3.17)

(4.3.18)

(4.3.19)

(4.3.20)
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Proof. (c1) Define a function z(n) by

|
—

z(n) = [g(s)uP (s) + h(s)u(s)]. (4.3.21)

S

Il
=

Then z(0) = 0 and (4.3.13) can be written as
uP (n) <a(n)+b(n)z(n). (4.3.22)
From (4.3.22), as in the proof of Theorem 1.3.2, part (a;) we obtain

u(n) < (P—l + “(”)) - b (n). (4.3.23)

z
P D D

From (4.3.21) and using (4.3.22), (4.3.23) we get (see [42, p. 13])

2z ) < () (0 + ) 2 )

+ [g (n)a(n)+ h(n) (p;l +2 ;"))] . (4.3.24)

Now a suitable application of Theorem 1.2.1 given in [42, p.11] to (4.3.24) yields

=S [g<s>a<s>+h<s> (I"H‘l(s))}

s=0 p p

x n]:[l [1+b(0) (g(a)—&—hw))} (4.3.25)

o=s+1 p

Using (4.3.25) in (4.3.22) we get the required inequality in (4.3.14).

(c2) Since ¢(n) is positive and nondecreasing function for n € Ny, from (4.3.15)
we observe that

() <1 [ (K)o nmer o (M) wson

s=0

Now an application of the inequality given in (¢1) to (4.3.26) yields the desired
inequality in (4.3.16).

(c3) Define a function z(n) by

z(n) = i k(n,s)lg(s)uf (s)+ h(s)u(s)]. (4.3.27)
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Then z(0) = 0 and as in the proof of part (¢;), from (4.3.17) we see that the
inequalities (4.3.22) and (4.3.23) hold. From (4.3.27) and using (4.3.22), (4.3.23)
and the fact that the function z(n) is nondecreasing in n, we observe that

Az(n)=kn+1,n))[gn)u?f (n)+hn)un)

+ Z_: Ak (n,5) [g (s)u” (s) + h (s) u(s)]
5=0

< h(n+1,m)[g (1) (a(n) +b(n) 2 (n))
+h (n) (p S b(”)z(n)ﬂ

p p p

+ i Ark(n,s)[g(s)(a(s)+0b(s)z(s))
s=0

+h(s) (p;1 L) b(s)z(s))]

p p
< A(n)z(n)+ B(n). (4.3.28)
Now a suitable application of Theorem 1.2.1 given in [42, p. 11] to (4.3.28)
yields

n—1 n—1
z(n)<> B(o) [ 1+A@)]. (4.3.29)
o=0 T=0+1

From (4.3.29) and (4.3.22) the desired inequality in (4.3.18) follows.

Theorem 4.3.4. Let u(n),a(n),b(n),g(n) € D(Ny,R+) and p > 1 be a
real constant.
(d1) Let L : Ng x Ry — R4 be a function such that
0< Lin,z)—L(ny) < M(my) @ —y), (4.3.30)
for n € No, x > y > 0, where M : No x Ry — R, .If

n—1

uP (n) <a(n)+b(n) > L(su(s)), (4.3.31)

for n € Ny, then

s=0
xaﬁl [1+M<a,pp1+a;g))b;0)]};, (4.3.32)

for n € Ny.
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(d2) Let L : Ny x Ry — Ry be a function which satisfies the condition
0<L(na)—L(my) <Mmy) v (=—y), (4.3.33)
for n € No, x >y > O0,where M : Ng x Ry — Ry, v : Ry — R, is a continuous

and strictly increasing function with ¢ (0) = 0, 1~ is the inverse function of 1
and " (zy) <P~ (2) " (y) for z,y € Ry If

uP (n) <a(n)+b(n)y (Z L(s,u (s))) , (4.3.34)

for n € Ny, then

u(n) < {a(n)+b(n)1/} <iL<57ppl+a(5))

po= p

X ;1:[; [1 + M <0, 7%1 + G;U)) Pt (bif)ﬂ) } , (4.3.35)

for n € Np.

B =

(d3) Let W (r),G,G~! be as in Theorem 1.3.2, part (b3). If

n—1

W (n) < a(n)+b(n) Y g () W (uls)), (4.3.36)

s=0

for n € Ny, then for 0 < n < ng;n,ng € Ny,

G (D (n)) + ig(s) w (b(s))] } , (4.3.37)

s=0

u(n) < {a(n) +b(n)G!

where

D(n)—rfg(sw(vﬂf)),

and n4 € Ny is chosen so that

G (D (n)) + i:g (s)W <b(S)> € Dom (G_l) ,

s=0

for all n € Ny lying in 0 < n < ngy.

The proof follows by closely looking at the proofs of Theorem 1.3.2 and 4.3.3,
see also [42]. Here we omit the details.
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Theorem 4.3.5. Let u(n),f(n) € D(No,R+), h(n,0) € D(E,R;) and
¢ >0, p>1 are real constants and E is defined as in Theorem 4.3.1.

(e1) Let g, H, H~! be as in Theorem 1.3.3. If

u? (n) < 0+nz::: f(s)g(u(s)) + zh(svv)g(u (0))] : (4.3.38)
for n € Ny, then fori() <n < nsin,ng € szo,

w(n) < {HV[H () + F(n)]}7 (4.3.39)
where

F(n)= nz: £(s)+ Z:h (s, a)] 7 (4.3.40)

and ns € Ny is chosen so that
H(c)+ F(n) € Dom (H™")

for all n € Ny lying in 0 < n < ns.

(62) If
uP (n) <c+ i f(s)u(s)+ i h(s,0)u (s)] , (4.3.41)
s=0 o=0
for n € Ny, then
=1 p—1 7T
u(n) < [C P+ (p) F(n)] , (4.3.42)

for n € Ny, where F'(n) is given by (4.3.40).
Proof. (e;) Let ¢ > 0 and define a function z(n) by the right hand side of

(4.3.38). Then 2(0) = ¢, u(n) < {z(n)}%, z(n) is positive and nondecreasing
for n € Ny and

Az (n) = £ (m) g (u(m) + 3" h(n,0) g (u(0))

<y <{z (n)}%) [f (n) + i h(n, a)] . (4.3.43)
o=0
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From (1.3.41) and (4.3.43) we observe that

z(n+1)

ds
H(z(n+1) - H(z(n)) = T
e
Az (n)
= (tz(m17)
<f(n)+ Sz_f h(n,o). (4.3.44)

The rest of the proof follows as in the proof of Theorem 4.3.2, part (b) with
suitable changes. We omit the details.

(e2) The proof is similar to that of Theorem 1.3.4. We omit it here to avoid
repetition.

4.4 Finite difference inequalities with iterated
sums

The main concern of this section is to present some finite difference inequalities
involving iterated sums, investigated by Pachpatte in [53, 67,73] which can be
used as tools in the study of general classes of finite difference and sum-difference
equations.

Our first theorem deals with the inequalities proved in [53].
Theorem 4.4.1. Let u(n), f(n),a(n) € D(No,Ry), k(n,0),A1k(n,0)

€ D (E, Ry) and ¢ > 0 be a real constant, where ' = {(m, n) € NZ:0<n<m
< 00} .

(al) If
u(n) < c—i—z_:f(s) u(s)—l—ik(s,o)u(a)], (4.4.1)

for n € Ny, then

n—

LS F O+ o)+ Al)]
o=0

s=0

w(n) <ec (4.4.2)
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for n € Ny, where

A(n) =k(n+1,n)+ SAlkz (n,7), (4.4.3)
=0
for n € Np.
(az) If

u(n) < a(n)+ nz:: F(s) [u(s)+ Z_::k (s,0)u (0)1 : (4.4.4)
for n € Ny, then

u(n) < a(n)+ B(n) 1+§f(3)3_1:[;[1+f(0)+14(0)] , (4.4.5)
for n € Ny, where 7 7

B (n) = ;LZ:f(s) a(s) +:Z:]k(s,a)a(o)]7 (4.4.6)

for n € Ny and A(n) is given by (4.4.3).

Proof. (a;) Define a function z(n) by the right hand side of (4.4.1). Then
z2(0) =¢, u(n) < z(n) and

Az (n) = f(n) [u (n) + z_: k(s,0)u (0)1

o=0

< f(n) [z (n) + i k(s,0)z (0)1 . (4.4.7)

Define a function v(n) by

v(n)=z(n)+ Z_: k(s,0)z (o). (4.4.8)
o=0

Then v(0) = 2(0) = ¢, z(n) <wv(n), Az(n) < f(n)v(n), v(n) is nondecreasing
for n € Ny, and

n n—1

Av(n)=Az(n)+ > k(n+1,0)2(c) =Y k(n,o)z(0)

o=0 o=0
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=Az(n)+k(n+1,n)z +ZAkna o)

<[f(n)+An)]v(n), (4.4.9)
where A(n) is given by (4.4.3). The inequality (4.4.9) implies (see [42, p. 12])

n)<c 1:[ 1+ f(o)+A(0). (4.4.10)

Using (4.4.10) in Az (n) < f(n)v(n) we get

n—1

Az(n) <cf(n) [[ 11+ f (o) +A(0)]. (4.4.11)

o=0

The inequality (4.4.11) implies the estimate

n— s—1
n)<c|l+> fs) [+ F(0)+A0)]. (4.4.12)
5= o=0
Using (4.4.12) in u (n) < z (n) we get the desired inequality in (4.4.2).

(a2) The proof can be completed by closely looking at the proofs of (a;) given
above and Theorem 1.4.1, part (az). We omit the details.

Remark 4.4.1. We note that the inequalities given in Theorem 4.4.1 are the
discrete analogues of the inequalities given in Theorem 1.4.1. In the special case
when k (n, o) = g (o), the inequality in (a1 ) reduces to the inequality established
earlier by Pachpatte, see [42, Theorem 1.4.1, p. 26]. For slight variants of the
inequalities given in Theorem 4.4.1, see [42].

In the following theorems we present the inequalities established in [67].
Theorem 4.4.2. Let u(n) € D(No,Ry) , k(n,o),Ak(n,0) € D(E,R;),

h(n,s,o),A1h(n,s,0) € D(F,Ry) and ¢ > 0 be a real constant, where £ =
{(n,s)eN$:0<s<n<oo}, F={(n,s,0) e N§:0<o<s<n<oo}.

u(n) <c+ z_: k(n,s)u(s)+ z_: <X_: h(n,s,o)u (U)> , (4.4.13)

for n € Ny, then

1:[ 1+ P (s)+Q(s)], (4.4.14)
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for n € Ny, where

P(n):k(n—i—l,n)—f—ih(n—i—l,n,a), (4.4.15)

o=0
n—1 n—1 /7—1
Q(n)= Z Ak (n,T) + Z <Z Aih(n, T, 0)), (4.4.16)
7=0 =0 \o=0
for n € Ny

(bo) Let g € C (R4, Ry) be a nondecreasing function with g(u) > 0 for v > 0.
If

un) <c+ 2:; k(n,s)g(u(s)) + 21 <§)h (n,s,0) g (u (a))> . (4.4.17)
for n € Ny, then fo; 0<n<n;;nn esgvo, -

u(n) <G |G () + nz:; [P(s)+Q (s)]] , (4.4.18)
where P(n), Q(n) are givensby (4.4.15), (4.4.16),

G(r) = / g‘Z),r >0, (4.4.19)

To

ro > 0 is arbitrary, G~! is the inverse of G and n; € Ny be chosen so that

n—1

G(c)+ > [P(s)+Q(s)] € Dom (G™1),

s=0
for all n € Ny lying in 0 < n < ng.
Proof. (b1) Define a function z(n) by the right hand side of (4.4.13), then

z2(0) = c and u(n) < z(n). From the hypotheses, we observe that z(n) is
nondecreasing for n € Ny and
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—l—i:h(n—l—l,n,a)u(a) + z_: (ih(n—&— 1,5,U)u(a)>
o=0 s=0 \o=0

- i (Zh(n,s,a)u(o))

n—1
= k(n+1,n)u(n)+ZA1k(n,s)u(s)
s=0

+ i h(n+1,n,0)u(o) + i (Z Arh(n,s,0)u (a)>
o=0 s=0 \o=0

<k(n+1n)z(n) +2A1k(n,s)z(s)
s=0

+ z_: h(n+1,n,0)z (o) + z_: (i Ajh(n,s,0)z (cr))
o=0 s=0 \o=0
<[P(n)+Qn)]z(n). (4.4.20)

Now a suitable application of the Corollary 1.2.2 given in [42, p. 12] to (4.4.20)
yields

n—1
z)<c[[+P(s)+Q(s)]. (4.4.21)
s=0
Using (4.4.21) in u (n) < z (n) we get the required inequality in (4.4.13).
(b2) Let ¢ > 0 and define a function z(n) by the right hand side of (4.4.17).

Then z(0) = ¢, u(n) < z(n), z(n) is positive and nondecreasing for n € Ny and
by following the proof of (b1) with suitable modifications we get

Az(n) <[P(n)+Q(n)]g(z(n)). (4.4.22)

The rest of the proof can be completed by following the proof of Theorem 4.2.3,
part (by). Here we omit the details.

Theorem 4.4.3. Let u(n),k(n,s) , h(n,s,o), ¢ be as in Theorem 4.4.2 and
b (n) eD (N(),R+).
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(Cl) If
u(n) <c+ ib(s)u(s) + i: <ik(s,7)u(7’)>
s=0 s=0 =0

+Y ( 3 (ih(sm o>u<o>>>, (1.423)

=0 o=0
for n € Ny, then

u(n)gcﬂ 1+b(s)+2k(5,7)+z(Zh(s,7,o)>], (4.4.24)
s=0 7=0 7=0 \o=0
for n € Np.

(c2) Let g(u) be as in Theorem 4.4.2, part (by). If

n—1 n—1 /s—1
u(n) <e+y b(s)g(u(s)+ Y (Z’f(sﬁ)g(u(ﬂ)>
s=0

s=0 \7=0

s—1 /17—

T i (Z (Z h(s,7,0)g(u (0))> ) : (4.4.25)
s=0 o=0

for n € Ny, then for 0 < n < ng;n,ny € Ny,

u(n) <G G (c)

+Z b(s)—l—ik(s,r)—kz_: (ih(s,ﬂa))H ) (4.4.26)
s=0 =0 =0 \o=0

where G, G~ are as in Theorem 4.4.2, part (by) and ny € Ng be chosen so that

G (c) +z::o b(s)JrZ::Ok(s,T)Jrio <2h(5,7,0)>‘| € Dom (G™1),

for all n € Ny lying in 0 < n < na.

Proof. (c;) Define a function z(n) by the right hand side of (4.4.25). Then
2(0) = ¢, u(n) < z(n), z(n) is nondecreasing for n € Ny and

n—1 n—1 /7—1
Az (n)=b(n)u(n)+ Z k(n,m)u(r)+ Z <Z h(n,r,0)u (U))
7=0 =0 \o=0

<b(n)z(n)+ ik(n,T)Z(T) + i (Zh(n,7,a)z(a)>
7=0
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<

b(n)+ z_: k(n,7)+ z_: (Z_: h(n,T, U))] z(n). (4.4.27)

Now a suitable application of Corollary 1.2.2 given in [42, p. 12] to (4.4.27)
yields

z(n) < CI:[ 1+0b(s)+ z_:k(s,r) —|—i (ih(sm’,a))]. (4.4.28)
s=0 =0 =0 \o=0

Using (4.4.28) in u (n) < z (n) we get the desired inequality in (4.4.24).

(c2) The proof can be completed by following the proof of (¢;) and closely
looking at the proof of Theorem 4.4.2, part (b2). Here we omit the details.

Remark 4.4.2. We note that the inequalities in Theorems 4.4.2 and 4.4.3
parts (b1) and (c1) provides the growth estimates on the discrete versions of the
integral inequalities due to Bykov and Salpagarov [9] given in Theorem 1.4.2,
while the inequalities in (by) and (c2) provides the growth estimates on the
general versions of the inequalities given in [9], which can be used conveniently
in certain applications.

The inequalities established in [73] are embodied in the following theorems.

In what follows, let J; = {(n1,...,n;) : (n1,...,n;) € N¢} for i =1,...,m . For
any functions w (n) € D (No,R+), ki (n1,....,n;) € D(J;,Ry) for i = 1,...,m;
first we give the following notations used to simplify the details of presentation:

ni =0 no =0 ng =0

n—1 n—1 /nao—1
Glw](n) =k (n)w(n)+ Z ks (n,ng) w (ng) + Z (Z k3 (n,ng,n3) w (n3)>

na =0 no =0 TL3:O

n—1 /na—1 Nm—1—1
+.o 4 Z <Z < Z km (n,ng,...,nm)w(nm)> > .

no =0 ns3 =0 Nm =0

Theorem 4.4.4. Let u(n),a(n) € D(No,Ry), ki(n1,....,n;) € D(J;, Ry)
fori=1,...,m and ¢ > 0 is a real constant.

(di) If

u(n) <c+ Z B; [u] (n), (4.4.29)
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for n € Ny, then

u(n) <c 1:[ 1+ G[1] (n1)], (4.4.30)

ni =0

for n € Np.

(d2) Let a(n) be nondecreasing for n € Ny. If

w(n) <a(n)+ Z B [u] (n), (4.4.31)
for n € Ny, then
u(n) <a(n) 1:[ 14+ G[1] (n1)], (4.4.32)
n1=0

for n € Ny.

Proof. (dj) Define a function z(n) by the right hand side of (4.4.29) i.e.,

n—1 n—1 /ni—1
z(n)=c+ Y ki(m)u(n)+ > (Z ko (nl,ng)u(n2)>

n1=0 n1=0 \n2=0

+ i <Z_: (Z_: k3 (nl,nZ,nS)U(n3)>> + ...

7L1=0 n2=0 n3=0
n—1 ni—1 no—1 N —1—1

+ E g E E km (n1,n2,m3, ;) u (ng) | | |-
n1=0 \n2=0 \n3z=0 Ny, =0

Then z(0) = ¢, u (n) < z(n), z(n) is nondecreasing for n € Ny and

Az (n) =k (n)u(n)+ i ko (n,na) u (ng) + i (i ks (n,na,m3) u (n;;))

na =0 na =0 nsa =0

n—1 /ns—1 Nm—1—1
4.+ Z (Z ( Z km (n,ng,n;;,...,n,,L)u(nm))...)

nm=0

n—1 n—1 /na—1
< [kl (n) + Z ks (n,ng) + Z (Z ks (n,nz,n3)>

no=0 no=0 \n3z3=0

n—1 /na—1 Nm—1—1
+...+ Z (Z ( Z km (n7n27n37...7nm)>...>1 z(n)

no =0 ns =0 MNm, =0
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ie.,
Az (n) <G[1](n)z(n). (4.4.33)
Now a suitable application of Theorem 1.2.1 given in [42] to (4.4.33) yields
n—1
z(n)<c [] +G[1](m)]. (4.4.34)
n1:0
Using (4.4.34) in u (n) < z (n) we get the desired inequality in (4.4.30).
(d2) The proof can be completed by closely looking at the proof of Theorem

1.2.4 given in [42] and by making use of the inequality established in (d;) . We
omit the details.

Theorem 4.4.5. Let u(n), k; (n1,...,n;) for ¢ = 1,...,m be as in Theorem
4.4.4.

(e1) Let ¢ (n) € D (Np, Ry+) and A¢ (n) > 0 for n € Ny. If

u(n) < é(n)+ 2 B; [u] (n), (4.4.35)
for n € Ny, then
u(n) < ¢(0) ﬁo [1+G ] (ny)]+ nz__:lo Ag (n1) _nl:[ir1 [1+G1](o)], (4.4.36)
for n € Ny
(e2) Let a(n),b(n) € D (No, Ry). If
u(n) < an)+b(n) zmjo B; [u] (n), (4.4.37)
for n € Ny, then
u(n) < a(n)+b(n) SOG la] (n1) :ﬁﬂ [+ G b (o), (4.4.38)

for n € Ny.
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Proof. (e;) From the hypotheses on ¢ (n) we observe that ¢ (n) is nondecreas-
ing for n € Ny. Define a function z(n) by the right hand side of (4.4.35). Then
z2(0) = ¢(0), u(n) < z(n), z(n) is nondecreasing for n € Ny and as in the
proof of Theorem 4.4.4, part (d;) we have

Az(n) < A¢(n)+G[1](n)z(n). (4.4.39)

Now a suitable application of Theorem 1.2.1 given in [42] to (4.4.39) yields

n—1 n—1 n—1
() <o0) [] N+GN 0+ Ap(n) [[ D+G[)(0)] (4.4.40)
n1=0 n1=0 o=ni1+1

Using (4.4.40) in u (n) < z (n) we get the required inequality in (4.4.36).
(e2) Define a function z(n) by
z(n) = Z B;u](n). (4.4.41)
Then as in the proof of Theorem 4.4.4, part (d1), 2(0) = 0, z(n) is nondecreasing
for n € Ny; (4.4.37) can be restated as
u(n) <a(n)+b(n)z(n), (4.4.42)
and

Az (n) =k (n)u(n)+ z_: ko (n,ng) u (ng) + z_: (Z k3 (n,na,m3) u (n3)>

no =0 na =0 ns =0

n—1 no—1 Nm—1—1
+.o+ Z (Z ( Z km (n,ng,ng,...,nm)u(nm)> )

no=0 \n3z3=0 N =0
< Gla] (n) + G[b] (n) z(n). (4.4.43)
Now an application of Theorem 1.2.1 given in [42] to (4.4.43) yields

z(n) < z_: G [a] (n1) I:I 14+ G (0)] (4.4.44)
n1=0 o=ni+1

Using (4.4.44) in (4.4.42) we get the required inequality in (4.4.38).

Remark 4.4.3. The inequalities in Theorem 4.4.4 and 4.4.5 are motivated
by the integral inequalities established by various investigators and given in [3,
pp. 100-108]. For some useful singular finite difference inequalities, we refer the
interested readers to the recent paper by Medved [27] and some of the references
cited therein.
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4.5 Bounds on certain finite difference inequali-

ties

The main goal of this section is to present some specific type of finite difference

ineualities investigated by Pachpatte in [37,39,44,54,70,75].

The inequalities

given here can be used in the analysis of certain finite difference and sum-

difference equations.

Our first theorem deals with the finite difference inequalities proved in [70].

Theorem 4.5.1. Let u(n),a(n),b(n),c(n), f(n),g(n) € D (Nyg,Ry).

(a1) Suppose that Aa(n) > 0 for n € N, g and

n—1 B
u(n) Sa(n)+Zb(s)u(s)+20(s)u(s),

forn € Ny . If

8 _
:Zc s)H[1+b(T)]<1,

then

n—1

(<N1H1+b +ZAa IT t+o@),

s=a o=s+1

for n € Ny g, where

Mo S ZAa I i)

1—q

s=a o=7+1
(a2) Suppose that
n—1 B
un) <am)+bn) Y fls)u(s)+ > g(s)uls),

forn € Ny g. If

(45.1)

(45.2)

(4.5.3)

(4.5.4)

(4.5.5)

(4.5.6)
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then
u(n) < Ly (n) + NoLs (n),

for n € Nq 3, where

Lim)=a@m)+bm) S Fs)als) ] 1+ ()b,
S=a o=s+1
Ly(m)=c(m)+b(m) 3" f (s)e(s) T 11+ 7 (0)b()]
s=« o=s+1
and
1 B8
N2:1_QQZQ(S)L1(5)-

(a3) Let r (n,s),Ar(n,s) € D (Nzﬁ,RJr) fora <s<n<gand

then

n—1 n—1

u(n) <a(n)+Ns ] [1+B(s)}+z_:21(s) II [1+B@)],

S=Q

o=s+1

for n € No, 3, where

n—1
A(n):T(n—i-1,n)a(n)+ZA1r(n,s)a(s),
B n—1
B(n):r(n—l—l,n)—i—ZAlr(n,s),
and
1 Jé] s—1 ~ s—1 ~
Ng—l_quc(s) a(s)+ > A(m) [] [1+B(0o)]
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(4.5.7)

(4.5.8)

(4.5.9)

(4.5.10)

(4.5.11)

(4.5.12)

(4.5.13)

(4.5.14)

(4.5.15)

(4.5.16)
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(a1) Define a function z(n) by the right hand side of (4.5.1). Then u (n) <

z(a)=a(a)+ Z c(s)u(s), (4.5.17)

and
Az(n) =Aa(n)+b(n)u(n)
<Aa(n)+bn)z(n). (4.5.18)

Now a suitable applicarion of Theorem 1.2.1 given in [42] to (4.5.18) and using
the fact that u (n) < z (n) we have

u(n) < z(a) 1:[ [1+b(s)]+ Z_: Aa (s) I:I 1+b(0)] (4.5.19)
s=a s=« o=s+1

From (4.5.17),(4.5.19) and in view of (4.5.2) we have
z () < Ny. (4.4.20)
Using (4.5.20) in (4.5.19) we get the required inequality in (4.5.3).

The proofs of (ag) and (ag) follows by closely looking at the proof of (a;) and
the proofs of Theorem 1.5.1, part (az) and Theorem 1.5.2, part (by). Here we
omit the details.

Remark 4.5.1. By taking ¢(n) = 0 in (a1) and N, g is replaced by Ny, we
get the inequality given in Theorem 1.2.6 in [42]. The inequalities in (az) and
(ag) can be considered as the useful variants of the inequalities in Theorems
1.2.3 and 1.3.4 given in [42].

The next theorem contains the inequalities investigated in [54,75].

Theorem 4.5.2. Let u(n) € D (Nyg,Ry) and k > 0 be a real constant.

(b1) Let a(n,s),b(n,s),c(n,s) € D(E,Ry) ; a(n,s),b(n,s) be nondecreas-
ing in n for each s € N, g where F/ = {(n,s) € Ni)ﬁ ra<s<n< 5} and

n—1 s—1 B8
u(n) <k+> a(ns) |u(s)+ Y c(s,o)u(o)| +Y b(n,s)u(s), (4.5.21)

for n € Ny . If

n—1

B
qn)=> b(ns) []1+B®¢ <1, (4.5.22)

(=a
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for n € No 3, where
£-1
B(n,§)=a(ng) |1+ Y c(é,a)} ; (4.5.23)
for (n,§) € E, then
n—1
un) < 7= e 511 [1+ B (n,¢)], (4.5.24)
for n € Ny g
(b2) Let f(n),g(n),h(n) € D (Na,p, Ry) and
n—1 s—1 8
w(m) <k+ S £ ) [u) + S g@u@) + Y h@)ul)|, (45.25)
for n € Ny g. If
B o—1
r=>Y hio)[[1+Ff(r)+g()] <1, (4.5.26)
then
k n—1
u(n) < —— [[0+F () +9()), (4.5.27)
for n € Ng g.
Proof. (b;) Fix any m € N, g, then for @ <n < m, from (4.5.21) we have
s—1 B
n) < k—l—z a(m,s) |u(s)+ Z c(m,o)u(o)| + Z b(m,s)u(s). (4.5.28)

Define a function z(n,m), « < n < m by the right hand side of (4.5.28). Then
fora <n <m,u(n) <z(n,m), z(n,m) is nondecreasing in n,

B
Z(a,m) =k+ Y b(m,s)u(s), (4.5.29)

and
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<a(m,n) 1+z_:c(n,a) z(n,m),
n—1
zn+1,m) < |[l+a(m,n)|l+ Zc(n,a)” z(n,m), (4.5.30)

for « < n < m. By setting n = £ in (4.5.30) and subsituting £ = o, a+1,...,m—1
successively, we obtain

m—1 £—-1
z(m,m) < z(a,m) H 1+a(m,§) |1+ Zc(f,a)”. (4.5.31))
E=a o=«

Since m is arbitrary, from (4.5.31) and (4.5.29) with m replaced by n and using
u(n) < z(n,n) we have

n—1 e-1
u(n) < z(an) [] [1+a(n9 1—|—Zc(£,o)”, (4.5.32)
E=a o=«
where
8
z(a,n) =k+ Z b(n,s)u(s), (4.5.33)

Using (4.5.32) on the right hand side of (4.5.33) and in view of (4.5.22) it is easy
to observe that

k
z(a,n)gm.

Using (4.5.34) in (4.5.32) and (4.5.23) we get (4.5.24).

(4.5.34)

(b2) Define a function z(n) by the right hand side of (4.5.25). Then z («) = k,,
u(n) < z(n) and

Az(n) = f(n)

n—1 B
U(ﬂ)+ZQ(U)U(UH-Z’I(U)U(U)] ;

< f(n)

n—1 B
Z(n)+Zg(o)Z(o)JrZh(o)Z(o)},

o=«

for n € N, g. Define a function v(n) by

n—1
v(n)=z(m)+ Y g(o)z(a)+ Y h(o)z(0). (4.5.35)



Chapter 4 229
Then z (n) <v(n), Az(n) < f(n)v(n),

B
v(a)=k+ Y h(o)z(o), (4.5.36)

and
Av(n) = Az (n) + g (n) = ()

<[f(n)+gn)]v(n). (4.5.37)
Now a suitable application of Theorem 1.2.1 given in [42] to (4.5.37) yields

|
—

v(n) <v(a) 1+ f(s)+g(s)]. (4.5.38)
Using (4.5.38) in 2z (n

z(n) <wv(a) ] L+ F(s)+g(s)], (4.5.39)

e

for n € Ny . Using (4.5.39) on the right hand side of (4.5.36) and in view of
(4.5.26) we observe that

k
1—7r
Using (4.5.40) in (4.5.39) and the fact that u(n) < z(n) we get the required
inequality in (4.5.27).

I
Q

~—

<w(n) we get

|
-

V)
Il

v(a) < (4.5.40)

Remark 4.5.2. We note that, if we take in Theorem 4.5.2, part (b1), ¢(n, s) =
0, then we get the inequality established in [52, Theorem 2]. Furthermore, in
the various special cases of Theorem 4.5.2, we get new inequalities which can
be used conveniently in certain situations.

In the following theorem, we present some of the inequalities established in
[39,44].

Theorem 4.5.3. Let u(n),a(n),b(n) € D(Ny,Ry).

(c1) Let a(n) be nonincreasing for n € Ny. If

u(n) <a(n)+ Z b(s)u(s), (4.5.41)

s=n+1
for n € Ny, then

u(n)<a(m) J[ +00s), (4.5.42)

for n € Ny.
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(c2) Let ¢(n) € D (No,Ry) . If

w(n) < a(n)+b(n) ilc(s)u(s), (4.5.43)
for n € Np, then o

w(n) < a(n)+b(n)d(n) f[+1 [1+c(s)b(s)], (4.5.44)
for n € Ny, where -

d(n) = ’ilc(s)a(s), (4.5.45)

for n € Np.

(c3) Let L : Ny x Ry — R, be a function which satisfies the condition
0< L(n,u)—L(n,v) <M(n,v)(u—uv), (4.5.46)

for n € No, u > v >0, where M : Ny x Ry — R;. If

u(n) < a(n)+b(n) irlL(s,u(s)), (4.5.47)
for n € Ny, then -
u(n) < a(n)+b(n)e(n) ﬁﬂ [+ M (s,a(s))b(s)], (4.5.48)
for n € Ny, where B
e(n) = i L(s.a(s)), (4.5.49)
Nt

for n € Ny

Proof. (c1) Let a(n) > 0 for n € Ny, then from (4.5.41) it is easy to observe
that

u(n) S u(s)
2 < 1+ s:zn;lb(s) 26 (4.5.50)

Define a function z(n) by the right hand side of (4.5.50), then % < z(n) and

u(n+1)

z(n)—z(n—i—l):b(n—kl)m



Chapter 4 231

<bm+1)zn+1). (4.5.51)
From (4.5.51) we observe that

zn) <1+bn+1)]z(n+1). (4.5.52)

By setting n = s in (4.5.52) and then substituting s = n,n + 1,...,m — 1
(m > n+ 1 is arbitrary in Ny ) successively, we obtain the estimate

m

z(n)<z(m) [[ 0+b(s)]. (4.5.53)
s=n+1
Noting that mlinoo z(m) =1 and by letting m — oo in (4.5.53) we get
zn)< [ +o(s). (4.5.54)
s=n-+1

Using (4.5.54) in % < z(n) we get the desired inequality in (4.5.42). The

proof of the case when a (n) > 0 can be completed as mentioned in the proof of
Theorem 4.2.3, part (by).

(c2) Define a function z(n) by

z(n) = Z c(s)u(s), (4.5.55)

s=n-+1
for n € Ny Then (4.5.43) can be written as
u(n) <a(n)+b(n)z(n). (4.5.56)

From (4.5.55) and (4.5.56) we have

oo

z(n) <d(n)+ Z c(s)b(s)z(s), (4.5.57)

s=n-+1

where d(n) is given by (4.5.45). Clearly d(n) is real-valued, nonnegative and
nonincreasing function for n € Ny. Now a suitable application of the inequality
in part (c1) to (4.5.57) yields

o0

z(n)<d(n) [] M+c(s)b(s)]. (4.5.58)

s=n+1

Using (4.5.58) in (4.5.56) we get the required inequality in (4.5.44).
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(c3) Define a function z(n) by
z2(n)= Y L(s,u(s)), (4.5.59)

then from (4.4.47) we have

u(n) <a(m)+b(n)z(n). (4.5.60)

—~ o~

From (4.5.59), (4.5.60) and the hypotheses on L, we observe that

2(n) < Y [Ls,als) +b(s)z(s)) = L(s,a(s) + L (s,a(s))]
+

s=n+1

o0

<e(m)+ > M(s,a(s)b(s)z(s), (4.5.61)

s=n+1

where e(n) is given by (4.5.49). Clearly e(n) is real-valued, nonnegative and
nonincreasing function for n € Ny. Now an application of the inequality in part
(c1) to (4.5.61) yields

o0

z(n) <e(n) H [14+ M (s,a(s))b(s)]. (4.5.62)
s=n+1

The desired inequality in (4.5.48) follows from (4.5.60) and (4.5.62).
Our last theorem in this section gives the inequalities proved in [37].

Theorem 4.5.4. Let u(n),a(n),b(n) € D(Nog,R;+) and p > 1 be a real
constant.

(d1) Let f (n),g(n) € D (No, Ry). If

uP (n) <a(n)+bmn) Y [f(s)u(s)+g(s)], (4.5.63)
s=n+1

for n € Ny, then

u(n) < la(m)+b(m)An) [] {1+b(s) (S)H , (4.5.64)

s=n+1 p
for n € Ny, where
n) = 3 S p;l a(s) S
A >—S_;l[f<>( R ICIE (45.65)

for n € Ny.
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(d2) Let L, M be as in Theorem 4.5.3, part (c3) and the condition (4.5.46)
holds. If

o0

uP (n) <a(n)+b(n) Y Lisu(s)), (4.5.66)

s=n+1

for n € Ny, then
u(n) < la(n)+b(n)B(n)

1
o0 _ 1 P
< |1 {1 +M (s P=- “(S)) b(s)} , (4.5.67)
s=n+1 p p p
for n € Ny, where
>, -1
Bm)= Y L <5 p—-, 2 (5)) , (4.5.68)
s=n+1 b p
for n € Np.

Proof. (dy) Define a function z(n) by

()= Y [f(s)u(s) +g(s)], (4.5.69)
s=n-+1
for n € Ny. Then (4.5.63) can be written as
uP (n) <a(n)+b(n)z(n). (4.5.70)

From (4.5.70) as in the proof of Theorem 1.3.1, part (a;) we obtain

-1
u(n) <21y ot b
p p p
From (4.5.69) and (4.5.71) we have

cm< Y 1) (B ) g0

z(n). (4.5.71)

s=n+1 p p
=A(n)+ Z f(s) bgj)z (s), (4.5.72)
s=n—+1

where A(n) is given by (4.5.65). Clearly A(n) is real-valued, nonnegative and
nonincreasing function for n € Ny. Now an application of Theorem 4.5.3, part
(c3) to (4.5.72) yields

z(n) < A(n) H [1 + f(s) b(s)] . (4.5.73)
s=n+1 p

The desired inequality in (4.5.64) follows from (4.5.70) and (4.5.73).
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(d2) The proof can be completed by closely looking at the proof of (d;) and
the proof of Theorem 4.5.3, part (c3). We omit the details.

4.6 Applications

The inequalities given in earlier sections are recently investigated and used
in various contexts. In this section we present applications of some of the in-
equalities to study basic properties of solutions of certain finite difference and
sum-difference equations, which we hope will be a source for future work.

4.6.1 Perturbed difference equations

Consider a system of finite difference equations
zn+1)=AMm)x(n)+ f(n,x(n))+r(n), z(0) ==, (4.6.1)
as a perturbation of the linear system
y(n+1)=Am)y(n), y(0) ==z (4.6.2)

where n € Ny, x,y, f,r are the elements of R™, the m dimensional Euclidean
space, A(n) is an m x m matrix with det A (n) # 0, the functions r and f are
defined on Ny and Ny x R™ respectively and x( is a given vector in R™. The
symbol |.| will denote some convenient norm on R™ as well as a corresponding
consistent matrix norm. We denote by Y'(n) the fundamental solution matrix
of the system (4.6.2) such that Y (0) = I, the identity matrix. It is known that
the solution x(n) of (4.6.1) is equivalent to the sum-difference equation (see [42,

p. 55])
z(n) =Y (n)Y~1(0) »’Uo-f-z_:y(n) Y (s + 1) {f (s,2(5)) +7(s)}. (4.6.3)

We assume that the fundamental solution matrix Y (n) of (4.6.2) satisfies
Y (n) y—! (s)] <M, 0<s<mn;s,ne N, (4.6.4)

where M is a positive constant.

The following theorems illustrate the applications of Theorem 4.2.1 (see [57]).
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Theorem 4.6.1. Suppose that the function f in (4.6.1) satisfies

|f (n,z)| < p(n)lzl, (4.6.5)

forn € Ny, © € R™, where p (n) € D (Ny, Ry ).If (n) is any solution of equation
(4.6.1) for n € Ny, then

|x<n>|§M{|xo|+i<|r<s>|+xoMp(s)) 11 [1+Mp<a>]}, (165

s=0 o=s+1

for n € Ny, where M is given as in (4.6.4).

Proof. By using the variation of constants formula any solution z(n) of (4.6.1)
is represented by (4.6.3). Using (4.6.4), (4.6.5) in (4.6.3) we obtain

& (m)] < M Jao| + M (i @)+ Y p(s) |z <s>> | (46.7)

Now a suitable application of Theorem 4.2.1 to (4.6.7) yields the required esti-
mation in (4.6.6).

Theorem 4.6.2. Suppose that the function f in (4.6.1) satisfies

[f (n,2) = f(n,9)| <p(n) |z —yl, (4.6.8)

for n € Ny, x,y € R™, where p(n) € D (Np, Ry). Then the equation (4.6.1)
has at most one solution on Nj.

Proof. Let z; (n) and x2 (n) be two solutions of (4.6.1) on Ny, then we have

n—1

z1(n) —x2 (n) = Z Y ()Y (s+1){f(s,21(5)) — f(s,22(5))}. (4.6.9)

s=0
From (4.6.9), (4.6.4), (4.6.8) we obtain

n—1

o1 (n) =22 ()] < Y[V ()Y (s + D If (5,21 (5)) = f (5,22 (5)]
s=0

n—1

<MY p(s) |z (s) — 2 (s)]. (4.6.10)
s=0
By a suitable application of Theorem 4.2.1 to (4.6.10) we have |1 (n) — z2 (n)] <
0.Therefore z1 (n) = x2 (n) i.e., there is at most one solution of the equation
(461) on N(].
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4.6.2 Volterra type difference equations involving
iterated sums

In this section we present applications of the inequality in Theorem 4.4.2, part
(b1) (see [67]) to study certain properties of solutions of nonlinear sum-difference
equation of the form

y(n)=f(n)+ z_: F(n,s,y(s))+ z_: (2_: H(n,s, o,y (0))), (4.6.11)
s=0 =0 \o=0

for n € Ny, where y(n) € D (Ny, R) is an unknown function, f € D (Ny, R);
F:E xR — R, H:E;xR — Rinwhich By = {(n,s) e N¢ : 0< s <n < oo},
Eg:{(n,s,o)ENg:0§0§s§n<oo}.

Theorem 4.6.3. Suppose that the functions f, F, H in equation (4.6.11) sat-
isfy the conditions

If(n)] <e, (4.6.12)
|F (n,s,y)| < k(n,s) |yl (4.6.13)
|H (n,s,0,y)| < h(n,s,o)ly|, (4.6.14)

where ¢ > 0is areal constant and k (n,s) € D (E1,Ry),h(n,s,0) € D(E2, Ry).
If y(n) is any solution of equation (4.6.11) on Ny, then

il <e[[ 1+ P(s)+Q)], (4.6.15)

where P(n), Q(n) are given by (4.4.15), (4.4.16) in which A1k (n,s) € D (E1,R4),
A1h (n, S, O’) eD (EQ, R+) .

Proof. Let y(n) be a solution of equation (4.6.11). Using (4.6.12)-(4.6.14) in
(4.6.11) we have

@<t S kms)lys)+ 3 (Z h(n,5,0) [y <a>|>. (46.16)
s=0 s=0 \o=0

Now an application of Theorem 4.4.2, part (b1) to (4.6.16) yields the required
estimate in (4.6.15).

Theorem 4.6.4. Suppose that the functions F, H in equation (4.6.11) satisfy
the conditions
|F(7L,8,y) _F(nvsag” < k(n,s) |y_g|7 (4617)
|H (n,s,0,y) — H(n,s,0,9)| < h(n,s,0) |y -7, (4.6.18)

where k(n,s), h(n,s,o) are as in Theorem 4.6.3. Let P(n),Q(n) be as in
Theorem 4.6.3. Then the equation (4.6.11) has at most one solution on Ng.
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Proof. Let u(n) and v(n) be two solutions of equation (4.6.11) on Np. Using
this fact and the conditions (4.6.17), (4.6.18) we have

lu(n) —v(n)| < z_:k(n,s) lu(s) —v(s)]
+i (ih(”’é’ﬂ) |U(U)—v(0))- (4.6.19)

Now a suitable application of Theorem 4.4.2, part (b1) (when ¢ = 0) to (4.6.19)
yields u(n) = v(n) i.e., there is at most one solution of equation (4.6.11) on Ny

4.6.3 Volterra-Fredholm type sum-difference
equations

In this section we present applications of the inequality in Theorem 4.5.1,
part (as) to study certain properties of solutions of Volterra-Fredholm type
sum-difference equation of the form

z(n)=e(n)+ i F(n,s,2(s) + > G(n,s,2(s)), (4.6.20)

for n € N, g, where z(n) € D (Nag,R) is an unknown function, e(n) €
D (Nap,R); F,G: E x R — R in which E = {(n,s) ENZ :ia<s<n gﬂ},
see [70].

Theorem 4.6.5. Suppose that the functions e, F, G in equation (4.6.20) sat-
isfy the conditions

le(n)| <a(n), (4.6.21)
|F (n,s,2)] <b(n) f(s) 2], (4.6.22)
|G (n,s,2)| < c(n)g(s)lz], (4.6.23)

where a(n),b(n),c(n),f(n),g(n) € D(Nqyg,Ry). Let g2 be as in (4.5.6),
Theorem 4.5.1, part (az2).If z(n) is a solution of equation (4.6.20) on N, g, then

|z (n)| < L1 (n) + N2La (n), (4.6.24)

for n € Ny g,where Ly (n), La (n), Na are as in Theorem 4.5.1, part (as)
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Proof. Let z(n) be a solution of equation (4.6.20) on N, g. Using the fact
that z(n) is a solution of equation (4.6.20) and (4.6.21)-(4.6.23) we have

8
|z(n)] <a(n Zf ) +c(n)d g(s)|=(s)- (4.6.25)

Now an application of the inequality in Theorem 4.5.1, part (a2) to (4.6.25)
yields the required estimate in (4.6.24).

Theorem 4.6.6. Suppose that the funcrions F, G in equation (4.6.20) satisfy
the conditions

|F' (n,s,z) — F(n,s,z)] <b(n) f(s)|z— 2|, (4.6.26)
G

|G (n,s,2) —G(n,s,2)| < c(n)g(s)|z —z|, (4.6.27)

where b(n),c(n), f(n),g(n) € D(Nyg,Ry+). Let g2, L1 (n), Ly (n), No be as
in Theorem 4.5.1, part (az) . Then the equation (4.6.20) has at most one solution
on Na,g.

Proof. Let u(n) and v(n) be two solutions of equation (4.6.20) on N, 3.Using
the facts that u(n) and v(n) are the solutions of equation (4.6.20) and (4.6.26),
(4.6.27) we have

B

ju(n) —v(n)] <b(n Zf ) —v ()| +em)Y g(s)luls) —v(s)

(4.6.28)
Now an application of the inequality given in Theorem 4.5.1, part (ag) (with

a(n) = 0 which in fact implies Ly (n) = 0, N2 = 0) to (4.6.28) yields u(n) = v(n)
i.e., there is at most one solution of equation (4.6.20) on N, g.

4.6.4 Fredholm type sum-difference equations

In this section we present applications given in [75] of the special version of
the inequality in Theorem 4.5.2, part (b2) to study the properties of solutions
of the Fredholm type sum-difference equation

B
Az(n)=F <nx (n), Y k(nox (0))) : (4.6.29)

with the given initial condition

x (o) = xg (4.6.30)
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where x, k, F' are the elements of R™ an m-dimensional Euclidean space with
norm |.| and kK : ExX R™ — R™, F : Nog x R™ x R™ — R™, in which

E:{(n,s)ENg,ﬁ:agsgngﬁ}.
Theorem 4.6.7. Assume that
|k (n,s,2)| <e(n)h(s)l|zl, (4.6.31)

|F (n,z,y)| < f (n) (Jz] + [y]), (4.6.32)
where e (n),h(n), f(n) € D(Nyg,Ry+) and e(n) > 1. Let

B o—1
ro=Y hio) [[l+e() f(m)] <1 (4.6.33)

If z(n) is any solution of (4.6.29)-(4.6.30), then

n—1
||

|z (n)] < F— [Ti+ets)fs)], (4.6.34)

for n € Ny g.

Proof. The solution z(n) of (4.6.29)-(4.6.30) satisfies the following equivalent
sum-difference equation

n—1 B
z(n) =m0+ Z F (s,x (s), Z k(s o,z (0))) . (3.6.35))

Using (4.6.31), (4.6.32) in (4.6.35) we observe that

n—1 B
& ()] < ol + ) £ (s) (Iw(s)l +Y e(s)h(o) w(o)l)

S=« o=

n—1 &
<o+ f(s)e(s) (Ir () + > h(o)|x (o)l)- (4.6.36)

Now a suitable application of Theorem 4.5.2, part (be) (when g(n) = 0) to
(4.6.36) yields (4.6.34).

Theorem 4.6.8. Let z(n),y(n), n € N, g be the solutions of (4.6.29) with
initial conditions

x () = xo, (4.6.37)

y (@) = yo, (4.6.38)
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respectively.Suppose that the functions & and F' in equation (4.6.29) satisfy the
conditions

|k (n,s,z) — k(n,s,y)| <e(n)h(s)|x—yl, (4.6.39)

|F(n’x’y) - F(’I’L,.’f,g)l < f(n) (“/I" - "Z‘| + ‘y - g‘)v (4640)

where e(n), h(n), f(n) are given as in Theorem 4.6.7. Let 79 be as given in
(4.6.33). Then

i (m) —y () < PO T (14 e () £ (s)), (4.6.41)

for n € Ny g.

Proof. Using the facts that x(n), y(n) are the solutions of (4.6.29)-(4.6.37),
(4.6.29)-(4.6.38) respectively, we have

n—1 B
z(n) —y(n) =0 —y0+z {F (s,m(s),Zk(sm,x(o)))

B
—F (s,y (s), Z k(s o,y (0))) } . (4.6.42)

o=

Using (4.6.39), (4.6.40), (4.6.42) we observe that

n—1
[ (n) =y (n)] < lzo —yol+Y_ f(s)e(s) <I$ (s) =y ()]

S=«

8
+Y h(o)|z(o)—y (0)|> : (4.6.43)
Now a suitable application of Theorem 4.5.2, part (bs) (when g(n) = 0) to
(4.6.43) yields the desired estimate in (4.6.41), which shows the continuous
dependence of solutions of equation (4.6.29) on given initial data.

Finally, we note that a variety of new methods and tools are developed by
various investigators to study different types of finite difference equations. The
inequalities and applications given above are recently investigated and further
progress is expected.
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4.7 Notes

Owing to the considerable applications,recently some new finite difference
inequalities are developed to widen the scope of their applications. This chap-
ter presents some basic finite difference inequalities recently developed in the
literature. Sections 4.2-4.5 are devoted to the variety of new finite difference
inequalities investigated by Pachpatte in [35,37,39,44,45,53,54,55,57,67,68,70,73
,75]. T think that these inequalities places a new stepping stone to the vast lit-
erature on the subject and inspire further work in this area.In section 4.6,some
applications are discussed to illustrate,how some of these inequalities can be
used to study various types of finite and sum-difference equations.The number
of applications of the inequalities given here is considerable and those presented
in section 1.6 are taken from some of the above noted references.
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Chapter 5

Finite difference inequalities in two vari-
ables
5.1 Introduction

The study of dynamics of physical systems governed by partial finite differ-
ence equations is equally important. Inspite of the great possibilities for ap-
plications, the theory of partial finite difference equations is developing rather
slowely. Indeed, one need new theory and efficient techniques for its signif-
icant developments. Finite difference inequalities in two and more indepen-
dent variables which provide explicit estimates on unknown functions have
become very effective and powerful tools for studying qualitative behavior of
solutions of partial finite difference equations. In the past few years a large
number of new finite difference inequalities involving functions of two inde-
pendent variables have been discovered and used in various applications, see
[36,38,40,41,45,48,49,53,55,56,62,66,68,71,76]. In this chapter, our goal is to
present some basic finite difference inequalities recently discovered and which
can be used as handy tools in the study of different classes of partial finite
and sum-difference equations. Applications of some of the inequalities are also
presented.

5.2 Some basic finite difference inequalities

During the past few years some new finite difference inequalities have been
developed in order to widen the scope of their applications. In this section we
present some fundamental finite difference inequalities involving functions of two
independent variables, recently investigated by Pachpatte in [56,68,55,40,45].
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Our first theorem deals with the comparison inequalities related to certain
partial finite difference equations proved in [56].

Theorem 5.2.1. Let M, :7{m0,7m0+1,...},N0 = {ng,no+1,...} where
mg,ng are integers and Ag = My x Np.

(a1) Let f(m,n,r) be a function defined for (m,n) € Ag. 0 < r < co and
nondecreasing with respect to r for fixed (m,n) € Ag. Let u(m,n) and v(m,n)
be two functions defined for (m,n) € Ay and u (mg,ng) < v (Mo, no) . Assume
further that

u(m+1,n+1) < f(m,n,u(m,n)), (5.2.1)

vim+1,n+1) > f(m,n,v(m,n)), (5.2.2)
for (m,n) € Ag. Then

u(m,n) <v(m,n), (5.2.3)

for (m,n) € Ao.

(a2) Suppose that the functions Wi (m,n,r), Wa (m, n,r) be nonnegative and
defined for (m,n) € Ag, 0 < r < co and nondecreasing with respect to r for
fixed (m,n) € Ag. Let z(m,n) be a function defined for (m,n) € Ay and

Wy (m,n,z(m,n)) <z(m+1,n+1) <Wi(m,n,z(m,n)), (5.2.4)
for (m,n) € Ag. Let u(m,n) and v(m, n) be solutions of the difference equations
u(m+1,n+1)=W; (m,n,u(m,n)),u(mg,ng) = uo, (5.2.5)

v(m+1,n+1) =Wy (m,n,v(m,n)),v(my,ng) = vo, (5.2.6)

and suppose that vg < z (mg,no) < ug. Then
v(m,n) < z(m,n) <u(m,n), (5.2.7)

for (m,n) € Ay.

(a3) Let x(m,n) and y(m,n) be solutions of the difference equations
z(m+1,n+1)=g(m,n,x(m,n)),z(mo,ng) = o, (5.2.8)
and
y(m+1,n+1)=h(m,n,y(m,n)),y(mo,no) = Yo, (5.2.9)

where z(m,n),y(m,n),g(m,n,r),h(m,n,r) are defined for (m,n) € Ay, 0 <
r < 0o. Let the functions Wy (m,n,r) and Wy (m,n,r) be as in (az). Suppose
that the functions g and h in (5.2.8) and (5.2.9) satisfy the condition

Wa (mvn7 |£C - y|) < |g (mvn7x) - h(mvnvy” <W (mvnv |(E - y‘) ) (5210)
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for (m,n) € Ag. Let u(m,n) and v(m,n) be solutions of the equations (5.2.5)
and (5.2.6) for (m,n) € Ay and assume that vy < |xo — yo| < ug. Then
v(m,n) < |z(m,n) —y(m,n)| <u(m,n), (5.2.11)

for (m,n) € Ao.

Proof. (ap) Since u (mg,ng) < v (mo,ng), from the nondecreasing character
of f we obtain

u(mo + 1,10+ 1) < f (mo,no, u (mo,no))

< f (mo,n0,v (Mo, no))

<v(mg+1l,mp+1).

If the inequality (5.2.3) is fulfilled for m = mg+i, n =ng+:¢ (i = 2,3, ..., k),

it follows by the nondecreasing character of f that

u(mo+k+1,n9 +k+1) < f(mo+k,no + k,u(mo+k,no +k))

< f(mo +k,no + k,v (mo + k,no + k))

<v(imo+k+1lno+k+1).

Hence by mathematical induction we obtain (5.2.3).

(a2) Applying the inequality in part (a;) to the second part of (5.2.4) and
(5.2.5) we obtain the right half of the inequality (5.2.7). A similar argument
yields the left half of the inequality (5.2.7).

(as) Let z (m,n) = |z (m,n) —y (m,n)|. Then z (mg, ng) = |x (Mg, no) —
y (mo,np)| < u(mo,no). On account of the nondecreasing nature of
W1 (m,n,r) we obtain
z(mo+1,ng+1)=|z(mog+1,no+1)—y(mo+1,n9+1)]
= [g (mo, 1o,z (Mo, n0)) — h (Mo, no, y (Mo, n0))|
< Wi (mo,no, [z (mo, no) — y (mo,no)|)
< W1 (mo, o, u (Mo, no))
=u(mo+1,n0+1).
If the inequality z (m,n) < w(m,n) is fulfilled for m = mg + i,n = ng +i(i =
2,3, ...k), then it follows by the nondecreasing nature of Wy (m,n,r) that

zmo+k+1ng+k+1)=lz(mo+k+1ng+k+1)—y(mo+k+1,
no+k+1)]|
=|g(mo+ k,no + k,xz(mo+k,no +k)) —h(mo + k,no+k,y (mo + k,no+ k))]
< Wi (mo + k,ng + k, |z (mo + k,no + k) —y (mo + k,no + k)|)
< Wi (mo + k,no+ k,u(mo + k,no + k))
=u(mo+k+1no+k+1).

Hence by mathematical induction we obtain |x (m,n) —y (m,n)| < u(m,n) for
(m,n) € Ag. The proof of the left half of the inequality (5.2.11) is similar.
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Explicit representation of the solution u(m,n) (or v(m,n)) of a comparision
equation of the form (5.2.5) (or (5.2.6)) is not always possible. Therefore in
applications this solution is often replaced by an upper (or lower) bound for it.
The following theorems deals with some such inequalities proved in [40,45,55,68].

Theorem 5.2.2. Letu(m,n),a(m,n) € D (NG, Ry), k(m,n,0,7), Ak (m
n,o,7), Aok (m,n,o,7),AA 1k (m,n,o,7) € D (FE, Ry) where
E={(mn,o,1) €ENj :0<0<m<o00,0<7<n<o0}.

(b1) Let g € C (R4, Ry) be a nondecreasing function with g(u) > 0 for u > 0
CIf

(m,n <C+ZkanO’T (u(o,7)), (5.2.12)

for m,n € Ny, where ¢ > 0 is a real constant, then for 0 < m < mq,0 <n < nq;
m,m1,n,n1 € Ny,

m—1n—1
u(m,n) <G |G(c)+ Z ZQ(s,t) , (5.2.13)
s=0 t=0
where
m—1
Q(m,n)=k(m+1,n+1,mmn)+ Z Ak (m,n+1,0,n)
o=0
n—1 m—1n—1
+ Z Agk (m+1,n,m,7) + Z Z AsA Kk (myn,o,T), (5.2.14)
7=0 o=0 7=0
f ds
G(r z/—,r>0, 5.2.15
m=- [ (5.2.15)

ro
ro > 0 is arbitrary, G—' is the inverse of G and m,n; € Ny are chosen so that

m—1n—1

G+ > Y Q(s.t) € Dom (G,

for all m and n lying in 0 < m < m; and 0 < n < nj.

(b2) Let g, G, G™1 be as in (b1) and suppose in addition g(u) is subadditive.
If

m—

u(m,n) <a(m,n)

M

i (m,n,o,7)g (u(o,71)), (5.2.16)
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for m,n € Ny, then for 0 <m < m2,0 <n < ng; m,ma,n,n2 € N,

m—1n—1
u(m,n) <a(m,n)+G |G (A(m,n))+ Z ZQ(s,t) ,
s=0 t=0
where Q(m,n) is given by (5.2.14),
m—1n—1
A(m,n) =" k(m,n,0,7)g(a(0,7)),
o=0 7=0
ma, Ny € Ny are chosen so that
m—1n—1
G(A(m,n)+ YD Q(s,t) € Dom (G),
s=0 t=0

for all m and n lying in 0 < m < msy, 0 <n < no.
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(5.2.17)

(5.2.18)

Proof. (b1) Let ¢ > 0 and define a function z(m,n) by the right hand side of
(5.2.12). Then z(0,n) = z(m,0) = ¢, u(m,n) < z(m,n), z(m,n) is positive

and nondecreasing for m,n € Ny and
Arz(m,n) =z(m+1,n)—z(m,n)

m n—1

= ZZk(m—i—Ln,U,T)g(u(UaT))

o=07=0

m—1n—1

=Y kmt 1m0, m)g (u(o,7))

o=0 7=0

m—1n—1

+ 3 ) k(m+1,n,0,7)g(u(o,7))

o=0 7=0

m—1n—1

_ Z Z k(m,n,o,7)g (u(o,7))

o=0 7=0

n—1

=Y k(m+1,n,m,7)g(u(m,T))
7=0

m—1n—1

+ Z Z Alk (m7n7 g, T)g (U (07 T)) :

o=0 7=0

From (5.2.19) we have

AsAqrz (myn) = Az (myn+1) — Az (m,n)

(5.2.19)
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Z (m+1,n+1,m,7)g(u(m,1))

ZZ k(m,n+1,0,7)g(u(o,7))

,ik(m+ 1,n,m,7)g(u(m;7))
7=0

m—1n—1

— Z ZAlk(m,n,U,T)g(U(UvT))

o=0 7=0

=> k(m+1,n+1,m,7)g(u(m,7))
=0
n—1

=Y k(m+1,n+1,m,7)g(u(m,r))
=0
n—1

+> k(m+1Ln+1,m,7)g(u(m,7))
=0

n—1

> k(m+1n,m,7)g(u(m,7))

m—1 n

+3 ) Ak(mn+1,0,7)g(u(o,7))

o=0 7=0

m—1n—1

— Z ZA1k(m,n,U,7’)g(U(077—))

o=0 7=0
n—1
= k(m+1,n+17m,n)g(u(m7n))+ZA2k‘(m+1,n,m,7’)g(u(m,7))
=0

+Z{2Akmn+107 ZA1 (m,n,0,7) g (u(o, ))}

o=0 \7=0
:k(m—|—1,n—|—1,m,n)g(u(m,n))+iA2k(m+l,n,m,T)g(u(m,T))
7=0
m—1 n n—1
+ Z {ZAlk(m,n—l—1,U,T)g(u(a,7')) —ZAlkr(m,n—i—1,07T)g(u(0,7'))
— =0 =0

n—1

+ZAkmn+1aT ZAl (m,n,o,7) g (u(o, ))}

7=0
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n—1
= k(m—i—1,n+1,m,n)g(u(m,n))+ZA2k(m+1,n,m,7’)g(u(m,7’))
=0
n—1
£ Ak (m.n 4 Loun) g (u(o.n))
o=0
m—1n—1
+ Z Z A2A1k (mvna a, T)g (U (07 T))
o=0 7=0

n—1
<k(m+1,n+1,m,n)g(z(mn)+ > Aok (m+1,n,m,7)g(z(m,7))
7=0

n—1

+ Z Ak (m,n+1,0,n)g(z(o,n))
o=0

m—1n—1

+ Z Z A2A1]€ (m7 n,o, T)g (Z (U’ T))

o=0 7=0
<Q(m,n)g(z(m,n)). (5.2.20)

The rest of the proof can be completed by following the proof of Theorem 5.2.1
given in [42, p. 388|.

(b2) Define a function z(m,n) by

z(m,n) = 2 i k(m,n,o,7)g(u(o,1)). (5.2.21)
o=0 7=0

From (5.2.21) and using the fact that u (m,n) < a(m,n) + z(m,n) and hy-
potheses on g we have

z(m,n) < Z Zk(m,n,o,r)g(a(a,T)+z(o,7’))

< A(m,n)+ i i: k(m,n,o,7)g(z(o,7)), (5.2.22)
o=0 7=0

where A(m,n) is given by (5.2.18). The remaining proof can be completed by
closely looking at the proof of Theorem 5.2.2 given in [42].

Remark 5.2.1. We note that the inequalities in (b1) and (bz) are the further
generalizations of the inequality given in Theorem 5.2.1 in [42], which can be
used in more general situations.

Theorem 5.2.3. Let u(m,n), k(m,n,o,7), Ark(m,n,o,7), Ak (m,n,o,7),
AyAik (m,n,o,7) and ¢ be as in Theorem 5.2.2.



250 Finite difference inequalities in two variables

(c1) It
m—1n—1
u? (m,n) <c+ Z Z k(m,n,o,m)u(o,7), (5.2.23)
o=0 7=0
for m,n € Ny, then
| moln=l
u(m,n) < e+ 3 ; ; Q (s,1), (5.2.24)

for m,n € Ny, where Q(m,n) is given by (5.2.14)

(c2) Let g(u) be as in Theorem 5.2.2, part (by). If

m—1n—1
u? (myn) <c+ Y Y k(mn,o,m)u(o,7)g(u(o,T)), (5.2.25)
o=0 7=0
for m,n € Ny, then for 0 < m < m3,0 < n < ng;m,ms,n,n3 € No,
17n—1n—1
<G t|G = t 5.2.26
W 267G+ 3 3@ ). (5.2:20)

where Q(m, n) is given by (5.2.14), G, G~1 are as defined in Theorem 5.2.2, part
(b1) and mg, ng are chosen so that

m—1n—1

G (V) +5 3 S Qs1) € Dom (G7),

s=0 t=0

for all m,n € Ny lying in 0 < m < mg3,0 <n < ngs.

Proof. Let ¢ > 0 and define a function z(m,n) by the right hand side of
(5.2.23). Then 2(0,n) = z(m,0) = ¢, u(m,n) < \/z(m,n), z(m,n) is positive
and nondecreasing for m,n € Ny and following the proof of Theorem 5.2.2, part
(b1) we get

AsAiz(m,n) < Q (m,n)+/z(m,n). (5.2.27)
The rest of the proof follows by using the arguments as in the proof of Theorem

5.4.1 given in [42].

(c2) The proof can be completed by following the proof of (c1) given above
and the proof of Theorem 5.4.3 in [42]. We omit the details.

Remark 5.2.2. In the special case when k(m,n,o,7) = a (o, 7), the inequal-
ities in (¢1) and (c2) reduces to the corresponding inequalities in Theorem 5.4.1
and Theorem 5.4.3 given in [42].
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Theorem 5.2.4. Letu(m,n),a(m,n),b(m,n),g(m,n),h(m,n) € D
(Ng, R+) and p > 1 is a real constant.

(dv) If
u? (m,n) < a(m,n)+b(m,n) z_: 2_: [g (s,8)uP (s,8) + h(s,t)u(s,t)], (5.2.28)
o=0 7=0

for m,n € Ny, then
u(m,n) <{a(m,n)+b(m,n)e(m,n)

1+ i <g (s,t) + h<;t)> b(s,t)] } : (5.2.29)

t=0

m—1
<11
s=0

for m,n € Ny, where

—
—

e (m,n) = mz_:o :O [g (s,4)a (s,1) + B (5, 1) (p;l “(Z’ t))] . (5.2.30)

for m,n € Np.

(dg) Let L : N¢ x Ry — R, be a function which satisfies the condition
0 < L(m,n,u) — L(m,n,v) <M (m,n,v) (u—wv),

foru2v207whereM:Ng><R+—>R+. If

m—1n—1

u? (m,n) <a(m,n)+b(m,n) Z Z L(s,t,u(s,t)), (5.2.31)

o=0 7=0

for m,n € Ny, then

u(m,n) <{a(m,n)+b(m,n)e(m,n)

m—1 n—1 P
-1 t)\ b(s,t
I |1+ M (s,t,p 4ol )> () L (5.2.32)
s=0 t=0 p p p
for m,n € Ny, where
m—1n—1
-1 t
g(m,n) = Z L <s,t, P— -y a(s7)> , (5.2.33)
s=0 t=0 p p

for m,n € Ny.
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Proof. (dy) Define a function z(m,n) by

m—1n—1
=33 lg(s,t)u (s,t) + h(s,t)u(s,t)], (5.2.34)
s=0 t=0
then z(m,0) = z2(0,n) = 0 and (5.2.28) can be written as
uP (m,n) <a(m,n)+b(m,n)z(m,n). (5.2.35)

From (5.2.35) as in the proof of Theorem 2.3.3, part (c;) we obtain

p—1 +a(m,n) +b(m,n)

” » ) z(m,n). (5.2.36)

u(m,n) <

From (5.2.34)-(5.2.36) we observe that

,_.
=

(m,n) < y a(s,t) +b(s,t)z(s,t))
s=0 t=0

Vh(s,t) (p_ Ly, b(s’t)z(s,t)ﬂ

p p p

=e(m,n)+ 2_: Z_: b(s,t) <g (s,t) + h(;]i))z (s,t), (5.2.37)

s=0 t=0

where e(m,n) is given by (5.2.30). Clearly e(m,n) is nonnegative and nonde-
creasing function for m,n € Ny. Now an application of Theorem 4.2.2 given in
[42] to (5.2.37) yields

m—
z(m,n) < e(m,n) H

= h(s,t)
14> b(s,t) (g (s,1) + p)] : (5.2.38)

t=0

The required inequality in (5.2.29) follows from (5.2.35) and (5.2.38).

(d2) Define a function z(m,n) by

m—1n—1

z(m,n) = Z Z L(s,t,u(s,t)), (5.2.39)

s=0 t=0

then as in the proof of Part (d;) above, from (5.2.31) we see that the inequalities
(5.2.35), (5.2.36) hold.From (5.2.39),(5.2.36) and the assumptions on L it follows
that
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ety st )

<e(mn +7§:HZM(575 1+a(s’t)>b(s’t)z(s,t), (5.2.40)

s=0 t=0 p p

where & (m,n) is given by (5.2.33).Clearly & (m,n) is nonnegative and nonde-
creasing function for m,n € Ny. An application of Theorem 4.2.2 given in [42]
to (5.2.40) yields

m—1
z(m,n) < &(m,n) H
s=0

From (5.2.35) and (5.2.41) the desired inequality in (5.2.32) follows.

p

n—1
1+> M (s,t,p; Lo a(s’t)) b(;’t)]. (5.2.41)

Remark 5.2.3. We note that the inequalities given in (d;) and (d3) are of
more general type and in the various special cases, one can obtain new inequal-
ities which can also be used as tools in certain applications.

Theorem 5.2.5. Letu(m,n), f(m,n) € D (Ng,Ry),h(m,n,0,7) € D(E,Ry)
and ¢ > 0, p > 1 be real constants, where E = {(m,n,0,7) € Nj :0 < 0 <
m<oo, 0<7<n<oo}

(61) If
m— ln—l
uP (m,n) < c+ (s,1))
s=0 t:O
s—1t-1
—I—ZZh(S,t,U,T)g(u (o, T))] : (5.2.42)
o=071=0
for m,n € Ny, then for 0 < m < my,0 < n < nyg;m,my,n,ng € No,
1
u(m,n) < {H "[H (c)+ B(m,n)]}*, (5.2.43)
where

Ty [ 5,t)+822h(s,t,0,7)1, (5.2.44)

o=071=0

w
Il
<
o~
Il
<

H(r)= / dii,r >0, (5.2.45)
g

ro > 0 is arbitrary, H~! is the inverse of H and m4,n4 € Ny are chosen so that
H(¢)+ B(m,n) € Dom (H™'),

for all m,n lying in 0 < m < my4,0 <n < ny.
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(62) If
m—1n—1 s—1t-1
u? (m,n) < c+ l u(s,t)+ Y Y h(s,t,o,m)u(o,7)|, (5.2.46)
s=0 t=0 o=07=0
for m,n € Ny, then
_1
p—1 p—1 1 L
u(m,n) <qce + ’ B (m,n) , (5.2.47)

for m,n € Ny, where B(m,n) is given by (5.2.44).

Proof. (e;) Let ¢ > 0 and define a function z(m,n) by the right hand side of

(5.2.42).Then z(0,n) = z(m,0) = ¢, u(m,n) < {z (m,n)}% , z(m,n) is positive
and nondecreasing for m,n € Ny and

z(m+1,n)—z(m,n)

n—1 m—1t—1
:Z[f(m t)g (u(m, )+ Y h(%tﬁﬁ)Q(U(Uﬁ))]
n—1 m—1t—1
< f(m,t)g ({z mt}!lJ)—i— Zh m,t,o,T) ({z(a,ﬂ}éﬂ
t=0 o=0 7=0
§g<{z(m,n)};)2l f(m,t) +ZZh mtaT] (5.2.48)
t=0 o=0 7=0
From (5.2.45), (5.2.48) we observe that
z(m+1,n)

ds

¥ e

H(z(m+1,n))—H(z(m,n)) =

z(m+1,n)—z(m,n)

g ({z0mm)7)
n—1 m—1t—1
<> [f (m.t)+ Y > h(m,t,o, T)]. (5.2.49)

t=0 o=0 7=0

Keeping n fixed in (5.2.49), setting m = s and summing over s from 0 to m — 1
we obtain

H(z(m,n)) < H(c)+ B(m,n). (5.2.50)

Now substituting the bound on z(m,n) from (5.2.50) in u (m,n) < {z (m, n)}%7
we obtain the required inequality in (5.2.43). The proof of the case when ¢ > 0
can be completed as mentioned in the proof of Theorem 4.2.3, part (b1). The
domain 0 < m < my,0 < n < ny is obvious.
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(e2) The proof is similar to that of Theorem 1.3.4. We omit the details.

Remark 5.2.4. We note that the inequality in (e7) is a Bihari type discrete
inequality in two independent variables and if we take p = 2,h = 0 in (e3), then
we get a slight variant of the inequality in Theorem 5.4.1 given in [42].

5.3 Further finite difference inequalities

In view of the important applications,a great deal of attention has been given
to establish finite difference inequalities which provide explicit bounds on un-
known functions. In this section, we offer some more finite difference inequalities
investigated by Pachpatte in [38,53,66] which provide a natural and effective
means in certain applications.

We begin with the following theorem which contains the inequalities proved
in [38].

Theorem5.3.1. Let u(m,n),a(m,n),b(m,n),p(m,n), g(m,n),h(m,n) €
D (Ng, R+) .Let L: N2 x R, — Ry be a function which satisfies the condition

0 < L(m,n,u) — L (m,n,v) <M (m,n,v) (u—uv), (5.3.1)

forquZO,WhereM:Noz><R+—>R+.

(a1) Let a(m,n) be nondecreasing in m. If

3

u(m,n) <a(m,n)+p(m,n) b(s,n)u(s,n)

S

Il
o

m—1n—1

+ 3D Listulst), (5.3.2)

s=0 t=0

for m,n € Ny, then
u(m,n) < f(m,n)[a(m,n) +e(m,n)

le+ZM@W@M@mm4L (5.3.3)
s=0

t=0

for m,n € Ny, where

i

m—1

f(m,n)=1+p(m,n) b(s,m) H [1+40b(o,n)p(o,n)], (5.3.4)
o=s+1

3

Il
=)

S
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3
[
-
3
[
-

e(m,n) = L(s,t, f(s,t)a(s,t)), (5.3.5)

w
Il
o
~
Il
o

for m,n € Ny.

(a2) Let a(m,n) be as in (ap). If

u(m,n) <a(m,n) —|—Zg (u(s,n)+2h(a,n)u(a,n)>
s=0 o=0

m—1n—1

+2 > Listu(st), (5.3.6)

s=0 t=0

for m,n € Ny, then

u(m,n) < k(m,n)a(m,n)+é(m,n)

m—1 n—1
< IT [++ ZM(s,t,k(s,t)a(s,t))k(s,t)H , (5.3.7)
s=0 t=0
for m,n € Ny, where
k(m,n)zl—i—ig( 1:[ [1+g(o,n)+ h(o,n)], (5.3.8)
€(m,n) = 2 iL(s,t,k(s,t)a(s,t)), (5.3.9)
s=0 t=0

for m,n € Ny.

Proof. (ap) Define a function z(m,n) by

m—1n—1

z(m,n) =a(m,n)+ Z ZL (s, t,u(s,t)). (5.3.10)

Then (5.3.2) can be restated as

3
L

u(m,n) < z(m,n)+p(m,n) b(s,m)u(s,n). (5.3.11)

S

Il
=}

Clearly z(m,n) is nonnegative and nondecreasing function for m € Ny. Treating
(5.3.11) as an one dimensional inequality for any fixed n € Ny and a suitable
application of Theorem 1.2.4 given in [42] to (5.3.11) yields

u(m,n) < z(m,n) f(m,n), (5.3.12)
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where f(m,n) is defined by (5.3.4). From (5.3.10) and (5.3.12) we have

w(m,m) < F (mym) o (m,m) & (m, )], (5313)
where
- WSTSL (s,6,u(s,1)). (5.3.14)
Using (5.3.13),(5.35:3;;(1) (5.3.14) we observe that
(myn) < ZZ (LG50, 7 (5,0) [0 (5,1) + 7 (5,1))
L(s,t, f (:t) c:(s, t)) + L(s,t, f(s,t)a(s,t))}
e(m,n) + mz_%ltié M (s,t, f (s,t)a(s,t)) f(s,t)r (s, 1), (5.3.15)

where e(m,n) is defined by (5.3.5). It is easy to observe that e(m,n) is nonneg-
ative and nondecreasing for m,n € Ny. Now a suitable application of Theorem
4.2.2 given in [42] to (5.3.15) yields

n—1

L+ > M (s,t, f (s, t)a(s,t) f (s,t)] . (5.3.16)

t=0

m—
r(m,n) <e(m,n) H

Now using (5.3.16) in (5.3.13) we get the desired inequality in (5.3.3).

(az2) Define a function z(mm) by (5.3.10), then (5.3.6) can be written as

-1

u(m,n) < z(m,n)+ g(s,m) (u (s,n) + i h(o,n)u (o, n)) . (6.3.17)
o=0

s=0

Clearly z(m,n) is nonnegative and nondecreasing function for m € Ny. Treating
(5.3.17) as one-dimensional inequality for any fixed n € Ny and a suitable
application of Theorem 1.4.2 given in [42] to (5.3.17) yields

u(m,n) < z(m,n)k(m,n), (5.3.18)

where k(m,n) is defined by (5.3.8). Now by following the proof of (a;) we obtain
the desired inequality in (5.3.7).

Remark 5.3.1. If we take p(m.n) = 0 in ( 1), g(m,n) = 0 in (ag), then
f(m,n) =1=k(m,n), e(m,n) =é(m,n) = 2_: n;) (s,t,a(s,t)) =eo(m,n)

(say) and the bounds obtained in (5.3.3) and (5 7) reduces to

m— n—1

u(m,n) <a(m,n)+eg mnH 1+Z (s,t,a(s,t))] - (5.3.19)

For some such inequaliies and their applications, see [42].
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The inequalities embodied in the following theorem are established in [53].

Theorem 5.3.2. Let u(m,n), f(m,n),a(m,n) € D (NOQ, R+), k(m,n,o,7),
Ak (m,n,o,7), Mgk (m,n,o,7), AgA1k(m,n,o,7) € D(E,R4) and ¢ > 0 be
areal constant, where F = {(m,n,a,T) EN}:0<o<m<o0,0<7<n< oo}.

(br) If

u(m,n) <c+ ShY f(s,t) [u (s,t) + X_: X_: k(s t,0,7)u (o, 7')] , (5.3.20)

o=071=0

m—1n—1
u(m,n) <c 1+ZZfstH 1—1—2 &n) —|—Q§17)]] , (5.3.21)
s=0 t=0 £=0

for m,n € Ny, where Q(m,n) is defined by (5.2.14).

(b2) If
u(m,n) <a(m,n)+ z_: Z_:[u(s,t)
s=0 t=0

+iik‘(s,t,a, T)u (o, T)] , (5.3.22)

o=071=0

for m,n € Ny, then

m—1n—1
u(m,n) <a(m,n)+ H (m,n) 1+ZZf(s,t)
s=0 t=0
H 1+Z (&n)+Q fn)]” (5.3.23)
£=0
for m,n € Ny, where
m—1n—1 s—1t—-1
H(m,n)=> Y f(st [ () + > k(s,t,o,m)alo,7)|, (5.3.24)
s=0 t=0 o=07=0

for m,n € Ny and Q(m,n) is defined by (5.2.14).
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Proof. (b1) Let ¢ > 0 and define a function z(m,n) by the right hand side of
(5.3.20). Then 2z(0,n) = z(m,0) = ¢, u(m,n) < z(m,n) and

m—1n—1
AsAqz (m,n) = f(m,n) [u (m,n) + Z Z k(m,n,o,m)u (o, 7')‘|

o=0 7=0

m—1n—1
< f(m,n) [z (m,n) + Z Z k(m,n,o,7)z (o, 7)1 : (5.3.25)

o=0 7=0
Define a function v(m,n) by

m—1n—1

v(m,n)=z(m,n)+ Z Z k(m,n,o,7)z (0, 7). (5.3.26)

=0 7=0

Then v(m,0) = z(m,0) = ¢, v(0,n) = 2(0,n) = ¢, AsAyz (m,n) < f(m,n)
v(m,n),z(m,n) <wv(m,n) and following the proof of Theorem 5.2.2, part (b;)
and using the fact that z(m,n) is nondecreasing for m,n € Ny we observe that

AsAjv (m,n) < AsArz (m,n) +Q (m,n) z (m,n)

< [f (m,n) +Q (m,n)]v(m,n), (5.3.27)

where Q(m,n) is defined by (5.2.14). The rest of the proof can be completed as
in the proof of Theorem 4.3.1 given in [42].

(b2) The proof can be completed by following the proof of Theorem 4.3.3,
part (a4) given in [42]. We omit the details.

Remark 5.3.2. By taking &k (m,n,o0,7) = k(o,7), the inequality in (by) re-
duces to the inequality in Theorem 4.3.1 given in [42]. The inequality in (bg) is
of more general type and can be used conveniently in certain situations.

In the following theorems we present the inequalities investigated in [66] which
can be used in some applications.

Theorem 5.3.3. Let B, = {(m,n,s,t) € Nal 0<s<m<oo,0<t<n< oo}
andEgz{(m,n,s,t,a,T)EN(?:OSUSS§m<oo,0§7'§t§n<oo}.Let
u(m,n) € D(NE,Ry); k(m,n,s,t), Ak (m,n,s,t), Aok (m,n,s,t), AgAk
(m,n,s,t) € D(E1,Ry); h(m,n,s, t,0,7),Arh(m,n,s,t,0,7), Agh (m,n,s,t,
0,7), DAgAjh (m,n,s,t, 0,7) € D (E2, Ry) and ¢ > 0 be a real constant.
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+ i: i (i X_: h(m,n,s,t,0,7)u(o, T)>7 (5.3.28)

14> [A(z,y) + Bz, y)]] : (5.3.29)

for m,n € Ny, where

r—1

Ay =k@+1y+1,2,y) + > Ak(z,y+1,s7)
s=0

rz—1y—1

)
+> Mok (z+ Ly at)+ )Y AoAjk(2,y,s.1) (5.3.30)

s=0 t=0

rz—1y—1

x y)zZZh(m+1,y+1,x,y,a,7)

o=07=0
z—1 /s—1y—1
+ (ZZAlh(‘r’y+1vs7ya057)>
s=0 \o=07=0
y—1 /z—1t—-1
SN Ash(z+ 1,y,x,t,m>>
o=071=0

+
t=0

rz—1y—1 /s—1¢t-1
+zz(zzAaAm,y,s,t,a,ﬂ). s
s=0 t=0

o=071=0

(c2) Ler g € C (R4, Ry) be a nondecreasing function with g(u) > 0 for u > 0.
If

m—1

z_: k(m,n,s,t)g(u(s,t))

s=0 t=0

+ i i ( ) ih (m,n,s,t,0,7) g (u (U,T))>, (5.3.32)

o=071=0

£
E
3
M

(]

®
(=)
~
o
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for m,n € Ny, then for 0 <m < my,0 < n <ny;m,my,n,n; € Ny,

m—1n—1

)+ Y [Azy) + By, (5.3.33)

=0 y=0

u(m,n) <

where A(z,y), B(x,y) are given by (5.3.30), (5.3.31),

T

G(r) =/gd—wm >0, (5.3.34)

70

ro > o is arbitrary, G! is the inverse of G and m,n; € Ny be chosen so that

m—1n—1

+ZZ (z,y) + B(x,y)] € Dom (G1),

z=0 y=0

for all m,n € Ny such that 0 <m <mq,0 <n < n;.

Theorem 5.3.4. Let u(m,n),k(m,n,s,t) , h(m,n,s,t,o,7), ¢ be as in The-
orem 5.3.3 and b(m,n) € D (N, Ry).

(dv) If
m—1n—1 m—1n—-1 /s—11t-1

u(m,n) < c+ b(s,t)u(s,t)+ Z Z (ZZk(s,t,a,ﬂu(a,ﬂ)
s=0 t=0 s=0 t=0 \o=071=0

YN YD hstomémuEn) | |, (5.3.35)

s=0 t=0 \o=07=0 \ &=0n=0

for m,n € Ny, then

m—1 n—1
u(m,n) <c H 14+ Z Q (s,t)] , (5.3.36)
s=0 t=0
for m,n € Ny, where
m—1n—1
Q(man):b(m7n)+ k(mvnaUaT)
o=0 7=0

m—1n—-1 fo—17-1

+) D (2D h(mnomEn) |, (5.3.37)

o=0 =0 \ £&=0n=0
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(d2) Let g(u) be as in Theorem 5.3.3, part (cz). If

w(m,n) Sc—i—i ib(&t)g(u(s,t))—i— i i (ZZk(S,LJ,T)gW(U,T)))

s=0 t=0 s=0 t=0 \o=07=0

+ i DX XD rstomémguEn) | | (5.3.38)

for m,n € Ny, then for 0 < m < mo,0 < n < ng; m,ma,n,ng € Ny,

u(m,n) <G |G(c) + i i Q (s,t)] ) (5.3.39)

s=0 t=0

where Q(z,y) is given by (5.3.37), G, G~! are as in Theorem 5.3.3, part (ca)
and mo,ny € Ny be chosen so that

m—1n—1

G(c) + Z ZQ(S,t) € Dom (G™1),
for all m,n € Ny such that 0 < m < ms9,0 <n < ns.

Proofs of Theorems 5.3.3 and 5.3.4. (c¢1) Let ¢ > 0 and define a function
z(m,n) by the right hand side of (5.3.28). Then z(m,n) > 0, 2(0,n) = z(m,0) =
c and

Az (m,n) =z(m+1,n)— z(m,n)

m n—1 m n—1 /s—1t-1
= ZZk(m—l— 1,n,s,t)u(s,t) +ZZ (ZZh(m—i— 1,n,s,t,0,7)u(077)>
s=0 t=0 s=0 t=0 \o=07=0
m—1n—1 m—1ln—1 /s—11t—-1
— Zk(m,n,s,t)u(s,t)fz <ZZh(m,n,s,t,a,7)u(a,7)>
s=0 t=0 s=0 t=0 \o=07=0
n—1 m—1n—1
:Zk(m+1,n,m,t)u(m,t)—|— E(m+41,n,s,t)u(s,t)
t=0 s=0 t=0
m—1n—1
- Z Zk(m,n,s,t)u(s,t)
s=0 t=0
n—1 /m—1t—1
+ ( Zh(m—i—l,m&t,am)u(om))
t=0 o=0 7=0

0
m—1n—-1 /s—11t-1
+ ( h(m+1,n,s,t,0,7)u(a77)>
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o=071=0

m—1n—1

s=0 t=0
t—1
Zh(m—!— l,n,m,t,U,T)U(U,T)

t= 07=0
m—1n—1 s—1t—1

+ Z (ZZAlh(m,n,s,t,a,T)u(a,
s=0 t= o=07=0

- z_: (iih(m,n,s,t,a,r)u(aﬁ))

)

T>> |

E(m+1,n,m,t)u(m,t)+ Z ZAlk(m,n,s,t)u(s,t)

263

(5.3.40)

From (5.3.40) and using the facts that u(m,n) < z(m,n), z(m,n) is nonde-
creasing for m,n € Ny, we have

AsAyz (myn) =

Alz (m,n + 1) - Alz (ma n)

=Y k(m+1n+1,m,t)u(m,t)

t=0

m—1 n

T Z ZAlk(m,n-l-l,S’t)u(S’t)

s=0 t=0

o+

o

n m—1t—1
+Z <Z Zh(m+1,n+1,m,t,U,T)U(U,

o=0 7=0

s=0 t=0 \o=071=0
n—1
- k(m+1n,m,t)u(m,t)
t=0
m—1n—1

i
(]

~+
I
o

[oa

: M
3

,_.

n

-1t

7=0

Alk (m7n7 Svt) u (57t)

1

h(m + 13n7m7t70—5 T) u(g7 T))

)

m—1 n s—1t—1
+ Z<ZZA1h(m,n+l,s,t,a,T)u(U,T)

“M

o=071=0

(m+17ﬂ+1,man)u(m’n)

n—1
+Zk(m+1,n+1,m,t)u

(m, 1)

0
(ZZAl (m,n,s,t,o,7)u (o,

d

)
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m—1

+ Z Ak (m,n—+1,s,n)u(s,n)
s=0

m—1n—1

+Z ZAlk(m,nJrl,s,t)U(Sat)

m—1n—1
+ Zh (m+1,n+1,mmn,o1)u(o,1)
o=0 7=0

1 1t—-1

)3

o=0 7=0

3
|

h( m—l—l,n—i—l,m,t,U,T)u(a,T))

_|_
I

—

+
EM

s—1n—1
( Alh m,n+1,s,n,0,7)u(a,7)>

o=07=0

=
§

0
1 s—1t—1
(ZZAlh(m,n—i—1,s,t,a,7)u(a,7)>

o=071=0

_|_
i{ngh

a-

3
|
—

‘IM

(ZZh (m+1,n,m,t,o,7)u (a,7’)>

o=0
m—1n—1 /s—1t—1
(ZZAl (m,n, s, t,0,T)u (0’7’))
s=0 t=0 \o=071=0

=k(m+1Ln+1,mn)u(m,n)

m—1
+ Z Ark(m,n+1,s,n)u(s,n)

n—1

+ ZAgk(m—I— 1,n,m,t)u(m,t)
=0

m—1n—1

_|_ Z Z AgAlk (m,n, S,t) u (Svt)

s=0 t=0

m—1n—1

+Z Zh(m+1,n+1,m,n,0,7')u(0,7)

o=0 7=0
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m—1 /s—1n—1
+ (Z ZAlh(mm—k 1,8,n,0,7)u (o, T))

s=0 \o=071=0

n—1 /m—1¢t-1
—I—Z (Z ZAgh(m—i—1,n,m7t,0,7)u(077)>

t=0 o=0 7=0

m—1n—1 /s—1t—1
+ZZ<ZZA2A1 (m,n,s,t,o,T)u (O’T))

s=0 t=0 \o=07=0

<

A(m,n) 4+ B(m,n)] z(m,n). (5.3.41)
Now by following the proof of Theorem 4.2.1 given in [42] we get

m—1
z(m,n) <c H
=0

n—1

1+ Z (z,y) + B (z, y)]] (5.3.42)

for m,n € Ny. Using (5.3.42) in u (m,n) < z (m,n) we get the required inequal-
ity in (5.3.29). If ¢ > 0, we carry out the above procedure with ¢ + ¢ instead
of ¢, where ¢ > 0 is an arbitrary small constant, and subsequently pass to the
limit as € — 0 to obtain (5.3.29).

(c2) Let ¢ > 0 and define a function z(m,n) by the right hand side of (5.3.32).
Then z(m,n) > 0, 2(m,0) = z(0,n) = ¢, u(m,n) < z(m,n) and z(m,n) is
nondecreasing for m,n € Ny. By following the arguments as in the proof of (¢;)
upto (5.3.41) with suitable modifications we get

AgAqz (m,n) < [A(m,n) + B(m,n)]g(z(m,n)). (5.3.43)

The remaining proof can be completed as in the proof of Theorem 5.2.1 given
in [42].

(d1) Let ¢ > 0 and define a function z(m,n) by the right hand side of (5.3.35).
Then z(m,n) > 0, z(m,0) = 2(0,n) = ¢, u(m,n) < z(m,n) and z(m,n) is
nondecreasing for m,n € Ny and

m—1n—1

AsAyz(myn) =b(m,n)u(m,n) + Z Zk(m,ma, T)u(o,T)

o=0 7=0

m—1ln—1 fo—-17-1

+ 35S S nemno e m) )

o=0 7=0 \ £&=0n=0
<Q(m,n)z(m,n). (5.3.44)

The rest of the proof can be completed by following the proof of Theorem 4.2.1
given in [42].
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(d2) The proof can be completed by following the proof of (di) and closely
looking at the proof of Theorem 5.2.1 given in [42]. Here we leave the details to
the reader.

Remark 5.3.3. We note that the inequalities in Theorems 5.3.3 and 5.3.4
can be considered as two independent variable discrete generalizations of the
integral inequalities established by Bykov and Salpagarov in [9] (see also [12]).
The important feature of these inequalities lies in their successful utilizations to
the situations for which the other available inequalities do not apply directly.

5.4 Estimates on certain finite difference inequal-
ities I

In [36,41,48,49] Pachpatte has investigated a number of new finite difference
inequalities involving functions of two independent variables. In this section we
shall give some of the inequalities established in the above papers which find
applications in the study of some specific types of finite difference equations.

We start with the following theorem which deals with the inequalities proved
in [36].

Theorem 5.4.1. Let u(m,n),a(m,n),b(m,n) € D (NZ,R;).

(a1) Let a(m,n) be nondecreasing in m and nonincreasing in n . If

u(m,n) <a(m,n)+ Z_: Z b(s,t)u(s,t), (5.4.1)

s=0 t=n+1
for m,n € Ny, then
m—1 o]
u(m,n) <a(m,n) H 1+ Z b(s,t)], (5.4.2)
s=0 t=n-+1

for m,n € Ny.

(a2) Let a(m,n) be nonincreasing in each variable m and n. If

u(m,n) <a(m,n)+ Z Z b(s,t)u(s,t), (5.4.3)

s=m-+1t=n-+1
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for m,n € Ny, then

wim,n) <a(mn) [[ [1+ ) b(s,t)], (5.4.4)
s=m-+1 t=n+1

for m,n € Np.

Proof. (ap) First we assume that a(m,n) > 0 for m,n € Ny. From (5.4.1) it
is easy to observe that

u(m Z Z (s,) L&D (5.4.5)
a(m 2 S0
Define a function z(m,n) by
(s,t)
(m,n) =1+ Z Z , (5.4.6)
s=0 t=n+1 85 )
then ZE;Z:; < z(m,n) and
[zim+1,n)—z(mn)]—[z(m+1,n+1)—z(m,n+1]
u(m,n+1)
=b(m, n+1)7(m WD)
<b(m,n+1)z(mn+1). (5.4.7)

From (5.4.7) and using the facts that z(m,n) > 0, z(m,n+1) < z(m,n) for
m,n € Ny, we observe that

[z(m+1,n)—z(m,n)] [z(m+1,n+1)—z(m,n+1)]

z (m,n) z(m,n+1)
<b(m,n+1). (5.4.8)

Keeping m fixed in (5.4.8), set n =t and sum over t = n,n+1,...,r—1 (r >n+1
is arbitrary in Ny ) to obtain

[z(m+1,n)—z(mn)] [¢(m+1r)—2z(m,r)

z(m,n) z(m,r)
< > b(mt). (5.4.9)
t=n+1
Noting that ., imoo z(myr) = . imoo z(m+1,r) =1 and by letting r — oo

in (5.4.9) we get

[Z(m+1,n)—z(m>n)] < Z b(m,t),

z(m,n)
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ie.,

z(m+1,n)

1+ Z b( mt} n). (5.4.10)

t=n-+1

Now keeping n fixed in (5.4.10) and setting m = s and substituting s =
0,1,2,...,m — 1 successively and using the fact that z(0,n) = 1 we get

< nﬁo i (s t] (5.4.11)

t=n+
Using (5.4.11) in (5.4.5) we get the required inequality in (5.4.2). If a(m,n)
is nonnegative, we carry out the above procedure with a (m,n) + € instead of
a(m,n), where € > 0 is an arbitrary small constant , and subsequently pass to
the limit as € — 0 to obtain (5.4.2).

(az) We first assume that a(m,n) > 0 for m,n € Ny. From (5.4.3) it is easy
to observe that

E <1—|—Z stt 5%

s=m+1t=n+1 7

\_/

(5.4.12)

\_/

Define a function z(m,n) by the right hand side of (5.4.12), then ZE?Z; <

z(m,n) and
[z(m,n)—z(m+1,n)]—[z(mn+1)—z(m+1,n+1]

u(m+1,n+1)
a(m+1,n+1)
<bm+1l,n+1l)z(m+1,n+1).

=b(m+1,n+1)

) (5.4.13)
From (5.4.13) and using the facts that z(m,n) >0, z(m+1,n+1) < z(m+1,n)
for m,n € Ny, we observe that

[z(m,n)—2z(m+1,n)] [z(mn+1)—2z(m+1,n+1)]

z(m+1,n) z(m+1,n+1)

<b(m+1,n+1). (5.4.14)
Keeping m fixed in (5.4.14), set n = ¢t and sum over t = n,n+ 1,...,q — 1
(¢ > n+ 1 is arbitrary in Ny) to obtain

[z(m,n) —z(m+1,n)] [z(m,q) —z(m+1,q)]

z(m+1,n) z(m+1,q)

q

Z (m+1,1) (5.4.15)
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. lim lim .
Noting that ¢ — o0 z(m,q) = z(m+1,q) =1 and by letting ¢ — oo

q— 0
in (5.4.15) we get

[z(m,n) —z(m+1,n)]
b( 1,t),
z(m+1,n) Z (m +

t=n-+1

i.e.

z(m,n) < z(m+1,n). (5.4.16)

1+ Z (m+1,1)

t=n+1

Now keeping n fixed in (5.4.16) and by setting m = s and by substituting
s=m,m+1,...,p—1(p>m+1is arbitrary in Ny ) successively, we obtain

z(mn) <z(pn) [[ [1+ D b(s,t)]. (5.4.17)
s=m+1 t=n+1

. lim . .
Noting that p— 00 z(p,n) =1, and letting p — oo in (5.4.17) we get

z(m,n) < H

s=m+1

1+ i b(s,t)]. (5.4.18)

t=n+1

Using (5.4.18) in (5.4.12) we get the required inequality in (5.4.4). The case,
when a(m, n) is nonnegative can be completed as mentioned in the proof of part

(a1).
In the following theorems we present the inequalities investigated in [36].

Theorem 5.4.2. Let u(m,n),b(m,n) € D(N3,R;) and ¢ > 0 be a real
constant. Let g € C' (R4, Ry) be a nondecreasing function with g(u) > 0 for
u > 0.

u(m,n) <c+ Z Z b(s,t) g (u(s,t)), (5.4.19)

w(mn) <G |G+ Y. Y b(st)], (5.4.20)

s=0 t=n+1
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where

™

G(r)= / ;ﬁ,r >0, (5.4.21)

70

ro > 0 is arbitrary, G~! is the inverse of G and mi,n; € Ny are chosen so that

m—1 oo
G(o)+ Y Y b(s,t) € Dom (G,
s=0 t=n+1

for all m,n € Ny such that 0 <m <mq,0 <n < nj;.

(b2) If
u(mn) <ct+ Y > bls,t)g(u(s,b), (5.4.22)
s=m+1t=n+1
for m,n € Ny, then for 0 < m < ms9,0 < n < ng;m,ma,n,ne € Ny,
u(m,n) <G GO+ > > bis,t), (5.4.23)
s=m+1t=n+1
where G, G~! are as in (b1) and mg, ny are chosen so that
G+ Y., Y bls,t)€Dom (G,
s=m+1t=n+1
for all m,n € Ny such that 0 < m < mso,0 <n < ns.

Theorem 5.4.3. Let u(m,n),a(m,n),b(m,n) € D(N3,R;) and L : N¢ x
R, — R, be a function which satisfies the condition

0 < L(m,n,u) — L(m,n,v) <M (m,n,v) (u—0v), (5.4.24)
foruzvzo,,whereM:Ng><R+—>R+.

(Cl) If

m—1 oo

u(m,n) < a(m,n)+b(m,n) Z Z L(s,t,u(s,t)), (5.4.25)

s=0 t=n+1

for m,n € Ny, then

u(m,n) <a(m,n)+b(m,n)e(m,n)
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o0

X H 1+ Y M(st,a(s,t)b(s,t)], (5.4.26)

t=n-+1
for m,n € N(], where

m—1

=> Z (s,t,a(s,t)), (5.4.27)
5=0 t=n+1
for m,n € Ny.
(CQ) If
u(m,n) <a(m,n)+b(m,n) Z Z (s, t,u(s,t)), (5.4.28)

s=m+1t=n-+1

for m,n € Ny, then

u(m,n) <a(m,n)+b(m,n)e(m,n)

X ﬁ 1+ i M (s,t,a(s,t)b(s,t)]|, (5.4.29)

s=m+1 t=n+1
for m,n € Ny, where

Z Z (s,t,a(s,t)), (5.4.30)

s=m+1t=n+1

for m,n € Np.
Theorem 5.4.4. Let u(m,n),a(m,n),b(m,n) € D (NZ,R;) and L : N§ x
R, — R, be a function which satisfies the condition

0 <L (m,n,u) — L(m,n,v) <M (m,n,v)y" (u—w), (5.4.31)

for u > v > 0, where M : N} x Ry — Ry and ¥ : Ry — R, be a continuous
and strictly increasing function with v (0) = 0, 9~! is the inverse function of ¢
and ¢! (zy) <P~ (2) 9! (y) for z,y € Ry

(di) If

u(m,n) <a(m,n)+b(m,n)y (Z Z Lstust)) (5.4.32)

s=0 t=n+1

for m,n € Ny, then

u(m,n) <a(m,n)+b(m,n)

X1) <e(m,n 1:[ 1+ ) M(s,t,a(s,t))w1(b(s,t))]>, (5.4.33)
s=0 t=n-+1

for m,n € Ny where e(m,n) is defined by (5.4.27).
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(d2) If

u(m,n) <a(m,n)+b(m,n)y (Z Z stust)), (5.4.34)

s=m+1t=n+1

for m,n € Ny, then

u(m,n) <a(m,n)+b(m,n)

X (é(m H

s=m-+1

1+ Z (s,t,a(s,t) vt (b(s,t))D, (5.4.35)

t=n+1
for m,n € Ny, where € (m,n) is defined by (5.4.30).

Proofs of Theorems 5.4.2-5.4.4. We give the details of the proofs of (b),
(c1), (d1) only. The proofs of (bs), (¢c2),(d2) can be completed similarly with
suitable modifications.

(b1) Let ¢ > 0 and define a function z(m, n) by the right hand side of (5.4.19).
Then u (m,n) < z(m,n) and
[z(m+1,n)—z(mn)]—[z(m+1,n+1)—z(m,n+1]
— b(m,n+ 1) g (u(m,n+1))
<b(m,n+1)g(z(mn+1)). (5.4.36)

From (5.4.36) and using the facts that z(m,n) > 0, z(m,n+ 1) < z(m,n) for
m,n € Ny, we observe that

[z(m+1,n)—z(mn)] [g(m+1n+1)—2(mn+]]
g(z(m,n)) g9(z(m,n+1))

<b(m,n+1). (5.4.37)

Now by following the similar arguments as in the proof of Theorem 5.4.1, part
(a1) below (5.4.8) upto (5.4.10) we have

2 (m+(1 ’Z) ) tZ;b m, t). (5.4.38)

From (5.4.21) and (5.4.38) we have

z(m+1,n)

G(z(m+1,n))—G(z(m,n)) = 70

z(m,n)

< m[z(m+l,n)—z(m,n)]
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< i b(m,t). (5.4.39)

t=n-+1

Keeping n fixed in (5.4.39), setting m = s and taking the sum over s =
0,1,2,...,m — 1 and using the fact that z(0,n) = ¢ we obtain

G (z(m,n)) — G (c) < i > b(st). (5.4.40)
s=0 t=n+1

The required inequality in (5.4.20) follows from (5.4.40) and the fact that
u(m,n) < z(m,n). The proof of the case when ¢ > 0 can be completed as
mentioned in the proof of Theorem 5.4.1, part (a;). The subdomain 0 < m <
mq,0 < n < nq is obvious.

(c1) Define a function z(m,n) by

z(m,n) = Z_ Z L(s,t,u(s,t)). (5.4.41)
s=0 t=n+1

Then (5.4.25) can be restated as
u(m,n) <a(m,n)+b(m,n)z(m,n). (5.4.42)

From (5.4.41), (5.4.42) and (5.4.24) we observe that

u(m,n) < z_: Z {L(s,t,a(s,t) +0b(s,t)2(s,t))
s=0 t=n+1

—L (Svt7a (S,t)) +L (S,t, a (S,t))}

<e(m,n)+ z__;) t_;l M (s,t,a(s,t))b(s,t)z(s,t), (5.4.43)

where e(m,n) is defined by (5.4.27). Clearly e(m,n) is real-valued, nonnega-
tive,nondecreasing in m and nonincreasing in n for m,n € Ny. Now an appli-
cation of Theorem 5.4.1, part (a1) to (5.4.43) yields

z(m,n) < e(m,n) 1:[ 1+ Y M(s,ta(s,t)b(s,t)] . (5.4.44)
s=0 t=n-+1

The desired inequality in (5.4.26) follows from (5.4.42) and (5.4.44).
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(d1) Define a function z(m,n) by (5.4.41), then from (5.4.32) we have
u(m,n) <a(m,n)+b(m,n)¢(z(m,n)). (5.4.45)
From (5.4.41), (5.4.45), (5.4.31) and the hypotheses on 1) we observe that
m—1 oo
n) <Y > AL (s,tals,t) +b(s,0) ¢ (2 (s,1)))
s=0 t=n+1
—L (S, t,a (57 t)) +L (57 t,a (S, t))}

(m,n) + Z Z (s,t,a (s, )~ (b(s, 1))z (s,1),

s=0 t=n+1

where e(m,n) is defined by (5.4.27). Now, by following the last arguments as
in the proof of (¢;1) given above we get the desired inequality in (5.4.33).

Remark 5.4.1. We note that the inequalities in Theorem5.4.2 are the useful
versions of the more general inequalities given in [36, Theorem 2] and in the
various special cases the inequalities in Theorems 5.4.3 and 5.4.4 can also be
useful in certain applications.

The discrete analogues of Theorems 2.5.3-2.5.5 established in [41] are embod-
ied in the following theorems.

Theorem 5.4.5. Let u(m,n),a(m,n),b(m,n),c(m,n) € D (N Ry).

(61) If
m—1 oo
u(m,n) <a(m,n) —l—bmnz cht (s,t) (5.4.46)
s=0 t=n+1
for m,n € Ny, then
m—1 oo
w(m,n) < a(m,n)+b(m,n) f(m,n) 1+ Z c(s,t)b(s,t)|, (5.4.47)
s=0 t=n-+1

for m,n € Ny, where

f(m,n) = Z Z c(s,t)a(s,t), (5.4.48)

for m,n € Ny.
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(62) If

u(m,n) <a(m,n)+b(m,n) Z Z c(s,t)u(s,t),

(5.4.49)
s=m+1t=n+1

for m,n € Ny, then

u(m,n) < a(m,n)+b(m,n) f(m,n)

< I [1+ Y. c@st)b(s )|, (5.4.50)
s=m-+1 t=n+1

for m,n € Ny, where

f(m,n) = Z Z c(s,t)a(s,t),

(5.4.51)
s=m+1t=n+1

for m,n € Ny.

Theorem 5.4.6. Let u(m,n),a(m,n),b(m,n),c(m,n) € D (N Ry).

(p1) Assume that a(m,n) is nondecreasing in m for m € Ny. If

m—1

w(m,n) < a(m,n)+ 2:30 b(s,n)u(s,n) +21 til c(s,t)u(s,t), (5.4.52)
for m,n € Ny, then
z(m,n) < q(m,n)[a(m,n)+ F (m,n)
X ﬁl 1+ i c(s,)q(s,1) ] : (5.4.53)
o N e
q(m,n) = ii:[: [1+b(s,n)], (5.4.54)
F(m,n) = Tgtilc (s,8)q(s,t)a(s,t), (5.4.55)

for m,n € Np.
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(p2) Assume that a(m,n) is nonincreasing in m for m € Ny. If

oo

u(m,n) <a(m,n)+ Z b(s,n)u(s,n)

s=m-+1

+ D D clstuls), (5.4.56)

s=m+1t=n+1
for m,n € Ny, then

u(m,n) < q(m,n) [a(m,n) + F (m,n)

X H 1+ i (s,1)q(s,1) (5.4.57)
t=n-+1
for m,n € Ny, where
g(m,n) = H [1+0b(s,n), (5.4.58)
s=m+1
F(mmn)= > > c(s,)q(s,t)a(s,t), (5.4.59)

for m,n € Np.

Theorem 5.4.7. Let u(m,n),a(m,n),b(m,n) € D (NG, Ry). Let L, M be
as in Theorem 5.4.3 and the condition (5.4.24) holds.

(q1) Assume that a(m,n) is nondecreasing in m for m € Ny. If

m—1 m—1 oo
u(mn)<a(mn+2bsn (s,n +ZZLstust)),(5.4.60)
s=0 5=0 t=n+1

for m,n € Ny, then

u(m,n) < q(m,n)a(m,n)+ H (m,n)

o

X H 1+ Z (s,t,q(s,t)a(s,t))q(s,t)H , (5.4.61)

t=n-+1
for m,n € Ny, where g(m,n) is defined by (5.4.54) and

= i > Lisitq(s,t)a(s,t), (5.4.62)

for m,n € Ny.
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(g2) Assume that a(m,n) is nonincreasing in m for m € Ny. If

u(m,n) <a(m,n)+ stn ,n)
s=m-+1
+ i i L(Svtvu(87t))7 (5.4.63)

s=m+1t=n+1
for m,n € Ny, then

u(m,n) < g(m,n) [a (m,n) + H (m,n)

< II |1+ M(s,t,q(s,t)a(s,t))q(at)”7 (5.4.64)

s=m-+1 t=n+1
for m,n € Ny, where §(m,n) is defined by (5.4.58) and

Z Z (s,t,q(s,t)a(s,t)), (5.4.65)

s=m+1t=n+1

for m,n € Ny.

Proofs of Theorems 5.4.5-5.4.7. We give the proofs of (e1), (p2), (q1); the
proofs of (e2), (p1),(g2) can be completed similarly.

(e1) Define a function z(m,n) by

m—1

z(m,n) = Z e (5.4.66)

s=0 t=
then (5.4.46) can be restated as
u(m,n) <a(m,n)+b(m,n)z(m,n). (5.4.67)
From (5.4.66) and (5.4.67) we have

z(m,n) < - > cls,t)als,t) +b(s,t) 2 (s,1)]
s=0 t=n+1
Sfmn—&—mz_:icst b(s,t)z(s,t), (5.4.68)
s=0 t=n+1

where f(m,n) is defined by (5.4.48). Clearly, f(m,n) is real-valued, nonnegative
function, nondecreasing in m and nonincreasing in n for m,n € Ny. Now, an
application of Theorem 5.4.1, part (a1) to (5.4.68) yields

z(m,n) < f (m,n) ]:[ 1+ > e(s,t)b(s,1)] - (5.4.69)
s=0 t=n—+1

The required inequality in (5.4.47) follows from (5.4.67) and (5.4.69).
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(p2) Define a function w(m,n) by

w(m,n) =a(m,n)+ Z Z c(s,t)u(s,t), (5.4.70)
s=m+1t=n+1
then (5.4.56) can be restated as
u(m,n) <w(m,n) + Z b(s,n)u(s,n). (5.4.71)
s=m-+1

Clearly, w(m,n) is real-valued, nonnegative and nonincreasing in m for m € Ny.
Keeping n fixed in (5.4.71) and applying Theorem 4.5.3, part (c¢1) to (5.4.71),
we obtain

u(m,n) <w(m,n)q(m,n), (5.4.72)
where § (m,n) is defined by (5.4.58). From (5.4.72) and (5.4.70) we have

u(m,n) < g(m,n)a(m,n)+v(m,n), (5.4.73)
where

v(m,n) = Z Z c(s,t)u(s,t). (5.4.74)

s=m-+1t=n+1

From (5.4.74) and (5.4.73), it is easy to see that

vimmn) < F(mn)+ Y > els,t)q(s,t)v(s,t), (5.4.75)

s=m+1t=n-+1

where F'(m,n) is defined by (5.4.59). Clearly, F' (m,n) is real-valued nonneg-
ative function, nonincreasing in each variable m and n for m,n € Ny. An
application of Theorem 5.4.1, part (a2) to (5.4.75) yields

v(m,n) < F(mmn) [[ [1+ c(s,8)q(s,t)] . (5.4.76)
s=m+1 t=n—+1

Using (5.4.76) in (5.4.73) we get the required inequality in (5.4.57).

(¢1) Define a function z(m,n) by

m—1 oo
z(m,n) =a(m,n) + Z Z L(s,t,u(s,t)), (5.4.77)

s=0 t=n+1

then (5.4.60) can be restated as

Ju

u(m,n) < z(m,n)+ - b(s,m)u(s,n). (5.4.78)

s=
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Clearly, z(m,n) is real-valued, nonnegative and nondecreasing function in m for
m € Np. Keeping n fixed in (5.4.78) and applying Corollary 1.2.5 given in [42,
p. 15] to (5.4.78) we get

u(m,n) < z(m,n)q(m,n), (5.4.79)
where g(m,n) is defined by (5.4.54). From (5.4.79) and (5.4.77) we have
u(m,n) < q(m,n)a(m,n) +v(m,n)], (5.4.80)

where

Z Z (s,t,u(s,t)). (5.4.81)

s=0 t=n-+1

From (5.4.81), (5.4.80) and the hypotheses on L we observe that

<Y S ALt a0 als,t) +o(s0]) — Ls,tals ) as)

s=0 t=n+1
+L(s,t,q(s,t)a(s,t))}
< H (m,n) + Z Z (s,t,q(s,t)a(s,t))q(s,t)v(s,t), (5.4.82)
s=0 t=n+1

where H(m,n) is defined by (5.4.62). Clearly, H(m,n) is real-valued, nonnega-
tive, nondecreasing function in m and nonincreasing in n for m,n € Ny. Now,
applying Theorem 5.4.1, part (a1) to (5.4.82) and substituting the bound on
v(m,n) in (5.4.80), we get the required inequality in (5.4.61).

The next theorem contains the inequalities obtained in [49].

Theorem 5.4.8. Let u(m,n),a(m,n) € D(N§,Ry) and ¢ > 0 be a real
constant.

(7“1) If
m—1 oo

u? (m,n) <c+ Z Z a(s,t)u(s,t), (5.4.83)

s=0 t=n+1

for m,n € Ny, then

1 m—1 oo
< - 4.84
u(m’n)‘ﬁwgt;f(m’ (5.4.84)

for m,n € Np.
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(ro) Let g,G,G! be as in Theorem 5.4.2, part (by).If

u? (m,n) <c Z Z s,t) g (u(s,t)), (5.4.85)

for m,n € Ny, then for 0 < m < mg3,0 <n < ng;m,ms,n,ng € Noy,

m—1 oo

u(m,n) < G* G(#H%Z > als )], (5.4.86)

s=0 t=n+1

and mg,n3 € Ny are chosen so that

GO +5 Y Y a(st)eDom (G,
s=0 t=n+1

for all m,n € Ny such that 0 < m <m3,0 <n < ngs.

(r3) Let L, M be as in Theorem 5.4.3 and the condition (5.4.24) holds. If

u? (m,n) < c mz i (s,t)u(s,t) L(s,t,u(s,t)), (5.4.87)

s=0 t=n+
for m,n € Ny, then

m—1 0o

1
u(m,n) < e+ h(m,n) H 1+ = Z a(s,t)M (s,t,\/c)|, (5.4.88)
2
s=0 t=n-+1
for m,n € Ny, where
1m 1 oo
=3 Z a(s,t)L(s,t,\/c), (5.4.89)
s=0 t=n+1

for m,n € Ny.

Proof. (r1) Let ¢ > 0 and define a function z(m,n) by the right hand side of
(5.4.83), then u (m,n) < \/z(m,n) and

[z(m+1,n)—z(m,n)]—[z(m+1,n+1)—z(m,n+1)]

=a(mn+1)u(m,n+1)

<a(m,n+1)y/z(m,n+1). (5.4.90)
By using the facts that \/z (m,n) > 0, /2 (m,n+ 1) < \/z (m,n), /2 (m,n + 1) <
Vzm+1,n+1),/z(m+1,n+1) <z (m+ 1,n), we observe that

[\/z(m—i—l,n)— \/z(m,n)} - [\/z(m—i—Ln—i—l)— \/z(mm—i—l)]
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_ [z(m+1,n)—z(mmn)]  [zm+1ln+1)—z(mn+]1)
Vz(m+1,n)++/z(mmn) zm+1Ln+1)+/z(mmn+1)
[z(m+1,n) — 2z (m,n)] B [zim+1,n+1)—2z(m,n+1)]

<

Vem+1n+1)+zmn+1) zm+1Ln+1)+/z(mn+1)
_ [z(m+1,n)—z(mn)]—[z(m+1,n+1)—z(m,n+1)]
Vzm+1n+1)+/z(mn+1)
[z(m+1,n)—z(mn)]—[z(m+1,n+1)—z(mn+1)]
Vz(m,n+1)+ /2 (m,n+1)

1
< 20 (m,n+1). (5.4.91)

Here, we have used (5.4.90) to get (5.4.91). Now, keeping m fixed in (5.4.91),
set n =t and sum over t =n,n+1,....,¢ — 1 (¢ > n+ 1 is arbitrary in Ny ) to
obtain

[\/z (m+1,n) — \/zmn}—[\/z(m—i—l,q)—\/z(m,q)}

< 1 i a(m,t). (5.4.92)

Noting that ¢ — 5 Vz(m+1,q9) = \/z(m,q) = /¢, and by letting ¢ — oo
in (5.4.92) we get

o0

\/z(m—l-l,n)—\/z(m,n)gé Z a(m,t). (5.4.93)

t=n-+1

Keeping n fixed in (5.4.93), set m = s and sum over s = 0,1,2,...,m — 1 and
use the fact that z(0,n) = ¢, to obtain

m—1 oo
\/z(m,n)gﬁ—&—% Z Z a(s,t). (5.4.94)

s=0 t=n+1

The desired inequality in (5.4.84) follows by using the fact that u(m,n) <
Vz(m,n). If ¢ > 0, we carry out the above procedure with ¢ 4 ¢ instead of ¢,
where € > 0 is an arbitrary small constant, and subsequently pass to the limit
as € — 0 to obtain (5.4.84).

(r2) Let ¢ > 0 and define a function z(m, n) by the right hand side of (5.4.85).
Then by following the same arguments as in the proof of (r1) upto (5.4.91) with
suitable changes we get

{\/z(m—i—l,n)— \/z(m,n)} - [\/z(m—i—Ln—i—l)— \/z(m,n—I—l)}



282 Finite difference inequalities in two variables

< %a (myn+1)g ( z (myn + 1)) . (5.4.95)

From (5.4.95) and using the fact that g ( z(m,n + 1)) <y ( z (m,n)) we
observe that

{\/Z(erl,n)f\/z(m,n)} - [\/z(erl,nJrl)f\/z(m,nJrl)]
g( z(m,n)) g( z(m,n—i—l))

1
< 3¢ (m,n+1). (5.4.96)

Keeping m fixed in (5.4.96), set n = t and sum over t = n,n+ 1,...,q — 1 (
g > n+ 1 is arbitrary in Ny ) to obtain the estimate

{\/z(m—i-l,n)—\/z(m,n)} [\/z(m—i—l,q)—\/z(m,q)}

g (vzmm) g(vz0ma)
1 U
< it:;la(m’t) (5.4.97)
Noting that 7 imoo \/ (m+1,q) \/z (m,q) = \/c and by letting ¢ — oo in

(5.4.97) we get

{\/ (m+1,n) — \/zmn} ©

g( Z(mm)) < ;t_;la(m,t). (5.4.98)
From (5.4.21) and (5.4.98) we have
G( (m+1n))—G( z(mn /
[\/z m+1,n) —/z(m n]
g ( z (m,n))
< é i a(m,t). (5.4.99)
t=n+1

Now keeping n fixed in (5.4.99), set m = s and sum both sides over s =

0,1,2,...,m — 1 and use the fact that z(0,n) = ¢ to obtain
1 m—1 oo
G( z(m,n)) ) + 3 Z a( (5.4.100))
s=0 t=n+1
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The required inequality in (5.4.86) follows from (5.4.100) and u (m, n) < /z (m, n).
The case ¢ > 0 can be completed as mentioned in the proof of part (r1). The
subdomain 0 < m < mg,0 < n < ng is obvious.

(r3) Let ¢ > 0 and define a function z(m,n) by the right hand side of (5.4.87).
Then u (m,n) < /z(m,n) and by following the proof of (r1) upto (5.4.91) with
suitable changes we get

{\/z(m—i—l,n)— \/z(m,n)} - [\/z(m—i—Ln—i—l)— \/z(m,n—I—l)}

< fa(m,n—l—l)L(m,n—&—l,\/z(m,n—kl)) . (5.4.101)

2

Further by following the arguments as in the proof of (r;) below (5.4.91) upto
(5.4.94) with suitable changes we get

mZ i DL (5,6,7/2(5,0) (5.4.102)
s=0 t=n

Define a function v(m,n) by

v(m,n) ;mz_:o i (s,t) L ( z (s,t)) . (5.4.103)

From (5.4.103), (5.4.102) and the hypotheses on L we observe that

[t

Vz(m,n) < e+

[\'J\H

m—1 oo

(m,n <;ZO Z a(s,t){L(s,t,v/e+v(s,t)) —L(s,t,\/c)+L(s,t,vc)}
s=0 t=n+1
m—1 oo
< h(m,n)—i—% > a(s,t) M (s,t,\/c) v (s,1), (5.4.104)
s=0 t=n+1

where h(m,n) is defined by (5.4.89). Clearly, h(m,n) is a real-valued nonneg-
ative function, nondecreasing in m and nonincreasing in n for m,n € Ny. An
application of Theorem 5.4.1, part (a1) to (5.4.104) yields

m—1 oo
v(m,n) < h(m,n) H 1+ % Z a(s,t)M (s,t,\/c)| . (5.4.105)
s=0 t=n-+1

The required inequality in (5.4.88) follows by using the fact that u(m,n) <
z (m,n) and (5.4.102). The proof of the case when ¢ > 0 can be completed
as mentioned in the proof of (r1).

Our final theorem in this section deals with the inequalities proved in [48].
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Theorem 5.4.9. Let u(m,n),a(m,n),b(m,n),c(m,n) € D(NZ,Ry) and

p > 1 be a real constant.

(81) If

;-.

u? (m,n) <a(m,n)+b(m,n) Z c(s,t)u(s,t), (5.4.106)
s=0 t=n+1

for m,n € Ny, then

u(m,n) <{a(m,n)+b(m,n)E (m,n)

m—1 e3¢} b(S t) %
< I [1+ > cls,t) == } , (5.4.107)
s=0 t=n-+1 p

for m,n € Ny, where

“<5’t)> : (5.4.108)

for m,n € Np.

) Let L, M be as in Theorem 5.4.3 and the condition (5.4.24) holds. If

(s2
m—1 oo
u? (m,n) < a(m,n)+b(m,n) Z Z L(s,t,u(s,t)), (5.4.109)
s=0 t=n+1
for m,n € Ny, then
w(m.n) < {a(m.n) +b(m,n) E (m,n)
m—1 o] %
-1 t b(s,t
<[ 11+ 3 M(s,t,p 4+ ol )) (s, )H , (5.4.110)
s=0 t=n-+1 p p b
for m,n € Ny, where
s -1 a(st)
Z L (s,t, + ) : (5.4.111)
s=0 t=n+1 p p

for m,n € Ny.
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Proof. (s1) Define a function z(m,n) by

z(m,n) = z_: Z c(s,t)u(s,t). (5.4.112)
s=0 t=n+1

Then (5.4.106) can be written as
u? (m,n) <a(m,n)+b(m,n)z(m,n). (5.4.113)

From (5.4.113) as in the proof of Theorem 2.3.3, part (c1) we get

p—l + a’(m7n) + b(m,n)
p p p

u(m,n) <

z(m,n). (5.4.114)

From (5.4.112) and (5.4.114) we have

s=0 t=n+1 p p p
m—1 oo b (8 t)
SE(mn)+ Y Y c(st) p’ z(s,1), (5.4.115)

where E(m,n)is defined by (5.4.108). Clearly, E(m,n) is real-valued, nonneg-
ative function, nondecreasing in m and nonincreasing in n for m,n € Ny. An
application of Theorem 5.4.1, part (aq) to (5.4.115) yields

i > b(s,t)
z(m,n) < E(mon) [] |1+ D els,t) ——|. (5.4.116)
s=0 t=n-+1 p

The required inequality in (5.4.107) follows from (5.4.113) and (5.4.116).

(s2) The proof follows by closely looking at the proof of (s1) given above and
the proof ofTheorem 5.4.3; part (¢1). Here we omit the details.

Remark 5.4.2. 'We note that one can very easily obtain explicit bounds on the

inequalities given in (5.4.83), (5.4.85), (5.4.87), (5.4.106), (5.4.109) by replacing
m—1 oo 00 00

the double sum . > by Y. > . Here we leave the details of such

s=0 t=n+1 s=m+1t=n+1
results to the readers to fill in where neede
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5.5 Estimates on certain finite difference inequal-
ities II

In this section we shall give some more finite difference inequalities, recently
established by Pachpatte in [62,71,76], which can be used conveniently in certain
new applications for which the inequalities given earlier do not apply directly.

Our first theorem deals with the inequalities investigated in [76].

Theorem 5.5.1. Let u(m,n),a(m,n),b(m,n),c(m,n), f(m,n),g(m,n) €
D (N2, Ry).

(a1) Suppose that

m—1n—1

w(m,n) < a(mn)+b(mn) Y > f(st)u(s)
s=0 t=0
)Y g(s, (5.5.1)
s=0 t=0
for m,n € Ny. If
3 ig (s,t) Q1 (s,t) <1, (5.5.2)
s=0 t=0
then
u(m,n) < Py (m,n) + N1Q1 (m,n), (5.5.3)
for m,n € Ny, where
m—1n—1
Py (m,n) =a(m,n) +b(m,n) Ly (m,n) f(s,t)a(s,t), (5.5.4)
s=0 t=0
m—1n—1
Q1 (m,n) =c(m,n) +b(m,n) Ly (m,n) ZZf s,t)c(s,t) (5.5.5)
s=0 t=0
m—1 n—1
Ly (m,n) = H 1+ Z f(s,6)b(s,t)|, (5.5.6)
s=0 t=0
and
M= _1q1 SOS g (s,8) Pr(s,8). (5.5.7)
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(a2) Suppose that

u(m,n) < a(m,n)+b(m,n) Z Z f(s,t)u(s,t)

s=m+1t=n-+1

> gls, (5.5.8)

t=0

T

for m,n € Ny.

NE
NE =

qa = g(s,t)Qa(s,t) <1, (5.5.9)

I
o

t

Il
=]

S

then
u(m,n) < Py(m,n) + NaQ2 (m,n), (5.5.10)

for m,n € Ny, where

Py (m,n) = a(m,n)+b(m,n) Ly(m,n) > > f(s,t)a(st), (55.11)

s=m+1t=n+1

Q2 (m,n) =c(m,n)+b(m,n) Ly (m,n) Z Z f(s,t)c(s,t), (5.5.12)

s=m-+1t=n+1

Lymmn)= [ [1+ D f(st)b(s.1)], (5.5.13)
s=m-+1 t=n+1

and

Ny =

ZZQ s,t) Py (s,1) (5.5.14)

1_
2 =0

(ag) Suppose that

m—1 oo

u(m,n) < a(m,n)+b(m,n) Z Z [ (s, t)u(s,t)

s=0 t=n+1

> > gls, (5.5.15)
s=0

=0

o+

L If
=Y 9(s,0)Qs(s,1) <1, (5.5.16)
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then
u (ma n) <P (mv n) + N3Q3 (ma 77,) ) (5517)

for m,n € Ny, where

m—1 oo

Py (m,n) =a(m,n)+b(m,n) Ly (m,n) Y Y f(s,t)a(s,t), (5.5.18)

s=0 t=n+1

m—1 oo

Qs (m,n) = c(m,n) +b(m,n) Ly (m,n) > > f(s,t)c(s,t), (5.5.19)

s=0 t=n+1
m—1 e}
1+ > f(s,t)b(s,1)] (5.5.20)
s=0 t=n—+1
and
N3 = s,t) Py (s,t) 5.5.21
1— ¢ ; ;9 3 ( )
Proof. (ay) Let
m—1n—1
> fis (5.5.22)
s=0 t=0
Z Z g (s (s,t). (5.5.23)
s=0t=0
Then (5.5.1) can be restated as
u(m,n) <a(m,n)+b(m,n)v(m,n)+c(m,n)r. (5.5.24)
From (5.5.22) and (5.5.24) we have
m—1n—1
v(m,n) <d(m,n)+ Y > fs,t)b(s,t)v(st), (5.5.25)
s=0 t=0
where
m—1n-1
d(m,n) = [f (s,t)a(s,t)+rf(s,t)c(s,t)]. (5.5.26)
s=0 t=0

Clearly, d(m,n) is real-valued,nonnegative function and nondecreasing in both
the variables m and n for m,n € Ny. Now an application of Theorem 4.2.2
given in [42] to (5.5.25) yields

v(m,n) <d(m,n) L (m,n). (5.5.27)
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Using (5.5.27) in (5.5.24) we have
u(m,n) <a(m,n)+rc(m,n)+b(m,n)d(m,n) Ly (m,n)

=P (m,n) +7rQ1(m,n). (5.5.28)
Now from (5.5.28), (5.5.23) and (5.5.2) we have

ﬁ

ZZQ s,) {Py (5,t) +7 Q1 (5,0)}

J)
-
I
o

ie.,

which implies
r < Nj. (5.5.29)

Using (5.5.29) in (5.5.28) we get (5.5.3).

(a2) Let
S fstulst), (5.5.30)
s=m+1t=n+1

and r be as in (5.5.23). The proof can be completed by following the proof of
(a1) and using the inequality in Theorem 5.4.1, part (az).

(as) Let
m—1
=> Z fs,t)u(s,t), (5.5.31)
s=0 t=n+1

and 7 be as in (5.5.23). The proof follows by the similar arguments as in (a1)
and using the inequality in Theorem 5.4.1, part (aq).

The next theorem contains the inequality established in [71].
Theorem 5.5.2. Let u(m,n) € D (Ng,RQ and a (m,n,s,t),b(m,n,s,t) €
D (E, R;) be nondecreasing in m, n for each s,t € Ny, where E = {(m,n, s,t) €

Né:0§5§m<oo,0§t§n<oo}.0§5§m<oo,0§t§n<oo}. Sup-
pose that

u(m,n)gc—i—ZZa(m,nst +Zmenst u(s,t), (5.5.32)
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for m,n € Ny , where ¢ > 0 is a real constant. If

r(m,n):ZZb(m n,s,t) 1:[
o=0

s=0 t=0

1+Z staT] 1, (5.5.33)

for m,n € Ny, then

w(m,n) < 5

n—1
1+ Z a(m,n, s, t)} , (5.5.34)
for m,n € Ny.

Proof. Fix (x,y) € NZ. Then for 0 <m < 2,0 <n < y; (m,n) € N3 we have

m—1n—1 SR
u(m,n) <c+ a(z,y,s,t)u —l—ZZb x,y,8,t)u(s,t). (5.5.35)
s=0 t=0 s=0 t=0
Let
= c+ZZb (z,y,s,t)u(s,t), (5.5.36)
s=0 t=0
then (5.5.35) can be restated as
m—1n—1
w(m,n) <k(z,y)+ > > alw,y,s,0)u(st), (5.5.37)
s=0 t=0

for 0 <m < 2,0 <n <y. Now an application of Theorem 4.2.1 given in [42] to
(5.5.37) yields

m—1
w(m,n) < k(zy) []
o=0

n—1
1+ a(z,y.0, T)] 7 (5.5.38)
7=0

for 0 < m < 2,0 < n < y.Since (z,y) € NZ is arbitrary, from (5.5.38) and
(5.5.36) with (z,y) replaced by (m,n) we have

m—1 n—1
u(m,n) < k(m,n) 1+ Z a(m,n,o, 7)1 , (5.5.39)
o=0 7=0
where
k(m,n) = c—i—ZZZ)(??@,TL,SJ)u(s,t)7 (5.5.40)
s=0t=0

for all (m,n) € NZ. Using (5.5.39) on the right hand side of (5.5.40) we have

_c+ZZb(m,n,s,t) {k‘(m,n) 1 1+Za(5,t,077)]}a

s=0t=0 o=0 =
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which in view of (5.5.33) implies
¢

k(m,n) < =) (5.5.41)

Using (5.5.41) in (5.5.39) we get the required inequality in (5.5.34).
Remark 5.5.1. We note that the inequality given in Theorem 5.5.2 is of more
general type and in the special cases when (¢)b(m, n, s,t) = 0, (ii)a(m,n, s, t) =

0, it can also be used more effectively in the situations for which the other
available inequalities do not apply directly.

Tn the following theorem we present the inequality proved in [62].

Theorem 5.2.3. Let u(m,n),p(m,n), f(m,n),g(m,n),h(m,n) € D (NG
,Ri), and ¢ > 0 be a real constant and suppose that

w(mm) < et 3 p(s,n)u(sn)
s=0
m—1n—1
DN f(s.1) [uls,t)
s=0 t=0
s—1 t—1 co 0o
+3 > gl ule )+ 3. k(o Tulo, 7)1 , (5.5.42)
o=071=0 o=071=0

for (m,n) € NZ. If

r:ZZh(a,T)B(G,T)

=0 7=0
Xﬁ 1+§B(§,n) [f (6,77)+9(£,77)]] <1, (5.5.43)
where T
B(o,7) = glf[: [L+p(s,7)], (5.5.44)

for (o,7) € NZ, then

u(m,n) < 1irB(m,n) 1:[ L+ S B, [f (5 +9(5,8)]| 5 (5.5.45)
s=0 t=0

for (m,n) € N&.
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Proof. Let ¢ > 0 and define a function z(m,n) by

m—1n—1

z(m,n) =c+ Z Zf(s,t) [u(s,t)

s=0 t=0

s—1t—1

+ZZg(J, T)u (o, 7) + ZZh(J, T)u (o,7)| . (5.5.46)

o=07=0 o=07=0
Then (5.5.42) can be restated as

m—1

u(m,n) < z(m,n)+ Z p(s,n)u(s,n). (5.5.47)
s=0

It is easy to observe that the function z(m,n) is real-valued, positive and non-
decreasing for (m,n) € NZ. Now treating n fixed in (5.5.47) and applying the
inequality given in Corollary 1.2.5 in [42] to (5.5.47) we get

u(m,n) < B(m,n)z(m,n), (5.5.48)

for (m,n) € N&, where B(m,n) is defined by (5.5.44). From (5.5.46), (5.5.48)
and the fact that B (m,n) > 1, we observe that

) < et 3 £ (s.8)
s=0

s—1t—1

B(s,t)z(s,t)+ ) > g(o,7)B(0,7)2(0,7)

= =070
+ iih (0,7)B (0,7) 2 (0, T)]

< c+21§f(s,t)3(s,t) [z(&t) + Zig(a,f)B(a,r)z(o,r)

+ iih (0,7)B (0,7) 2 (0, T)] : (5.5.49)

Define a function v(m,n) by the right hand side of (5.5.49). Then v(m,n) > 0,
v(0,n) = v(m,0) =¢, z(m,n) <v(m,n) and

m—1n—1

AsAjv (myn) = f(m,n) B(m,n) [z (m,n) + Z Z g(o,7)B(0,7)z(0,7)

o=0 7=0

+Zzh<a,v>3<m>z<m>]

o=071=0
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+3 3 k(e 7) B(o,7)v(o,7)| - (5.5.50)

o=071=0

Define a function w(m,n) by

w(mn)=v(mn)+ 33 g(o,7) B(o,7)v(o,7)
o=0 7=0

£33 h(o. ) Blo)v(o,7),

o=07=0

then w(m,n) > 0,v (m,n) <w(m,n), AsAjv(m,n) < f(m,n) B(m,n)w(m,n),

w(0,n) =w(m,0) =c+ Z Z h(o,7)B(o,7)v(0,7) = L (say), (5.5.51)

o=071=0

and
AoAjw (myn) = AgAjv (m,n) + g (m,n) B (m,n)v (m,n)

< f(m,n) B (m,n)w (m,n) + g (m,n) B (m,n)v (m,n)

< B(m,n)[f (m,n) + g (m,n)]w (m,n). (5.5.52)
Now, by following the proof of Theorem 4.2.1 given in [42], the inequality (5.5.52)
implies the estimate

n—1

w(m,n) <L 1:[ 1+ B (s,t)[f (s,t) + g (s, t)]]|- (5.5.53)
s=0 0

t=
From (5.5.51), (5.5.53) and (5.5.43) we observe that

C

L< )
“— 11—

(5.5.54)

Using (5.5.54) in (5.5.53) and the facts that z (m,n) < v(m,n), u(m,n) <
B (m,n) z(m,n) we get the required inequality in (5.5.45). The proof of the
case when ¢ > 0 can be completed as mentioned in the proof of Theorem 5.4.8,
part (r1).

Remark 5.5.2. 'We note that,in the special cases when (i)p(m,n) = 0, (ii)g(m, n)
=0, (4i1)h(m,n) = 0, the inequality in Theorem 5.5.3 reduces to the new inequal-
ities which can be used as tools in different applications.
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5.6 Applications

In this section we present applications of some of the inequalities given in
earlier sections which deals with some fundamental properties of solutions of
various types of finite difference equations in two independent variables. The
inequalities given above are recently developed and hope will provide a fruitful
source for future research.

5.6.1 Partial finite difference equations

First, consider the following partial finite difference equation
z(m+1,n+1)=F(m,n,z(m,n)), (5.6.1)
with the given initial condition
z (mo, o) = 20, (5.6.2)

for (m,n) € Ag = My x Ny, F : Ag x R — R, where My, Ny are as defined in
Theorem 5.2.1.

As an application of the inequality given in Theorem 5.2.1, part (az) we
present the following theorem which deals with the dependency of solutions of
equation (5.6.1) on given initial values (see [56]).

Theorem 5.6.1. Suppose that the finction F' in (5.6.1) satisfies

|F (m,n,x) — F (m,n,y)| <w(m,n,|z—1yl|), (5.6.3)
for (m,n) € Ag, x,y € R, where w (m,n,r) : Ag x Ry — R4 is a nondecreasing
function with respect to r for fixed (m,n) € Ag. Let z (m,n, mg, no, ;) (i =1,2)
be solutions of (5.6.1) with the given initial conditions

z (mo, no, Mo, no, %) = Zi, (5.6.4)
for i = 1,2. Let r(m,n) be a solution of the equation

r(m+1,n+1)=w(m,n,r(m,n)), r(me,ng) = ro, (5.6.5)
for (m,n) € Ag and |21 — 22| < rg. Then

|z (m,n, mg,no, 21) — 2 (M, 0, Mo, Mo, 22)| < 7 (m,n), (5.6.6)

for (m,n) € Ao.
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Proof. Let p(m,n) = |z (m,n, mg, no,21) — z (m,n, mg, ng, 22)|. Then
p(m+1,n+1)=|z(m+1,n+1,mg,no,2z1) — z2(m+ 1,n+ 1,mg, ng, 22)|

= |F (m,n, z (m,n,mg,ng,21)) — F (m,n, z (m,n, mg, ng, 22))|
<w (man7 |Z (m,n,mo,no, Zl) -z (mvna mo, no, ZQ)D
=w(m,n,p(m,n)). (5.6.7)

Now a suitable application of Theorem 5.2.1, part (az2) to (5.6.7) and (5.6.5) we
get (5.6.6), which shows the dependency of solutions of (5.6.1) on initial values.

Next, we apply the inequality given in Theorem 5.2.3, part (¢1) to obtain a
bound on the solution of sum-difference equation of the form

m—1n—1

22 (m,n) = h(m,n) + Z Z F(m,n,o,7,2(0,7)), (5.6.8)

o=0 7=0
for (m,n) € NZ, where h : N} — R,, F : Ex R — R, in which £ =
{(m,n,a,T)EN310§U§m<oo,0§T§n<oo}.

Theorem 5.6.2. Suppose that the functions h, F' in equation (5.6.8) satisfy
the conditions

|h(m,n)| <c, (5.6.9)

|F' (m,n,o,7,2)| < k(m,n,o,7) |z, (5.6.10)

where ¢ and k (m, n, o, 7) are as in Theorem 5.2.3. Let A1k (m, n,o,7), Axk (m,
n,0,7), AaArk (m,n,o,7) be as in Theorem 5.2.3 and Q(m,n) is defined by
(5.4.14). If 2(m,n) is a solution of equation (5.6.8) for (m,n) € NZ, then

m—1n—1

e < Vet 3 3 S Qs ), (5.6.11)

s=0 t=0
for (m,n) € NZ.
Proof. Using the fact that z(m,n) is a solution of equation (5.6.8), the con-

ditions (5.6.9), (5.6.10) and making use of the inequality in Theorem 5.2.3, part
(c1) we get the required inequality in (5.6.11).
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5.6.2 Volterra type sum-difference equation

In this section we present applications of the inequality in Theorem 5.5.2,
part (by), which provide estimates on the solutions of sum-difference equation
of the form

m—1n—1

z(m,n) =h(m,n) + Z ZF(m,n,a, 7,2 (0,7)), (5.6.12)

o=0 7=0

for (m,n) € Ng ,where h : N0 — R, F : Ex R — R, in which £ =
{(m,n,a,T)6N§:0§0§m<oo,0§7§n<oo}.

The following theorem deals with the estimate on the solution of equation
(5.6.12).

Theorem 5.6.3. Suppose that

|h (m,n)| <a(m,n), (5.6.13)

|F (m,n,o,7,2)| < k(m,n,o,7)g(|z]), (5.6.14)
where a(m,n),k(m,n,o,7),g(u) are as in Theorem 5.2.2, part (bz). Let
G,G7Y, Atk (m,n,0,7), Aok (m,n,0,7), AaArk (m,n,0,7) be as in Theorem
5.2.2, part (b2) and A(m,n) and Q(m,n) are defined by (5.2.18) and (5.2.14)
respectively. If z(m,n) is any solution of (5.6.12) for (m,n) € NZ, then for
0<m<mp,0<n<ng; momy,n,ng € No,

m—1n—1

|z (m,n)| < a(m,n)+G ' |G(A(m,n))+ Z Z Q(s,t,)|, (5.6.15)

o=0 7=0
and my,n; € Ny are chosen so that

m—1n—1

G(A(m,n)) + Z Z Q (s,t,) € Dom (G™1),

o=0 7=0

for all m,n lyingin 0 <m <m1,0 <n < n.

Proof. Let z(m,n) € D (Ng, R) be a solution of equation (5.6.12). Using the
fact that z(m,n) is a solution of (5.6.12) and the conditions (5.6.13), (5.6.14)
we have
m—1n—1
lz(m,n)| <a(mn)+ Y > k(m,n,o,7)g(z(0,7))). (5.6.16)
o=0 7=0
Now an application of the inequality in Theorem 5.2.2; part (b3) to (5.6.16)
yields the desired estimate in (5.6.15).
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In the following theorem we obtain estimate on the solution of equation
(5.6.12) by assuming that the function F' satisfies the Lipschitz type condition.

Theorem 5.6.4. Suppose that
|F' (m,n,o,7,2) — F (m,n,o,7,2)| <k(m,n,o,7)g(|]z — Z|), (5.6.17)

where k (m, n, 0, 7) and g(u) are as in Theorem 5.2.2, part (by). Let G,G™1, Atk
(m,n,0,7), Dok (m,n,0,7), AoA1k (m,n,o,7) and Q(m,n) be as in Theorem
5.2.2, part (by) and

m—1n—1

e(m,n) = Z Z |F (m,n,o,7,h(0,7)), (5.6.18)

=0 7=0

m—1n—1

= > k(mno7)g(e(o)). (5.6.19)

=0 7=0

If z(m,n) is a solution of equation (5.6.12) for (m,n) € N2, then for 0 < m <
m270 <n< Nn2;m,ma, N, Ny € N07

|z (m,n) — h(m,n)| <e(m,n)+G*

m—1n—1

G(A(mn)+ ) > Qs,0)], (5.6.20)

s=0 t=0

and mo,no € Ny are chosen so that

m—1n—1

Gflmn ZZQstGDom(G ),

s=0 t=0

for all m,n lying in 0 < m < msy,0 <n < nsy.

Proof. Let z(m,n) be a solution of equation (5.6.12). Using the fact that
z(m,n) is a solution of (5.6.12) and (5.6.17) we observe that

m—1n—1

2 (m,n) = h(m,n)| = >3 {F(m,n,0,7,2(c,7))
o=0 7=0
—F (m,n,o,7,h(0,7))+ F (m,n,o,7,h(c,7))}

m—1n—1

<e(m,n)+ Z Z k(m,n,o,7)g(|z (c,7) — h(o,7)|). (5.6.21)

o=0 7=0

Now a suitable application of the inequality in Theorem 5.2.2, part (by) to
(5.6.21) yields (5.6.20).
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5.6.3 Partial finite sum-difference equation

In this section we present applications of the inequality in Theorem 5.3.4,
part(d;) to study certain properties of solutions of partial finite sum-difference
equation of the form

m—1n—1

AsAq1z (m,n) =F <m,n,z (m,n), Z Z P (m,n,o,71,2(0,7)),

o=0 7=0

Z_ i <i z_: H (m,n,0,7,2,y, 2 (, y)))) : (5.6.22)

o=0 7=0 \z=0y=0
with the given initial conditions at m = 0,n =0 as
z(m,0) =d(m),z(0,n) =e(n),z(0,0) =0, (5.6.23)

where dye : Ny — R,P: By xR — R H:FEax R — R F:NZxR—
R in which F; = {(m,n,s,t)€N§:O§s§m<oo,0§t§n<oo}7E2 =
{(m,n,s,uoﬁ)€N06:0§a§s§m<oo,0§7§t§n<oo}.

The following theorem deals with the uniqueness of solutions of the problem
(5.6.22)-(5.6.23).

Theorem 5.6.5. Suppose that the functions F, P, H in (5.6.22) satisfy the
conditions

|F (m,n,u,v,w) — F (m,n,q,v,w)|

<b(m,n)|u—a|l+ |v—7|+|w—w, (5.6.24)

|P (m,n,o,7,u) — P(m,n,o,7,0)| < k(m,n,o,7)|u—al, (5.6.25)

|H (m,n,o,7,z,y,u) — H(m,n,o,7,z,y,a)|

< h(m,n,o,7,2,y) |lu—1al, (5.6.26)
where b(m,n), k(m,n,o,7), h(m,n,o,7,2,y) are as in Theorem 5.3.4, part

(d1). Then the problem (5.6.22)-(5.6.23) has at most one solution on NZ.

Proof. 1t is easy to observe that the problem (5.6.22)-(5.6.23) is equivalent to
the following sum-difference equation

m—1n—1 s—1t—1
z(m,n) = d(m)—l—e(n)—i—z ZF <S7t,z(8,t)7zZP(S,t,U7T7Z(0’,T)),

s=0 t=0 o=07=0

ii <iiﬂ(8,t,m vay,Z(x,y))»- (5.6.27)

o=07=0 \z=0y=0
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Let u(m, n) and v(m, n) be two solutions of problem (5.6.22)-(5.6.23) for (m,n) €
NZ. Using the facts that u(m,n) and v(m,n) are the solutions of (5.6.27) and
the conditions (5.6.24)-(5.6.26) we have

3
[

n

|lu (m,n) —v(m,n)| < b(s,t)|u(s,t) —v(s,t)

@
I
o
o~
Il
=)

m—1n—1 /s—1t—1
I (sz(&f,w) Ju(o,7) —v(oaﬂl)

s=0 t=0 \o=07=0

m—1n— s—1t—1 fo—171—1
+ <Z > (Z D his,tomm,y) u(z,y) —v(z, y)|> ) . (5.6.28)
s=0 0

t= o=07=0 \z=0y=0

Now a suitable application of Theorem 5.3.4, part (dy) (when ¢ = 0) to (5.6.28)
yields u(m,n) = v(m,n), i.e., there is at most one solution to the problem
(5.6.22)-(5.6.23) on NZ.

The next theorem shows the dependency of solutions of equation (5.6.22) on
given initial values.

Theorem 5.6.6. Let 21 (m,n) and 23 (m,n) be the solutions of equation
(5.6.22) with rhe given initial conditions at m = 0,n =0 as

z1 (m,0) =dy (m), 21 (0,n) =e; (n),21(0,0) =0, (5.6.29)
and

29 (m,0) =da (m), 22 (0,n) = ez (n),22(0,0) =0, (5.6.30)
respectively, where dy,ds, e1,e5 : Ng — R and

|dy (m) +e1 (n) —da(m) —ea(n)| <, (5.6.31)

where ¢ > 0 is a real constant.Suppose that the functions F, P, H in (5.6.22)
satisfy the conditions (5.6.24), (5.6.25), (5.6.26).Then

m—1 n—1
[z (mn) =z (o) <e J] {1+ @ (&t)] : (5.6.32)
s=0 t=0
for (m,n) € N2 ,where
m—1n—1
Q (m,n) =b(m,n) + k(m,n,o,71)
o=0 7=0
m—1n—1 fo—17-—1
2.2 (Z > h(mn.o, Ww)) : (5.6.33)
o=0 7=0 \z=0y=0
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Proof. From the hypotheses, it is easy to observe that

|21 (m,n) = 22 (m,n)| < |dy (m) + €1 (n) = da (m) — e (n)]

m—1n—1 m—1n—1
+ Z Z a (s,t,zl (s,t), Z ZP(s,t,a,T,zl (o,7)),
=0 t= o=0 7=0

s t=0
s—1t—1 fo—17—1
Z <ZZH(8,t,UaTaxvyvzl (xay))>>
o=0 0

=071= =0 y=0

m—1n—1
-F (s,t,zz (s,t), Z Z P (s,t,0,7,22(0,7)),

o=0 7=0

s—=1t—=1 fo—171—-1
ZZ <ZZH(s,t,U,T,$7y722 (xay))>>‘
o=0

=07=0 \z=0y=0

—

1

3

n

IN
o

(]
(]

_|_

—1n— (s
s=0 t=0 \o

b(s,t)]z1(s,t) — 22 (s,1)]

»
Il
- o
~
I
[ ©

1

3
3
o
|
A

+
(]

k (S,t,d, T) |Zl (07 T) — 22 (07 T))

I
o

0

T

= o

m—1

+ <z_: Z_: (Z Z h 5,4,0,T, ‘T7y) |Zl (x,y) — 22 (Jﬁ,y)|>> (5634)

s=0 t=0 \o=07=0 \z=0y=0

S

Now an application of Theorem 5.3.4, part (dy) to (5.6.34) yields the estimate
(5.6.32), which shows the dependency of solutions of (5.6.22) on given initial
values.

5.6.4 Sum-difference equations of Volterra-
Fredholm type

First we present an application of Theorem 5.5.2 to obtain a bound on the
solution of sum-difference equation of the form

m—1n—1
z(m,n) = mn—i—ZZAmnstz(st))
s=0 t=0
+ZZB (m,n,s,t,z(s,t)), (5.6.35)

s=0 t=0

for (m,n) € N2, where f : N2 — R, A, B: E x R — R are the given functions
and F :{( m,n,s, )€N§:0§s§m<oo,0§t§n<oo}.



Chapter 5 301

Theorem 5.6.7. Suppose that the functions f, A, B in equation (5.6.35) sat-
isfy the conditions

|f (m,n)| < e, (5.6.36)
|A(m,n,s,t,2)| <a(m,n,s,t) |z, (5.6.37)
|B (m,n,s,t, z)| <b(m,n,s,t)|z|, (5.6.38)

where ¢,a(m,n, s,t),b(m,n,s,t) are as in Theorem 5.2.2. Let r(m,n) be as in
(5.5.33). If z(m,n) is a solution of (5.6.35) for (m,n) € NZ,then

m—1

2 (m,n) < ———— [

L—r(m,n) %

n—1
1+ a(m,n,s, t)] , (5.6.39)
0

t—
for (m,n) € N&.

Proof. Using the fact that z(m,n) is a solution of (5.6.35) and the conditions
(5.6.36)-(5.6.38) we have

+) > blmin,s,t) |z (s,1)]. (5.6.40)

s=0 t=0

Now an application of Theorem 5.5.2 to (5.6.40) yields the required estimate in
(5.6.39).

We next consider the following sum-difference equations

AsArz(myn)=F (m,n,z (m,n), Z Zr (m,n,o,7,2(0,7)) ,u) , (5.6.41)

o=07=0
AsAqz (m,n) = F (m,n,z(m,n),

SN r(mon,o, 7,2 (0, T)),m) , (5.6.42)

o=071=0

with the given initial conditions at m = 0,n =0 as

z (m’ O) = (m) ) % (Ov n) = 2 (n) , 1 (O) = 2 (0) =0, (5643)

where 31,82 : Ng — R,r: EX R — R, F : N} x R*> — R and p, j19 are real pa-
rameters,in which F = {(m,mJ,T) EN}:0<o<m< oo,0§T§n<oo}.

The following theorem shows the dependency of solutions of problems (5.6.41)-
(5.6.43) and (5.6.42)-(5.6.43) on parameters.
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Theorem 5.6.8. Suppose that
|r (m,n,o,7,2) —r(m,n,o,7,2)] <e(m,n)h(o,7)|z—Z|, (5.6.44)

|F (m,n,z,w,u) — F (m,n, z, o, )| < f(m,n)(lz — 2|+ |lw—w|), (5.6.45)
|F (m,n,z,w,pn) — F (m,n, z,w, po)| < d(m,n)|u— o, (5.6.46)
where f (m,n),h(m,n),e(m,n),d(m,n) € D (N R;) and e (m,n) > 1,

m—1n—1

SN d(s,t) < M, (5.6.47)

s=0 t=0

M > 0 is a real constant. Let

ZZh arfl_[O

o=071=0

1+Zf £,m)e ] <1 (5.6.48)

If z1 (m,n) and z5 (m,n) are the solutions of problems (5.6.41)-(5.6.43) and
(5.6.42)-(5.6.43) , then

|z1 (m,n) — 22 (M, n) S H 1+ z_: f(s,t)e (s,t)] , (5.6.49)
s=0 t=0

for (m,n) € N¢, where k = |u — po| M.

Proof. Let z(m,n) = 21 (m,n) — 22 (m,n) for (m,n) € NZ. As in the proof
of Theorem 5.6.5 we observe that

m—1n—1 oo o0
Z{F (s,tm (5,6), 2.3 r(s,tomz (w)w)
s=0 t=0 o=07=0
F( t, 2o St,zzr 0'7—2207-))nu'>
o=071=0
+F (s t,Zz(S,t),ZZT(S,t,O,T,Zz(UJ))’M)
o=071=0
F(StZQ (s,t) ZZ (s,t,0,7,29(0,7)), po)} (5.6.50)

o=07=0
Using (5.6.44)-(5.6.47) in (5.6.50) we observe that

|z (m,n)| < f(s:t) (Z(Sﬂf)l +>. ) elsit)h(o) |Z(037)l>

o=07=0
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£ S dlst) = gl
s=0 t=0
<k+ i if(s,t)e(s,t) (Z(s,t)| +3 > h(oT) z(a,T)>. (5.6.51)
s=0 t=0 o=07=0

Now a suitable application of Theorem 5.2.3 to (5.6.51) yields (5.6.49), which
shows the dependency of solutions of problems (5.6.41)-(5.6.43) and (5.6.42)-
(5.6.43) on parameters pu and pg

5.7 Notes

The study of partial finite difference equations has gained noticable impor-
tance during the past few years. Such equations arise frequently in combina-
torics and in the approximation of solutions of partial differential equations
by finite difference methods. In fact, we need new theory and methods for
the study of various types of partial finite difference equations. The material
in sections 5.2-5.5 contains a number of new finite difference inequalities in-
volving functions of two independent variables recently developed by Pachpatte
[36,40,41,45,48,49,53,55,56,62,66,68,71,76]. These inequalities can be used in the
theory of partial finite difference equations in essentially the same capacity as
the finite difference inequaliies with explicit estimates are used in the theory
of ordinary finite difference equations. Section 5.6 is devoted to applications of
some of the inequalities given in earlier sections.
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